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Abstract: In this paper we derive closed-form expressions for the single-user capacity of selection combining
diversity (SCD) system, taking into account the effect of imperfect channel estimation at the receiver. The
channel considered is a slowly varying spatially independent flat Rayleigh fading channel. The complex channel
estimate and the actual channel are modelled as jointly Gaussian random variables with a correlation that
depends on the estimation quality. Three adaptive transmission schemes are analysed: 1) optimal power and
rate adaptation opra; 2) constant power with optimal rate adaptation ora; and 3) channel inversion with fixed
rate cifr. Furthermore, we derive in this paper analytical results for capacity statistics including moment
generating function (MGF), complementary cumulative distribution function (CDF) and probability density
function (PDF). These statistics are valid for arbitrary number of receive antennas. Our numerical results show

the effect of Gaussian channel estimation error on the achievable spectral efficiency.

1 Introduction

It is well known that information bearing signals transmitted
over wireless channels experience multipath fading that
introduces both random phase shift and amplitude variation
[1], resulting in a serious degradation in communication and
increased bit error rate (BER). Diversity can help effectively
in recovering the signal by providing the receiver with a
multiple faded replica of information bearing signal [1-3].
In particular, selection combining diversity (SCD) has been
the most commonly implemented scheme in wireless
communication systems owing to its simplicity.

Most system designs assume that perfect channel
estimation is available at the receiver. However, in practical
systems, the branch signal-to-noise ratio (SNR) estimates
are usually combined with noise which makes it difficult to
estimate them perfectly. In practice, a diversity branch SNR
estimate can be obtained from either a pilot signal or data
signals (by applying a clairvoyant estimator) [4]. For
example, if a pilot signal is inserted to estimate the
channel, a Gaussian error may arise because of the large
frequency separation or time dispersion. Previous work on

the analysis of imperfect channel estimation with no
diversity can be found in [5, 6]. In [7], a new closed-form
expression for the probability density function (PDF) of the
SCD combiner output with imperfect channel estimation
was derived, based on the derivation of [4]. The author
focused on deriving the average error probability, where it
was shown that the degradation due to imperfect channel
estimation induces error floors at relatively high SNR values.

Shannon’s benchmark paper [8] established the significance
of channel capacity as the maximum possible rate at which
information can be transmitted over a communication
channel. The Shannon capacity of fading channels under
different assumptions about the knowledge of the channel
information at the transmitter and the receiver was presented
in [9, 10], respectively. In [11], the capacity of a single-user
flat fading channels with perfect channel information at the
transmitter and the receiver was derived for various
adaptation policies, namely, (i) optimal rate and power
adaptation (opra), (ii) optimal rate adaptation and constant
power (ora) and (iii) channel inversion with fixed rate (cift).
The first scheme requires channel information at the
transmitter and receiver, whereas the second scheme is more
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practical since the transmission power remains constant. The
last scheme is a suboptimal transmission adaptation scheme,
in which the channel side information is used to maintain a
constant received power by inverting the channel fading
[11]. In [12], the general theory developed in [11] was
applied to derive closed-form expressions for the capacity of
Rayleigh fading channels wunder different adaptive
transmission and diversity combining techniques. Recently,
there has been some work dealing with the channel capacity
of different fading channels employing different adaptive
schemes such as [13, 14], and the references therein. To the
knowledge of the authors, the capacity of SCD receivers

with estimation errors has not been derived.

In this paper, we extend the results in [12] to obtain
closed-form expressions for the single-user capacity of an
SCD system, in the presence of Gaussian channel
estimation errors. In addition, we investigate the capacity
statistics of the SCD scheme, which are valid for an
arbitrary number of receiver antennas including moment
generating function (MGF), cumulative distribution
function (CDF) and PDF. The contributions of this paper
are two-fold. Firstly, we derive closed-form expressions for
the channel capacity of SCD in independent and
identically distributed (i.i.d.) Rayleigh fading channels with
the following adaptive transmission schemes: (i) opra; (ii)
ora with constant transmit power and (iii) cifr. Secondly,
we derive the capacity statistics of an SCD receiver subject
to Rayleigh fading for an arbitrary number of diversity

branches, in the presence of Gaussian estimation errors.

The paper is organised as follows. In Section 2, the system
model used in this paper is discussed. In Section 3, we derive
closed-form expressions for the channel capacity under
different adaptation schemes. The capacity statistics are
derived in Section 4. Results are presented and discussed in
Section 5. The main outcomes of the paper are summarised
in Section 6.

2 System model

Consider an L-branch diversity receiver in slow fading
channels. Assuming perfect timing and no intersymbol
interference (ISI), the received signal on the /th branch
owing to the transmission of a symbol s can be expressed as

rn=gs+mn, [=1,...L (1)

Where g; is a zero-mean complex Gaussian distributed
channel gain, 7, is the complex additive white Gaussian
noise (AWGN) sample with a variance of Ny/2 and s is
the data symbol taken from a normalised unit-energy signal
set with an average power P,. An SCD receiver tracks the
amplitude of the channel estimate g, from the L diversity
branches, and selects the branch yielding the largest fading
amplitude. Thus, if the SCD is employed with equal noise
mean power at all branches, the decision criteria reduce to

max () @

.....

m = arg

where g is the magnitude of the selected diversity branch
gain at the output of the combiner. The channel estimate g
and the channel gain g can be accurately approximated as
jointly complex Gaussian [4]. We further assume the actual
channel gains of the L diversity branches are i.i.d. as well as
the channel estimates. The actual channel gain g is related
to the channel estimate g [4] as follows:

& =P8tz ©)

where p is a complex number representing the normalised
correlation between g and g, and z; is a complex Gaussian
random variable independent of g with zero mean and a

variance of 2. The PDF of the SCD receiver with
imperfect channel estimation is given by [7]

1 L k41
_ _ k
2= () )y

=0
X exp <ﬂ)

Y&+ 1= 4p?)
where vy, = P,/ N, is the average SNR per receive branch. In
the following, the PDF in (4) is used to derive the channel

capacity with SCD and channel estimation errors.

(4)

3 Adaptive capacity policies

In this section, we derive closed-form expressions for
different adaptive schemes with SCD over Rayleigh fading
channels. In the derivation, we will rely on the main results

from [12].

3.1 Power and rate adaptation

Given an average transmit power constraint, the channel
capacity C, ., in (b/s) of a fading channel [11, 12] is given by

opra

{o ]

Con =125 | 1n<%>py(7) dy (5)

where B (in Hz) is the channel bandwidth and 7, is the
optimum cutoff SNR satisfying the following condition:

Yo

JYO (yio—%)py(wdy: ! ©)

To achieve the capacity in (5), the channel fading level must
be tracked at both transmitter and receiver. The transmitter
has to adapt its power and rate accordingly by allocating
high power levels and transmission rates for good channel
conditions (large ). Since the transmission is suspended
when 7y <'y,, this policy suffers from outage, whose
probability P, is defined as the probability of no
transmission and is given by

00

P =1 —j 2N dy @)
Yo

in (5) can be expressed in terms of the CDF

However, G,
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of y by applying integration by-parts resulting in

C__In(2)

opra

®1
5= o ®

Substituting (4) into (6) yields the equality
S ()
= E+1) yle+1—#p?]
5 r’ 1 ( y(&+1) ) dy
ex _ AT
Yo ’YO p yt é + 1- épz]

©q —y(k+1) B
[ e M)}dy‘ b

The second term of (9) can be evaluated by making use of
exponential integral function of first order [16] defined as

By (x) = Jw 4 (10)

1 7

Upon substitution of (10) into (9), it is found that the
optimal cutoff SNR, 1, has to satisfy the following equality:

L-1 ' L
;:0:(_1) (é—kl

)(k—irl)

o1+ £) [&+1— 20’1y,
X[CXP<%[/%+1—/%92]>< A+ B )

( (+ 1)y,

To obtain the optimal cutoff SNR, v, in (11), we follow the
following procedure. Let x = (y,/,) and define the function

Jie(x) as
-1 L —x(1+4)
_ —1)% x|exp\ ————F5 37
Sl =2 D) (Hl) [ p(yt[kJrl—épz])

[£+1— k%] (k+ 1)x
x < A+ A ) _E1<%[k+ 1- k,ﬂ])}
_nlE 1497

k+1 (12)

Making change of variable where pu = (4 + 1)/(v,[£+ 1—
kp?]) and applying the first-order derivative to (12) with
respect to x, it yields

/ 1, —ux
o= () =() @

Hence, f.(x) < 0, Vx > 0, meaning that £,.(x) is a strictly

decreasing function of x. Also, observing that

vt +1—2p’]

s =0

x£r£+f;C<x) -

(14)

and noting that, £ (x) is a continuous function of x, which
leads to a unique positive 7y, such that £, .(x) = 0. Therefore
it is concluded that for each y, > 0 there is a unique v,
satisfying (12). Numerical results using MATLAB show
that vy, € [0, 1] as v, increases, and y, — 1 as y, — .

Now, substituting (4) into (5) yields the channel capacity
with the opra scheme as follows

Copra i k41
B _Z(_ ) (k—i—l)yt[/e—i—l—,épz]

=0
0 v Wk+1)
X LO ln(y—o)ex (—% il ,ép2]) dy (15)

L

where the integral I; in the above expression can be computed
using the fact from [12], which states the following:

1
|| 10w exp(— w0 = BrGu/m (16)
0
Inserting (16) into (15) implies that the capacity C,,, per
unit bandwidth (in b/s/Hz) can be expressed as
C = L 1+ &)y,
e el
B ;( ) E+1) "\ ple+1— %]
—%k+1) )
—_— 17
xexp<%[k+1_kp2] a7

(1) Asymprotic approximation: We can obtain asymptotic
approximation G, using the series representation of
exponential integral of first-order function [15] expressed as

+00 i
—In(x) — Z (l;) (18)

i=1

Ey(x) =

where E = 0.5772156659 is the Euler—Mascheroni constant.
Then, the asymptotic approximation Copra per unit bandwidth
(in b/s/Hz) can be shown to be

opra . —E—In (1+'%)
Z”( )( l(mml—@ﬂ)

yle+1—421)) Pyt + 1= 2]
(19)

(2) Upper bound: The capacity expression of C,,,, can be upper
bounded by applying Jensen’s inequality to (5) as follows:

CUB
=~ 1n EL) 0)

where [E[.] is the expectation operator. The expression in (20)
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can be evaluated by averaging it over the PDF in (4) and using
[15], resulting in

J xe M dx = nlp " (21)
0

for Re[u] > 0. The resulting expression can be further

simplified to obtain the upper bound for C,,, as follows:
Com . (2 1) Bl
B — oy \k+1 (£+1)

3.2 Constant transmit power

By adapting the transmission rate to the channel fading
condition with a constant power, the channel capacity C, .,

[8, 9] is given by

B

Co =3 = | ma+I 0y @)

Substituting (4) into (23) results in

C -1 o L o
o -1 1- -
B };( )(Hl)[ i1

y J°° —y(k+1)

In(1+ y)exp( ydy  (24)

0 Vt[k'i'l_kpz]

L

The integral I, can be computed conveniently by using the
change of variable x =1+ vy and applying (16), resulting
in a closed-form expression for the capacity C

bandwidth (in b/s/Hz) given by

Cora _ (1+4
_;< D (é+1>e"p(vt[k+1—ép2])

(1+4)
X B (%[k 1 M)

ora PEr unit

(25)

(1) Asymptotic approximation: Following the same procedure
in Section 3.1, the asymptotic approximation C,
bandwidth (in b/s/Hz) can be computed as

;;‘a = (1+4)
,Z = (Hl) (%[Hl—/%/ﬁ])

1+ Ay, Y&+1)
X (_E_m(vt[ﬂ 1 —/épﬂ) * (%[H 1 —/épﬂ))

per unit

(26)

(2) Upper bound: The capacity C,, can be upper bounded by
applying Jensen’s inequality to (5) as follows:

Cow =In(1+E[)) (27)

and the upper bound can be written as

o 2
Cm ln<1+2( 1) (k—i—l)—%[é(:il)kp ]) (29)

3.3 Channel inversion with fixed rate

We consider two schemes: truncated channel inversion with
fixed rate referred to tifr , and channel inversion with fixed
rate with no truncation, referred to as cifr. Channel
inversion is an adaptive transmission technique whereby the
transmitter uses the channel information feedback by the
receiver in order to invert the channel fading. Accordingly,
the channel appears to the encoder/decoder as a time-
invariant AWGN channel. As a result, channel inversion
suffers a large capacity penalty compared to the previous
adaptation techniques (opra and ora), although it is much
less complex to implement. The channel inversion
technique requires a fixed code design and fixed rate
modulation. In this case, the channel capacity C_ can be
derived from the capacity of an AWGN channel with a
received SNR and is given by [11, 12]

1
Co=Bh|ll+—5H——"—""— 29
i (+I (1/7);>y(v)dv> 9

The channel capacity with the truncation scheme [12] Cy i
given by

C=Bln (1 + -P,) (30)

1
(1
YR NCY) d7>(

Note that the cutoff SNR 7, can be selected to achieve a
certain value of P, or to increase Cg,. From (30) and (4),

out
we can show that

ool L-1 k—'—l
LO =2 )(Hl)%[ﬂl—w]

© q Y& +1)
<[ serms-mm) o

Inserting (16) into (31) yields

0 q L-1 L k—i—l
Lo AFOdr=2 1 )<é+1)vt[k+1—ép2]

Yolk + 1)
X El(yt[k F1- ,%pZ]) 32

Based on the cutoff SNR vy, we can obtain P, which is

out?
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given by [7]

Pu=|" P<y>—1—2<—1> (Hl)

A+1 Yolk+1)
) e"p(%m - w]) G3)

The capacity C,; per unit bandwidth (in b/s/Hz)
can be obtained by inserting (31) and (33) into (30)
resulting in the tifr capacity per unit bandwidth (in b/s/
Hz) as follows (as shown at the bottom of the page)

Using the first series expansion in (18) and substituting itinto
(34) yields the asymptotic approximation of Cgy, expressed as
(as shown at the bottom of the page)

If we set y, = 0, we get the capacity for channel inversion
with fixed rate and without truncation, where in this case
the P, is equivalent to zero. Inserting (4) into (29), thus,
capacity C.; per unit bandwidth (in b/s/Hz) becomes
(as shown at the bottom of the page)

Asymptotic approximation of C3; can be expressed as
(as shown at the bottom of the page)

4 Capacity statistics

In this section, we focus on deriving the exact analytical
expressions for capacity statistics of SCD over Rayleigh
fading channels, assuming perfect channel knowledge at
the receiver and no channel knowledge at the transmitter
with average input-power constraint. The non-ergodic
capacity of the SCD system is given in (b/s/Hz) by

C=log,(1+ ) (38)

4.1 Moment generating function
The MGEF of the SCD capacity system in the presence of

Gaussian channel estimation errors is given by [16]

(1) = E[e™] = E[(1 + )™ (39)

Expressing the expectation in an integral form over the
distribution of p,(7y) we obtain

Oo(r) = L 1+ 97 Dp. (7)dy (40)

Ctifr
B
|1y nlr+1-4p] E( ( ) 1 ( Yolk+ 1) )
) sy F BACREAY = E1) et 1= 221 TP\l 1— 42
Y bl [+ 1 — kp*]E, 1l
(34)
nfr _ Yl +1—kp’]
o L Yol +1) Yolk + 1)
=1) ( +1>[é+1 —/épz](—E—Iog( et 1] )+ ( et 1] >
L-1
% k+1 Yol&+ 1)
) ; k+ 1) Y[k +1— kp?] eXp(yt[k +1-— kp2]> 35)
Ccifr _ ')/t[k +1-— kpz]
s + (1) b1 glE, (YD G6)
im0 2o pi -4 e+ 11
G Ylk+1— k']
—r~Inl1 + 37)
’ 0 Lo 1)/2('é + 1>[/é 1okl <_E ~log (yfék-:rﬂl )> - (yfﬁ:rﬂl )>)
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Inserting (4) into (40) yields

L-1
kP -1
(7) -1 ]
Poln) = ,; <k+1> 2t 1

00

x (1 + y)T/ln(Z) P(
0

—y(k+1)
yle+1- kpﬂ) dv @)

L

The integral I, can be obtained by using the change of

variable x = 1 4 7y resulting in

(£+1) ) Jw /In(2)
I = €X e ——— .X'T n
’ P(vtm 1—421) Jo

—x(k+1)
X exp (m> dux (42)

With the help of identity [15]
J e dx = w T (n, up) (43)
Hence, the MGF of the capacity can be computed as

L—-1 L (k _|_ 1) 77'/1n(2)
_ . V4
- ,;( Y (k+ 1><vt[k+1 —kpﬂ)

((+1)
XF(I @t <%[k+1—kp2]>> 4

where I'(a, x) = J:o “Le™ d¢V{a, x} > 0 denotes the upper
incomplete Gamma function.

q’c(T)

Moreover, I3 in (41) can be shown in another form using
the integral representation of the confluent hypergeometric

function f(a; 4; z) [15]

1

W(a, b; z) = = J: eH P 1+ ) dy (45)

The MGF can be expressed as

L-1 —7/In(2)
k+1)
oA ) )
=2 V) et
T —y(k+1) ))
Ul —+2 —(————
* ( h@ " (%[/Hl—/%pZ]
(46)
Note that using alternative notation for W(a, 4; z)=

2 "y Fya, 1+a—b ; —1/z), where Fo(.,;.:.) is a
generalised hypergeometric series [15], the MGF of C can

simply be written as

-1 I %+1) [7/in @1
_ 1)\%
Pl = D <é+1>(w[k+ =)

- T —y [k 41— ko]
250\ S T ) Y&+ 1)

(47)

4.2 Complementary cumulative
distribution function (CCDF)

The CDF of C is defined as follows:

20 1
Fu(C) = Prob(C < €) = JO pdy @)

Averaging over the distribution of gamma in the presence of
Gaussian channel estimation errors results in

= 2¢ —1(k+1)
Fel®=1-2 D (Hl) TP+ 1= 87

=0
(49)

Thus, the complementary CDF can be obtained from (48) as

follows:

Fe(C)=1—F(C)

:Li (_1)/%(/;1)

=0
26 —1(k+1)
*ep (vt[é +1- épz]) c0

4.3 Probability density function

The PDF of C is defined as the derivative of F(C) with
respect to C. Taking the derivative of F;(C) in (45) results in

V(i)

BT ((20—1)(é+1)> 51)

Po(©) = - Fy ()= 2°In z>Z

k1= 221 TP\ e+ 1= 2]

Note that (51) can also be obtained from (4) by performing a

transformation of random variables y — C. The Jacobian of
such transformation being J/(y) = d/dy=[1/1n (2)(1 + )]
2¢c(C) can be easily obtained as

2c(€) =20 (2)p,2° - 1) (52)

which is consistent with the result obtained in (51).
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Average Y, per branch (dB)

Figure 1 Capacity per unit bandwidth for a Rayleigh fading
with SCD diversity (L = 3) for different adaptation schemes

5 Numerical results

In this section, we provide some numerical results that
illustrate the mathematical derivation of the channel capacity
per unit bandwidth as a function of average receiver SNR
(v,) in dB for different adaptation policies with SCD over
slow Rayleigh fading with weight estimation errors. All
curves provided are obtained using the closed-form
expressions (17), (19), (22), (25), (26), (28), (34)—(37), (44),
(50) and (51).

Fig. 1 shows the comparison of the capacity per unit
bandwidth for opra, ora and tifr policies. The results
indicate how the opra policy achieves the highest capacity
for any average receiver SNR, 7,. From the same figure, it
can be noticed that ora achieves less capacity than opra.

w

—4—p=0.3

[| —%—p=05

—— =07

|| —8—p=0.9

—e— p=1

- Upper Bound p=1

o«

-

oy
T

o
T

§ N
T

w

v ]
T

Capacity per Unit Bandwidth [Bits/Sec/Hz]

0 5 10 15 20
Average Y, per branch (dB)
Figure 2 Capacity per unit bandwidth for a Rayleigh fading

with SCD diversity (L = 3) and various values of different p
under power and rate adaptation

www.ietdl.org

—6—p=0.3
9 —a— p=0.5 1
all —— p=0.9
p=1
7H = = = Appro-p=0.3
= = = Appro-p=0.5
6| = = = Aprro-p=0.9

Capacity per Unit Bandwidth [Bits/Sec/Hz]

0 5 10 15 20
Average y, per branch (dB)
Figure 3 Capacity per unit bandwidth for a Rayleigh fading

channel with SCD (L = 3) and various values of different p
under rate adaptation and constant power

However, both opra and ora achieve the same result when
there is no power adaptation implemented at the
transmitter as in opra. As expected, Fig. 1 shows that the
tifr scheme achieves less capacity compared to the other
adaptation policies. The results in Fig. 1 are plotted for the
case of a fully estimated channel (p = 1).

Fig. 2 compares C,,, for different values of correlation
between the channel and its estimate; namely,
p=03,05,0.7,0.9 and 1. It can be noticed that the
highest C,,, that can be achieved when p = 1. Furthermore,
Copra decreases when the value of p decreases where in this
case the weight error is increases. It can be observed from
Fig. 2 that there is almost a 5 dB difference in C,,, between
p=1 and 0.3. Figs. 3 and 4 show the capacity of opra and
tifr schemes for different values of p, respectively. It can be

10 :
—&— =03
1] EE—— Approx-p=0.3
sl —p—p=05
..... Approx-p=0.5
TH p=0.9 -
Approx-p=0.9
H —%— p=1
Approx-p=1

Capacity per Unit Bandwidth [Bits/Sec/Hz]

0 r 10 15 20
A\.rerageyl per branch (dB)
Figure 4 Capacity per unit bandwidth for a Rayleigh fading

with SCD diversity (L = 3) and various values of different p
for truncated inverse channel and fixed rate
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F —4—p=0.3 i, p=0.3
== S0 s o ! e 1 =05
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(?) 5 p=05 #— p=0.9
— I " 1 o :1
gL  approx-p=0.5 P
m 7 p=0.9
= approx—p=08f
-g 6 —8— p=1
© approx—-p=1 w
= — 1 o
T ° 2 o
m .......
—
.E 4
=
T X
o
Z 2t
o
8
@ 7
&}
0 i : i : : i
-10 -5 0 5 10 15 20 10 15

Cut-off SNR dB Clbits/sec/Hz]

Figure 5 Capacity per unit bandwidth for a Rayleigh fading Figure 7 Probability density function P(C) for an SCD with
with SCD diversity (L = 3) and various values of p against L= 3 at vy, = 15 dB and different values of p

optimal cutoff SNR vy, with truncated channel inversion

with vy, = 15 dB

—8—p=0.3

seen that the tifr policy is very sensitive to the channel estimation 0.9F : : —#—p=05|"
errors whereas there is almost 7 dB difference in Cy, between 08k ’!’ E:?'g |

p=1and p=0.3. Fig. 5 shows the dependence of Cg;, on

w
o
Q
&)
=
S
the cutoff SNR, v, for different values of p. All the curves § S
show that the the capacity differs for different values of p. ' osf
Also, expression (34) implies that the spectral efficiency is £ sl
S 05/
maximised for the optimal cutoff SNR 1v,. Fig. 6 shows the 2 |
behaviour of the outage probability for different values of p. It 2 |
can be observed that when there are no data to be transmitted 0 03}
because of the outage event, the tifr policy suffers an outage 8 sub
probability that is larger than the outage probability suffered g
by the opra policy. S of
D: i
Fig. 7 depicts the PDF curves for different values of p ° ! 2 Clbits/sec/Hz]

considering an average SNR of y,=15dB and L= 3.
Figure 8 Cumulative distribution function F~(C) for an SCD

with L = 3 at vy, = 15 dB and different values of p

10 ¢ T T a7
—f p=0.3
) —8— p=0.5
10 p=0.9 | This figure shows that the capacity distribution has a
? Gaussian-like shape even in the presence of channel
107} estimation errors. As expected, we see how the distribution
N of C shifts towards the left indicating a decreasing value of
= 19 f its mean as the value of p decreases Fig. 8 considers the
& M| same setting in Fig. 7 and depicts the CCDF curves for
L 3 different values of p, with very similar observations.
10‘5;
sl 6 Conclusions
The channel capacity for unit bandwidth for three different
10'76 = 0 pr 20 adaptation policies including .their .approximations and
Average y, per branch (dB) upper bounds over a slow Rayleigh fading channel for SCD
with estimation error is discussed. Closed-form expressions
Figure 6 Probability of outage for a Rayleigh fading with for three adaptation policies are derived for an L-selection
L = 3 and various values of p with v, = 15 dB combiner. Our numerical results showed that for the same
1450 IET Commun., 2009, Vol. 3, Iss. 9, pp. 1443-1451
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bandwidth, the capacity increases with increase of the
diversity order L and increase of the average vy, per branch.
Also, the result showed that C,,, outperforms C,, and
Cys> however, C,_, is less sensitive to the estimation error
than the other policies. Furthermore, we provided analytical

results for the PDF and CDF as well as the MGF.
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