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Abstract

In this note we study the weak topology on paired modules over a (not necessarily
commutative) ground ring. Over QF rings we are able to recover most of the well
known properties of this topology in the case of commutative base fields. The proper-
ties of the linear weak topology and the dense pairings are then used to characterize
pairings satisfying the so called a-condition.

Introduction

Let R be a commutative field, V, W be vector spaces over R with a non-degenerating R-
bilinear form 5 : VxW — R, P := (V,W) be the induced R-pairing and consider V &
and W <5 V* as vector subspaces. For every subset K C W (respectively X C W*) set

An(K)={f e W* | f(K) = 0} (respectively Ke(X) = ﬂ{Ker(f) | feX}).

Considering R with the discrete topology, R" with the product topology, the induced
relative topology on V. C W* C RW is called the linear weak topology V[Z;s(W)] and has
basis of neighbourhoods of 0y :

{FX:VNAn(F) | F = {w,..,w,} C W a finite subset}.

The linear weak topology on W C V* C RY is defined analogously. The closure of any
vector subspace X C V is given by X := X*+. A closed (open) vector subspace X C V
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has the form X = K1, where K C W is any (finite dimensional) vector subspace. The
embeddings W — V* respectively V' — W* imply that V' C W* respectively W C V* are
dense. The properties of this topology are well known and were studied by several authors
(e.g. [K6t66], [KNT76], [Rad73], [LRIT]).

For the case of arbitrary base rings most of the properties of this topology (including
the characterizations of closure, closed, open and dense submodules) are not valid anymore.
The aim of this note is to study the properties of this topology induced on paired modules
over arbitrary ground rings. In particular we extend results obtained by the author [Abu01,
Anhang] on this topology from the case of commutative base rings to the arbitrary case.
In contrast to the proofs in the case of base fields, which depend heavily on the existence
of bases, our proofs are in module theoretic terms.

Throughout this note R denotes a (not necessarily commutative) associative ring with
1r # Ogr. We consider R as a right (and a left) linear topological ring with the discrete
topology. The category of unitary left (right) R-modules will be denoted with gpM (Mpg).
The category of unitary R-bimodules is denoted with g Mg. For a right (a left) R-module
L we denote with L* (*L) the set of all R-linear mappings from L to R. If V is an R-
module, then an R-submodule X C V is called R-cofinite, if V/X is finitely generated as
an R-module.

Let L be a right (a left) R-module and K C L be an R-submodule. We call K C L
N-pure for some left (right) R-module N, if the canonical mapping tx ® idy : K @g N —
L®r N (idy ®tp, : N®r K — N ®g L) is an embedding. We call K C L pure (in the
sense of Cohn), if K C L is N-pure for every left (right) R-module N.

1 The linear weak topology

1.1. R-pairings. A left R-pairing P = (V, W) consists of a left R-module W and a right
R-module V' with an R-linear mapping kp : V' — *W (equivalently xp : W — V*). For
left R-pairings (V, W), (V', W’) a morphism (§,0) : (V',W') — (V, W) consists of R-linear
mappings £ : V' — V' and 6 : W/ — W, such that

< &), w' >=<wv,0(w') > forallv eV and v’ € W'. (1)

Let P = (V,WW) be a left R-pairing, V' C V be a right R-submodule, W/ C W be a
(pure) left R-submodule with < V', W’ >= 0. Then @ := (V/V’,W’) is a left R-pairing,
(m,0) « (V/V',W') — (V,W) is a morphism of left R-pairings and we call Q C P a (pure)
left R-subpairing. The left R-pairings with the morphisms defined above build a category,
which we denote by P;. The category of right R-pairings P, is defined analogously.

1.2. The finite topology. Consider R with the discrete topology. For every set A we
consider R® with the product topology and identify it with the set of all mappings from A
to R. If W is a left R-module, then the induced relative topology on the right R-submodule
*W C RW is called the finite topology and makes *W a linear topological right R-module
with basis of neighbourhoods of Oy :

Bs(0«w) == {An(F)| F = {ws,...,wx} C W is a finite subset}.
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1.3. Let P = (V, W) be a left R-pairing and consider the right R-submodule *IW C RY
with the finite topology. Then there is a unique topology on V, the linear weak topology
VIZ;,(W)], such that kp : V' — *W is continuous. A basis of neighbourhoods of 0y is given
by the neighbourhoods

Bi(0y) = {F*+ = k' (An(F))| F = {wy, ...,w,} C W is a finite subset}.
The closure X of any subset X C V is then given by
X = ﬂ{X + FL | F C W is a finite subset}.

Analogously one can consider W as a left linear topological R-module with the linear
weak topology W[Z! (V)], which is the finest topology on W that makes xy, : W — V*
continuous (we consider V* C RY with the finite topology).

Lemma 1.4. Let P = (V,W) be a left R-pairing and consider V with the linear weak
topology V[T, (W)].

1. V[ZL.(W)] is Hausdorff if and only if V <= *W.

2. If kp(V) C *W s dense and gR is W-injective, then V ~ *W (where V is the
completion of V- w.r.t. V[T, (W)]).

3. The finite topology on *W is Hausdorff. If rR is W -injective, then *W is complete.
Proof. Denote with W/ the class of all finitely generated R-submodules of W.

1. This is evident, while

Oy =K K e W} = (Y (K e WhHt =W =Ker(rp).

2. Consider for every left R-submodule K & W the R-linear mapping
oV — K, v k—<uv k>
Since gR is W-injective, ¢} : *W — *K is surjective. By assumption xp(V) C *W
is dense and consequently for every finitely generated left R-submodule K C W, the

R-linear mapping ¢ is surjective, hence V/K+ ~ *K. If we write W = limK) as a
direct system {K,} of its finitely generated R-submodules, then

Vi=limV /K ~ lim *Ky ~ Homp_(limK,, R) = *W.

3. The result follows from (1) and (2).H



Definition 1.5. An R-module U is called FP-injective, if every diagram of R-modules

00— K — RN
fJ/ £ é
U

with exact row and K finitely generated can be completed commutatively with some R-
linear mapping g : R™ — U.

An important role in studying the linear weak topology is played by the so called

1.6. Annihilator conditions ([Wis91, 28.1]) Let N be an R-module.
1. For every R-submodule L C N we have

KeAn(L) = L & N/L is R-cogenerated.

2. If R is N-injective, then

An(Ly N Ly) = An(Ly) + An(Ls) for all R-submodules Ly, Ly C N.

3. If R is injective, or if N is finitely generated and R is FP-injective, then for every
finitely generated R-submodule X C Hom(N, R) we have AnKe(X) = X.

We call the ring R a QF ring, if Rg (equivalently rR) is Noetherian and a cogen-
erator (e.g. [Wis91, 48.15]).

Lemma 1.7. Let P = (V,W) be a left R-pairing and consider V with the linear weak
topology V[Z],(W)].

1. X C Xt for any subset X C V. Consequently every orthogonally closed right R-
submodule of V' is closed.

2. If Rg is Noetherian, then all open right R-submodules of V are R-cofinite.

3. Let X C V be a right R-submodule, so that V/X is R-cogenerated. If An(X) =
xp(X1), then X is closed. If moreover gR is Noetherian, X C V is R-cofinite and

W s V>, then X 1is open.

4. Let Rpr be Artinian.

(a) A right R-submodule X C V' is open if and only if it is closed and R-cofinite.

(b) Let X CY CV be right R-submodules. If X C V is closed and R-cofinite, then
Y C V is also closed and R-cofinite.



5. Assume V C *W.

(a) If rR is injective, or if kW 1is finitely generated and rR is FP-injective, then
every finitely generated right R-submodule X C V' 1is closed.

(b) Let Vg be finitely generated. If rR is injective and Rg is Noetherian (e.g. R is
a QF ring), then all right R-submodules of V' are closed.

Proof. 1. LetZ € X be arbitrary. For every w € X+ there exist x,, € X and v, € {w}~
with Z = 2,, 4 v, and so < T, w >= 0. Consequently X € X If X is orthogonally
closed, then X C X*++ = X ie. X is closed.

2. Let X C V be an open right R-submodule. By definition there exists a finitely
generated left R-submodule K C W, such that K+ C X. If Ry is Noetherian, then
*Kp is finitely generated, hence K+ C V is R-cofinite. Consequently X C V is
R-cofinite.

3. Let X C V be a right R-submodule, so that V/X is R-cogenerated. If An(X) =
xp(X?1), then it follows by 1.6 (1) that

X = KeAn(X) = Ke(xp(XT)) = X

By (1) X is closed. Assume now that gR is Noetherian, X C V is R-cofinite and
W &5 V*. Then by assumption X+ = An(X) ~ (V/X)* is finitely generated in zp M
and so X = (X*)* is open.

4. Assume Rpg to be Artinian and let X C V be a right R-submodule.

(a) Every open R-submodule X C V is closed without any assumptions on R and is
R-cofinite by (2). On the other hand, let X C V' be R-cofinite and closed. Since
Rpg is Artinian V/X is finitely cogenerated (e.g. [Wis91, 31.4]), hence open by
[Berod, 1.8].

(b) Let X C V be R-cofinite and closed. Then X is by (a) open and so Y D X is
open, hence closed. Obviously Y C V is R-cofinite.

5. Let V <5 *W be an embedding.

(a) If X C V is a finitely generated right R-submodule, then we have under our
assumptions and applying 1.6 (3): X+ = VNAnKe(X) = X, hence X is closed
by (1).

(b) Since Vp is finitely generated and Rp is Noetherian, all right R-submodules of
V' are finitely generated. Since, by assumption, g R is injective, the result follows

by (a).H



Closed and open submodules

For a left R-pairing (V,W) we characterize in what follows the closed (the open) R-
submodules of V' w.r.t. V[Z],(W)] in case Rp is an injective cogenerator (R a QF ring).

Theorem 1.8. Let P = (V,W) be a left R-pairing and consider V with the linear weak
topology VX, (W)]. Assume Rp to be an injective cogenerator.

1.

2.

The closure of a right R-submodule X C V is given by X = X+,

Let X C Y C V be right R-submodules. Then X is dense in Y if and only if
Xt =YL FW S V¥, then X C V is dense if and only if X+ = 0.

Let R be a QF ring and X C V be an R-cofinite right R-submodule. Then X is
closed if and only if An(X) = xp(X71).

The class of closed R-submodules of V' is given by

{K*| K C W is an arbitrary left R-submodule}.

If R is a QF-ring and W L V* s an embedding, then the class of open R-submodules
of V' 1is given by

{K*| K C W is a finitely generated left R-submodule}.

Proof. 1. By Lemma 1.7 (1) X € X*‘. On the other hand, let 7 € X**\X be

arbitrary. Then there exists by 1.6 (1) a finitely generated left R-submodule K C W,
such that v ¢ X + K+ = KeAn(X + K*). Consequently there exists § € V*, such
that §(X + K1) = 0 and §(v) # 0. By assumption Rp is injective and it follows from
1.6 (3) that § € An(K+) = AnKe(xp(K)) = xp(K), ie. § = xp(w) for some w € K.
So

0 =<7,w >= xp(w)(v) =6(v) # 0,

a contradiction. It follows then that X = X+,
X C Y is dense if and only if X =Y and the result follows from (1).

Let R be a QF ring and X C V be an R-cofinite right R-submodule. Let X be
closed, i.e. X = X+ by (1). Since gR is Noetherian, xp(X*) C An(X) ~ (V/X)*
is finitely generated in g M. Since Rp is injective, we have by 1.6 (3):

An(X) = AnKeAn(X) = AnKeAn(X**) = AnKeAn(Ke(xp(X™1))) = xp(X).

On the other hand, if An(X) = xp(X*), then it follows by Lemma 1.7 (3) that X is
closed and we are done.



4. Follows from (1) and Lemma 1.7 (1).

5. Let R be a QF ring and W LV IHKcWisa finitely generated left R-submodule,
then K+ C V is open by definition. On the other hand, if X C V is an open right R-
submodule, then X is closed, i.e. X = X+t By Lemma 1.7 (2) X C V is R-cofinite

and so X1 &5 An(X) ~ (V/X)* is finitely generated in zrM.M

Corollary 1.9. Let (V,W),(V', W) be left R-pairings and consider V and V' with the
linear weak topology VX, (W)], V'[Z[(W')] respectively. Let (£,0) : (V!,W') — (V, W) be
a morphism of left R-pairings.

1. If K' € W is a left R-submodule, then € '(K'Y) = (0(K"))*. In particular, ¢ :
V — V' is continuous. In particular, €'(Y") C V is closed for every closed right
R-submodule Y’ C V'.

2. If Ry is an injective cogenerator, then ¢ *(Y') C V is orthogonally closed for every
closed right R-submodule Y C V.

Proof. 1. Trivial.

2. If Y/ C V' is closed, then it follows by Theorem 1.8 (3) that Y’ = K'* for some
R-submodule K’ C W'. It follows then by (1) that £'(Y) = ¢ 1(K'™') = ((K'))*,
i.e. £ 1Y) C V is orthogonally closed.H

Proposition 1.10. Let W, W’ be left R-modules and consider *W, *W' with the finite
topology. Let 0 € Hompg (W' W) and consider the morphism of left R-pairings (0",0) :
(W™, W'Y — (W*, W).

1. 0°"Y(An(K")) = An(0(K")) for every left R-submodule K' C W'. In particular 6*
W — *W’ is continuous.

2. If grR is W-injective, then 0*(An(K)) = An(6 ' (K)) for every left R-submodule
KCcWw.

3. If Rg is an injective cogenerator and rR is W-injective (e.g. R is a QF-ring), then

(a) 0" : *W — *W' is linearly closed (i.e. 6*(X) C *W' is closed for every closed
right R-submodule X C *W).

(b) 0" (X) = 0"(X) for every right R-submodule X C *W.
(c) Ke(0*(X)) = 07 (Ke(X)) for every right R-submodule X C *W.

(d) For R-submodules X, ..., X3 C*W we have X1 + ... + X}, = Xi+...+X},. Hence
every finite sum of closed right R-submodules of *W is closed.

Proof. 1. Trivial.



2. Let K C W be a left R-submodule. Clearly §*(An(K)) C An(~'(K)). On the other
hand, consider the R-linear mapping

0— W /0 HK) > W/K. (2)

By assumption gR is W-injective and so it is W/K-injective (e.g. [Wis91, 16.2]).
Hence (2) induces the epimorphism

(W/K) == S (W/7HE) — 0,
or equivalently the epimorphism
An(K) 25 An(07'(K)) — 0.
3. Let Rp be an injective cogenerator and gz R be W-injective.

(a) The result follows from Theorem 1.8 (1), Lemma 1.7 (1) and (2).
(b) Let X C *W be a right R-submodule. By (a) 6" is linearly closed, so 6*(X)

0*(X). By (1) 0*71(6*(X)) is closed and it follows that X C 6*7'(0*(X)), i.e.

0*(X) C 6*(X) and the result follows.
(¢) For every right R-submodule X C *W we get by the results above:

N

Ke(6"(X)) = KeAnKe(d*(X)) = Ke(f"(X))
= Ke(0*(X)) = Ke(#*(AnKe(X)))
= 0 '(KeAnKe(X)) = 6 '(Ke(X)).

(d) Let Xy,..., X} C *W be right R-submodules. By Theorem 1.8 (1) and induction
on k in 1.6 (2) we have

k k

Z X; = AnKe() ~ X;) = An([|Ke(X;)) = Z AnKe(X;) = ZE.I

i=1 =1

2 The a-condition

In a joint work with J. Gémez-Torrecillas and J. Lobillo [AG-TLO01] we presented the
so called a-condition for pairings over commutative rings, which has shown to be a natural
assumption in the author’s study of duality theorems for Hopf algebras [Abu01]. Recently
that condition has shown to be a natural assumption in the study of the category of right
(left) comodules of a coring C as a full subcategory of the category right (left) modules of
its dual ring *C (e.g. [Abu03]). In this section we consider this condition for pairings over
arbitrary (not necessarily commutative) rings and give examples of pairings satisfying it.
In particular we extend our observations in [Abu01] on such pairings from the commutative
case to the arbitrary one.



2.1. The category P;*. We say a left R-pairing P = (V, W) satisfies the a-condition (or
P is an a-pairing) iff for every right R-module M the following mapping is injective

of M ®@p W — Hom_g(V, M), Zmi®wi'—>[vl—>2mi<v,wi >]. (3)

With P/* C P, we denote the full subcategory of left R-pairings satisfying the a-
condition (we call these left a-pairings). We call a left R-pairing P = (V,W) dense, if
kp(V) C *W is dense w.r.t. the finite topology. The subcategory of right a-pairings
P& C P, is defined analogously.

Remark 2.2. Let P = (V,W) € Pf. Then W AR V*, hence rW is in particular R-
cogenerated. If M is an arbitrary right R-module, then we have for every right R-
submodule N C M the commutative diagram

N®@r W Hom_g(V,N)
L[\ﬂ@’idwl
M @r W Hom_g(V, M)

Xy

By assumption ok is injective and so N C M is W-pure. By our choice M is an arbitrary

R-module, hence gpW is flat. If gWW is finitely presented or R is left perfect, then zgW is
projective.

An important observation for a-pairings is

Lemma 2.3. Let P = (V,W) € P{. For every right R-module M and every R-submodule
N C M we have for arbitrary > m; @ w; € M Qr W :

Zmi®wi€N®RW<:>Zmi<v,wi>€Nf07"allv€V. (4)

Proof. By remark 2.2, gW is flat and we get the commutative diagram with exact rows

TRidyy

0 N@pW —NOW _ Aron, W M/N @ W 0
P \[‘ P oP
AN Ay M/N
0 — Hom_g(V, N) Hom_g(V, M) Hom_g(V, M/N)
(View) (Vi)

Obviously > m; < v,w; >€ N for all v € V' if and only if

Zmi ®w; € Ker((V,m)oak) = Ker(aﬂ/N o(m®idy)) =Ker(r ® idw) = N @z W.I

Proposition 2.4. 1. Let P = (V,W) be a left R-pairing.
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(a) Let W' C W be a left R-submodule and consider the induced left R-pairing
P = (V,W"). If P' € P?, then W' C W is pure. If P € Py, then P' € Py if
and only if W' C W s pure.

(b) Let V! C V be a right R-submodule, W' C W be a left R-submodule with
< V',W'" >= 0 and consider the left R-subpairing Q = (V/V',W') of P. If
P e Py, then Q € Py if and only if W' C W is pure. In particular P/ is closed
under pure left R-subpairings.

2. Let Q = (Y, W) be a left R-pairing, V' be a right R-module, £ : V — Y be an R-
linear mapping, P := (V,W) be the induced left R-pairing and consider the following
statements:

(i) Q € Pf* and P is dense;

(ii) @ € Pp and (V) C Y is dense w.r.t. Y[Z (W)];

(iii) P € P2

(iv) P € P and W &5 V* is an embedding.

The following implications are always true: (i) = (ii) = (i) = (w). If Ry is
an injective cogenerator, then (i)-(iv) are equivalent.

Proof. 1. The result follows from the commutativity of the following diagram for every
right R-module M

Mo W Hom_x(V/V', M)

id
gl

M&@rg W Hom_g(V, M)

M

2. Consider for every right R-module M the commutative diagram

M@RW HOIH_R(Y,M)
X i(f,M)
M
Hom_g(V, M)

(i) = (ii) trivial.

(ii) = (iii) Let 2 € P and assume that {(V) C Y is dense. Let > m; ® w; €
=1
Ker(al;). By assumption for every y € Y there exists some v, € V, such that

ko(y)(w;) = kp(vy)(w;) for i =1,...,n and it follows then that

a%(;mi(@wi)(y) = ;mi<y,wi> = ;mi<vy,wi>
= aﬂ(;mi Q@w;)(v,) = 0.
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So Ker(al;) = Ker(a¥,) = 0, i.e. o, injective. The R-module M is by our choice
arbitrary and so P € P;.

(iii) = (iv) Trivial.
Let Rg be an injective cogenerator.

(iv) = (1) If W & V* is an embedding, then it follows by Theorem 1.8 (1) that
kp(V) = AnKe(kp(V)) = An(V+) = An{Ow} = *W, i.e. P is a dense left R-
pairing.Hl

Over Noetherian rings we have the following interesting observation:

Proposition 2.5. Let V' be a right R-module, R[V] be the free right R-module with basis
V, W C V* be a left R-submodule and consider the left R-pairing P := (V,W). Assume
Rr to be Noetherian.

1. For every right R-module M the following mapping is injective
ﬁM:M®RRV—>MV,m®f'—>[vl—>mf(v)], (5)
ie. Pi= (R[V],RY) is a left a-pairing.

2. Let M be an arbitrary right R-module. Then the canonical mapping ol : M @r W —
Hom_x(V, M) is injective if and only if W C RV is M-pure. If moreover Vg is
projective, then ol is injective if and only if W C V* is M -pure.

3. The following statements are equivalent:
(1) P € P
(ii) of is injective for every (finitely presented) right R-module M:;
(iii) W C RV is pure.

Proof. 1. Let M be an arbitrary right R-module and write M as a direct limit of its
finitely generated R-submodules M = lim M (e.g. [Wis91, 24.7]). For every A € A
the R-module M, is finitely presented in Mgz and so

Byt My®@r RV — MY

is an isomorphism (e.g. [Wis91, 25.4]). Moreover, for every A € A the restriction of
By on M) coincides with 3, and so the following mapping is injective:

Bas = limBa, = limMy on B — limMY € M
Obviously P € Pp if and only if 3,, is injective is for every M € Mp.

2. The first statement follows by (1). If moreover Vg is projective, then the exact
sequence R[V] — V — 0 splits, hence V* C RV is pure (direct summand) and we
are done.
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3. By [Wis91, 34.5], W C RV is pure if and only if W C RY is M-pure for every finitely
presented right R-module M. The result follows then from (2).1

Definition 2.6. The ring R is called right (semi) hereditary iff every (finitely generated)
right ideal is projective.

Lemma 2.7. Let R be Noetherian and hereditary and V' be a right R-module. Then:
1. P:=(V,V*) e P~

2. Let W C V* be a left R-module and P = (W, V). Then P € P if and only if
W C V* is a pure R-submodule.

Proof. Assume Rp to be Noetherian and hereditary. It follows then by [Wis91, 26.6] that
rRY is flat for every set A. Moreover we have by [Wis91, 39.13] that all R-cogenerated
left R-modules are flat. Consider now R[V], the free right R-module with basis V, and the
exact sequence of right R-modules

0 — Ker(r) - R[V] /= V — 0, (6)

with ¢ the embedding map and 7 the canonical epimorphism. Then (6) induces the exact
sequence of left R-modules

0— V* 5 RV -5 Im(e*) — 0. (7)

Since Im(:*) C Ker(m)*, Im(¢*) is an R-cogenerated left R-module, hence flat. Conse-
quently V* — RV is pure (e.g. [Wis91, 36.6]). By Proposition 2.5 (1) the canonical
mapping (3, : M @z RY — MYV is injective for every M € Mg and the result follows then
from the commutativity of the following diagram

MrW HOHIRVMC—>MV

M QprV*——— M @r RV
Lemma 2.8. Let V,W be R-bimodules.

1. If P=(V,W), P = (V',W') are left a-pairings, then P@, P' := (V' Qg V, W @rW')

1s a left a-pairing with

Kpgp (V' @v)(w@w') =< v,w < v, 0w >>=<< v 0w >v,w > .

2. If P = (V,W), P = (V',W') are right a-pairings, then PR, P := (VRQgV', W' @rW)

15 a right a-pairing with

kpig,p(v @ V) (W @w) =< v, <V, 0w >w>=<v < W >w>.
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Proof. We prove (1). The proof of (2) is similar. For arbitrary M € Mpg consider the
following commutative diagram

M@pW @ W el Hom_x(V @ V', M)

all\)/;@RW\L TCZ

HOHl_R(V/,M QSR W) HOIH_R(V/,HOIH_R(V', M))

(Vlva]}C[

where ¢! is the canonical isomorphism. By assumption the R-linear mappings aﬂ(gRW and

. . . / . . . . . .
o, are injective and so Oszp is injective. The last statement is obvious.H

Corollary 2.9. Let Rr be Noetherian.

1. Let X, X' be sets, E C RX be a right R-submodule and E' C RX' be a left R-
submodule. If E' C RX' is E-pure, then the following mapping is injective:

0: E@pE'— (R, fof — [(z.a)— f@)f ). (8)

2. Let W, W' be R-bimodules, X C *W, X' C *W' be R-subbimodules and consider the
canonical R-linear mappings

k: X' @rX — *(WerW') and x : W @r W' — (X' @p X)*.
If Wg is flat and Ke(X)gr C Wg is pure, then

Ke(k(X' ®@r X)) ~ Ke(X) @r W + W @5 Ke(X'). 9)

Proof. 1. Since Rg is coherent, pR¥ is flat in pM by ([Wis91, 26.6]). The result
follows then from Proposition 2.5 (1).

2. Consider the embeddings E := W/Ke(X) — X*, B/ := W'/Ke(X’) — RX" and the

commutative diagram

W @r W’

(X/ ®R X)*

7T®7r’ W/KG(X) ®R RX’(_> X* ®R RX/ .

/ /BX*

W/Ke(X) @ W JKe(X/) i s (X)X
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It follows by assumptions that W/Ke(X) is flat in My and gRX is flat (e.g. [Wis91,
36.5, 26.6]). Moreover By. is injective by Lemma 2.5, hence ¢ is injective. It follows
then by [BouT74, II-3.6] that

Ke(k(X ®r X)) = Ker(y) = Ker(do(r®7'))
= Ker(nx®@mx) = Ke(X)@gW +W @z Ke(X’').R

2.10. We say a left (respectively a right) R-module W satisfies the a-condition, if (*W, W)
(respectively (W*, W)) satisfies the a-condition. Such modules were called universally
torsionless by G. Garfinkel [Gar76].

2.11. Locally projective modules. An R-module W is called locally projective (in the
sense of B. Zimmermann-Huisgen [Z-H76)) iff for every diagram of R-modules

0—F —=0

. ) 9
g'or g
N

L—>N—0

with exact rows, F' finitely generated as an R-module and every R-linear mapping g : W —
N there exists an R-linear mapping ¢’ : W — L, such that the entstanding parallelogram
is commutative. By ([Gar76, Theorem 3.2], [Z-H76, Theorem 2.1}), W is locally projective
if and only if (*IW, W) satisfies the a-condition (these modules were called content modules
in [OR72]). It follows directly from the definition that every projective R-module is locally
projective, hence satisfies the a-condition.

Before proceeding, we would like to remark that some of following results on the a-

condition and locally projective modules appeared in the recent manuscript [BW03, 42.9-
42.12).

Proposition 2.12. Let W be a left R-module.

1. If gW s locally projective, then every pure left R-submodule K C W s locally pro-
jective. If rR is W-injective, then every locally projective R-submodule of W is a
pure left R-submodule.

2. Let Rp be Noetherian. Then gW is locally projective if and only if gW C rR™"W is a
pure R-submodule.

Proof. 1. Standard.
2. This follows from Propositions 2.5 (2).H

Corollary 2.13. If Rp is an injective cogenerator, then for every left R-pairing (V, W)
the following statements are equivalent:
(i) RW s locally projective and P is dense.
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(i) W satisfies the a-condition and P is dense.

(ii) (V,W) is a left a-pairing.

(i11) W satisfies the a-condition and W — V*.

If R a QF ring, then (i)-(iii) are moreover equivalent to:
(iv) RW is projective and W — V*,

(v) W C RY is a pure R-submodule.

Over semisimple rings we recover the characterizations of dense pairings over com-
mutative base fields:

Corollary 2.14. Let P = (V,W) be a left R-pairing. If R is semisimple, then
P is dense < W C V* &< P is a left a-pairing.
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