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Abstract—In this paper, we consider wireless networks with
directional antennas using slotted ALOHA medium access control.
The channel model incorporates the effects of propagation loss
and shadowing with Rayleigh fading. By deriving the cumulative
distribution function of the signal-to-interference-and-noise ratio
(SINR) of a certain link in the network, the outage probability
of the link is analyzed. In particular, the analysis works for the
arbitrary beam patterns of the directional antennas used in the
networks. Moreover, we propose a new parameter, i.e., the array
interference factor, which can characterize the average perfor-
mance of an arbitrary beam pattern in random wireless networks.
This provides an efficient way for designers to evaluate the sys-
tem performance under different beam patterns. The network
throughput and the transport capacity of a random wireless net-
work with directional antennas are also analyzed. It is shown that
the network transport capacity is of the same order as the square
root of the node density, which conforms with the well-known
capacity of wireless networks. The analysis is useful for designers
to optimize the system performance of wireless networks with
directional antennas.

Index Terms—Beam pattern, directional antenna, outage prob-
ability, path loss, Rayleigh fading, shadowing, throughput, trans-
port capacity.

I. INTRODUCTION

IN A WIRELESS network, when a node transmits a signal
to another node, it causes interference to the other nodes

in the same network. This limits the number of simultaneous
transmissions in a wireless network. Many systems use omni-
directional antennas to avoid having to know the location of
the receiver. An omnidirectional antenna transmits a signal to
all directions with the same power. Not only does this cause
interference to the other nodes, but the power is also wasted in
the directions away from the receiving node. The interference
limits the number of users that a system can accommodate. This
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gives rise to the promising idea of using directional antennas in
wireless networks.

By using directional antennas, both transmitting and receiv-
ing nodes have the ability to generate beam patterns with high
transmission gain and reception gain in the direction of each
other and low gain elsewhere. The enhanced power efficiency
enables the extension of the battery life of a node, which
is crucial for wireless communication devices. Furthermore,
the interference problem is significantly reduced, because only
nodes with receiving antennas pointing at the main beam of
a transmitting node are severely interfered by the transmitting
node. This allows the system to have a larger number of users
than with omnidirectional antennas. As a result, directional
antenna technology is widely considered for wireless networks,
such as IEEE 802.11 [1], [2], IEEE 802.16 [3], and IEEE
802.15.3c [4].

To get the best system performance out of such wireless
networks, system designers need to know the relation between
the network performance and the system parameters. In the
literature, only a few efforts have attempted to analyze the
performance of wireless networks with directional antennas. In
[5] and [6], the outage probability of wireless networks with
omnidirectional antennas has been analyzed. The outage prob-
ability of wireless networks using switched beam antennas has
been analyzed in [7]. However, the antenna radiation diagram
used in this paper is very simple. The result cannot be applied
to analyze system performance when a realistic beam pattern is
considered. In [8], the outage probability of a receiver using a
smart antenna with a fixed number of interferers under Rayleigh
and Rician fading has been analyzed. The medium access con-
trol (MAC) protocol is assumed to be slotted ALOHA [9] in [6]
and [7], but it is unspecified in [5] and [8]. None of past research
efforts considered the performance of a wireless network using
an arbitrary antenna beam pattern and the effect of specific
coding and modulation schemes on system performance.

In this paper, we derive the outage probability of wireless
networks using an arbitrary beam pattern under a realistic
channel model, which includes the effects of path loss, shad-
owing, and Rayleigh fading. Slotted ALOHA [9] is used for the
MAC protocol. By combining with performance analysis of bit-
interleaved coded modulation (BICM) and turbo codes in [10]
and [11], we can evaluate the performance of a wireless net-
work with specific coding and modulation used in the physical
layer. One thing worth noting is that we find that the system
performance and the beam pattern used are related through a
characteristic value of the beam pattern, which we call the array
interference factor (AIF). The AIF can very easily be computed
for any radiation diagram, which provides an efficient way for
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the performance comparison of different beam patterns; the one
with smaller AIF generally has better performance than the
others.

Initially, we assume that the transmitting and receiving nodes
know the exact direction of each other in the outage proba-
bility derivation. However, this is not usually true in reality
due to the MAC protocol or the accuracy of the direction
estimation algorithm used. For instance, in the MAC protocols
proposed for IEEE 802.11 with directional antennas [1], [2],
the nodes are designed with a finite number of beam directions.
Hence, the transmitting and receiving nodes are not always
perfectly aligned. The direction estimation error affects the
system performance, and generally, directional antennas of
smaller beam widths suffer more from the problem. Without
further analyzing the effect of this direction estimation error
on network performance, one cannot make a fair performance
comparison of different beam patterns since patterns of smaller
beam widths always have better performance if there exists no
direction estimation error. Hence, the outage probability, given
the existence of the direction estimation error between the node
pair, is further analyzed in this paper.

As mentioned earlier, one major motivation of this paper is
optimization of the system performance for wireless networks
using directional antennas. Other than the outage probability,
common performance measures of wireless networks include
network throughput and transport capacity [12]. Both measures
are derived in this paper. It is shown that the network transport
capacity of a wireless network using directional antennas is of
order Θ(

√
λM ), where λM is the node density of the network.

Note that f(n) = Θ(g(n)) if f(n) = O(g(n)) and g(n) =
O(f(n)) (Knuth’s notation). This finding conforms with the
well-known transport capacity of wireless networks derived by
Gupta and Kumar in [12].

The remainder of this paper is organized as follows: In
Section II, a brief introduction to the system model and the
channel model is given. In Section III, we derive the outage
probability in a wireless network using a simplified beam
pattern, given that the transmitting and receiving nodes are
perfectly aligned. The analysis is then generalized to the case
of an arbitrary beam pattern. In Section IV, we analyze the
outage probability under the effect of direction estimation error
between the node pair. In Section V, the network throughput
and transport capacity are both derived. Finally, we address the
conclusions in Section VI.

II. MODEL DESCRIPTION

Consider a wireless network as shown in Fig. 1. We are
interested in the performance of the communication link be-
tween two reference nodes Tx (transmitting node) and Rx
(receiving node). We first assume that all nodes use directional
antennas for transmission and omnidirectional antennas for
reception. Later, we will generalize the analysis to the case
where directional antennas are used for both transmission and
reception. We assume that all nodes use the same transmitting
beam pattern. A typical beam pattern g(θ) is shown in Fig. 2,
where g(θ) denotes the power gain of the transmitting antenna
relative to an omnidirectional antenna in the direction of θ. For

Fig. 1. Wireless network using directional antennas.

Fig. 2. Beam pattern g(θ).

Fig. 3. Channel between Tx and Rx.

an omnidirectional antenna, g(θ) = 1 for all θ. We make no as-
sumption on how the directional antennas are formed: They can
be either mechanically steered or electronically formed. The
antennas are assumed to be devoid of any mutual correlation.
Although the beam pattern considered in this paper is 2-D, the
result can be generalized to 3-D beam patterns. Finally, it is
assumed that all nodes have perfect knowledge of their own
channels.

We use the same channel model as in [5], as shown in Fig. 3.
Assume that the distance between Tx and Rx is r0 and that Rx
is in the direction of θ0 from Tx. When Tx transmits power PT ,
the received power at Rx is then P0 = PT g(θ0) ζ0 ξ2

0 , where
ζ0 accounts for path loss and shadowing effect. It is assumed
that ζ0 is constant for, at least, a packet duration T and that
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it is lognormal distributed with conditional probability density
function (pdf), i.e.,

f(ζ0 | r0) =
1√

2πσρζ0

e
− 1

2
(loge ζ0−loge(Kr

−η
0 ))2

σ2ρ2 (1)

where ρ denotes the constant loge 10/10, and Kr−η
0 is the

average attenuation level due to path loss. The constant K
denotes the average attenuation level measured at a reference
distance from the transmitting node, and η is the path loss
exponent, which ranges from 2.0 to 6.0, depending on the type
of channel [13]. In an urban area, η is in the range of about
2.7–3.5. In an obstructed environment or in buildings, where
signals suffer more from path loss, η is in the range of about
4.0–6.0. In addition, note that σ is usually denoted in decibels.
Typical values for σ are in the range of 5–10 dB.

Fading level ξ0 is a random variable that accounts for the
Rayleigh fading. If ξ0 is Rayleigh distributed, then ξ2

0 is ex-
ponentially distributed [14]. Hence, the conditional pdf of P0,
given ζ0, is

f0(P0 | ζ0) =
1

PT g(θ0)ζ0
e
− P0

PT g(θ0)ζ0 (2)

and the conditional cumulative density function (cdf) is

F0(P0 | ζ0) = 1 − e
− P0

PT g(θ0)ζ0 . (3)

The channel between any interfering node and Rx follows
the previously described model, except that the distance can
be different. In addition, the signal from each interfering node
to Rx is independently shadowed and independently Rayleigh
faded. We also assume that the signal power from an interfering
node is constant throughout each packet duration.

The nodes are assumed to be randomly distributed on the
2-D plane as a Poisson point process. Let λM denote the
average node density. For any disc of radius r on the plane,
the number of nodes Nr in the disc has a Poisson distribution
POI(λMπr2), i.e., Pr{Nr = k} = e−λM πr2

(λMπr2)k/k!. The
MAC protocol is assumed to be slotted ALOHA. All nodes are
synchronized, and every packet is transmitted at the beginning
of the time slot, right after the packet is generated. Each
time slot is of duration T , which is the same as the packet
duration. The nodes in the ALOHA ad hoc network are not
allowed to simultaneously transmit and receive, i.e., the nodes
in transmitting mode cannot be in receiving mode at the same
time and vice versa. Each node generates data packets, which
are modeled by a Bernoulli process of rate p, i.e., the packets
are generated with probability p in each slot. Hence, given that
there are Nr nodes in the network (excluding Tx and Rx), the
number of nodes that actually interfere with Rx is binomially
distributed as BIN(Nr, p).

III. OUTAGE PROBABILITY ANALYSIS

In this section, we analyze the performance of the link
between Tx and Rx by deriving the outage probability of the
link under slow fading. By slow fading, we mean that the fading
level of the target link between Tx and Rx is constant for at
least one packet duration. This is usually the case when Tx, Rx,

Fig. 4. Simplified beam pattern.

and the environment are all of low mobility. We first derive the
outage probability for a simplified beam pattern of Tx, as shown
in Fig. 4, in Section III-A. Then, the analysis is generalized
for any arbitrary shape of beam patterns used by Tx and Rx
in Section III-B, and several numerical examples are shown in
Section III-C. In this part of the analysis, we assume that Tx is
always perfectly aligned to Rx, i.e., θ = 0 always points to the
direction of Rx. Imperfect alignment case is later analyzed in
Section IV.

A. Simplified Beam Pattern

First, consider the simplified beam pattern shown in Fig. 4.
The beam pattern has L beams. Beam i, i = 1, 2, . . . , L has
angular beam width δi (in radians) and gain gi with respect to
the omnidirectional antenna of the same transmitting power.
Without loss of generality, beam 1 is always the beam with
the largest gain and is always pointing at Rx. The outage
probability of the link between Tx and Rx is defined by

φL,r0(b) = P{Outage} Δ= P

{
P0

PI + N
< b

}
(4)

where P0 is the received power, PI is the interference power,
and N is the noise power at Rx. If we denote the energy per
symbol received at Rx (from Tx) by Es and the symbol duration
by Ts, it is easy to see that P0 = Es/Ts and N = N0/Ts, where
N0 denotes the noise power spectral density. It is assumed
that the outage occurs whenever the signal-to-interference-and-
noise ratio (SINR) at Rx is less than a certain threshold b, which
causes the failure of the channel coding and modulation to
maintain the small packet error rate (PER) required by the data
transmission. Hence, the SINR threshold b depends on the
coding and modulation used by Tx. In a slow-faded channel, the
SINR should remain constant during the whole packet duration.
When we determine the value of b for a specific coding and
modulation scheme, we should refer to the performance of the
coding and modulation scheme in an additive white Gaussian
noise (AWGN) channel. The analyses in [10] and [11] enable us
to plot the PER versus signal-to-noise ratio (SNR) for various
coded modulation schemes and turbo codes over AWGN and
different fading channels. If we model the interference as noise,
we can easily determine the value of b from the PER analysis.

The key concept of computing φL,r0(b) is to compute
φL,r0(b, a) = P{(P0/(PI(a) + N)) < b} first, where PI(a)
is defined as the total interference power from interferers
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TABLE I
SUMMARY OF THE DEFINED SYMBOLS

located within a distance a from Rx. After taking the limit
as a goes to infinity, we can obtain the outage probability
φL,r0(b) = lima→∞ φL,r0(b, a). Consider the nodes in the disc
of radius a centered at Rx (Tx excluded). We classify them
into L groups. The nodes in the ith group all point at Rx
with their beam i. Let Ka

Δ= (K1,K2, . . . ,KL) denote the
number of nodes in each group. The number of nodes in a
disc of radius a has a Poisson distribution POI(λMπa2). If we
assume that the direction of any node to its receiving node is
uniformly distributed between 0 and 2π, then the probability
of a node pointing at Rx with beam i is δi/2π, which is
proportional to the angular beam width δi. This implies that Ki

has a Poisson distribution POI(λMa2δi/2). Since the Ki’s are
independent

P (Ka) =
L∏

i=1

e
−λM a2δi

2

(
λM a2δi

2

)Ki

Ki!
. (5)

Among the Ki nodes in the ith group, the number of nodes that
actually transmit packets and thus interfere with Rx, i.e., Ii, is

of distribution BIN(Ki, p). Define Ia
Δ= (I1, I2, . . . , IL). Then

P (Ia | Ka) =
L∏

i=1

(
Ki

Ii

)
pIi(1 − p)Ki−Ii . (6)

To analyze the outage probability, number those Ii interferers
in the ith group from 1 to Ii. The distance from interferer j in
group i to Rx is denoted by ri,j . The pdf of ri,j , given that the
interferer is in the disc of radius a centered at Rx, is of the form

fa(ri,j) =
2πri,j

πa2
=

2ri,j

a2
. (7)

For later use, we define vector ra
Δ= [r1, r2, . . . , rL], where

ri = (ri,1, ri,2, . . . , ri,Ii
), i = 1, 2, . . . , L.

The path loss and shadowing at Rx experienced by the
interference from interferer j in group i is denoted by ζi,j .
From (1), we have

f(ζi,j | ri,j) =
1√

2πσρζi,j

e
− 1

2

(loge ζi,j−loge(Kr
−η
i,j ))2

σ2ρ2 . (8)

Define vector ζa
Δ= [ζ1, ζ2, . . . , ζL], where ζi = (ζi,1, ζi,2,

. . . , ζi,Ii
), i = 1, 2, . . . , L.

The received interference power at Rx from interferer j in
group i is denoted by Pi,j . The conditional distribution of
Pi,j , given ζi,j , is exponentially distributed, as described in
Section II. The conditional pdf is

f(Pi,j | ζi,j) =
1

PT giζi,j
e
− Pi,j

PT giζi,j . (9)

Define vector P a
Δ= [P 1,P 2, . . . ,P L], where P i = (Pi,1,

Pi,2, . . . , Pi,Ii
), i = 1, 2, . . . , L.

Finally, recall that r0, ζ0, and P0 are the distance, path loss,
and received power at Rx from Tx, respectively. Since Tx is
pointing at Rx with beam 1, which has a gain of g1, the cdf of
P0, given ζ0, in (3) becomes

F0(P0 | ζ0) = 1 − e
− P0

PT g1ζ0 . (10)

Due to the large number of symbols defined for the later
analysis, a summary of all defined symbols is given in Table I.
Before deriving the outage probability, we first give a high-
level description about our derivation process. Probability
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P{(P0/(PI(a) + N)) < b} is determined by b, a, and the real-

ization of a random vector x Δ=(Ka, Ia, ra, ζa,Pa, r0, ζ0, P0).
If we denote the pdf of x by f(x), then φL,r0(b, a) =
P{(P0/(PI(a) + N)) < b} is simply

φL,r0(b, a) =
∫
S

f(x)dx

where S = {x : (P0/(PI(a) + N)) < b}. The order of
integration (with respect to the elements of x) that we take is
P0, P a, ra, ζa, Ia, Ka, and, finally, ζ0. By first taking the
integration with respect to P0 and P a = {Pi,j}, we can obtain
the conditional outage probability, given Ka, Ia, ra, ζa, r0,
and ζ0. It can easily be done by first applying the cdf of P0 in
(10) and then integrating with respect to the exponential pdf of
the independently distributed Pi,j in (9). This results in

φL,r0(b, a | Ka, Ia, ra, ζa, ζ0)
= P {P0 < bPI(a) + bN | Ka, Ia, ra, ζa, ζ0}

=

∞∫
0

· · ·
∞∫

0

F0

⎛
⎝b

L∑
i=1

Ii∑
j=1

Pi,j + bN

⎞
⎠

×
L∏

i=1

Ii∏
j=1

[f(Pi,j | ζi,j) dPi,j ]

= 1 − e
− bN

PT g1ζ0

L∏
i=1

Ii∏
j=1

[
1

1 + bgiζi,j

g1ζ0

]
. (11)

Next, we take the expectation with respect to ra and ζa

and substitute y for (loge ζi,j − loge(Kr−η
i,j )) and x for

(loge ζ0 − loge(Kr−η
0 )). We can thus obtain (12), shown at the

bottom of the page, where

Ia(x, ψ) Δ=
1√

2πσρa2

∞∫
−∞

e
− y2

2σ2ρ2 dy

a∫
0

2rdr

1 + ψbey−x
(

r0
r

)η .

(13)

Next, by taking the expectation of (12) with respect to the
lognormal pdf of ζ0 in (1), we have

φL,r0(b, a |Ka, Ia)= 1 −
∞∫

0

e
− bN

PT g1ζ0

L∏
i=1

[
Ia

(
x,

gi

g1

)]Ii

× 1√
2πσρζ0

e
− 1

2
(logeζ0−loge(Kr

−η
0 ))2

σ2ρ2 dζ0

= 1 − 1√
2πσρ

∞∫
−∞

e
− be−x

γc
− x2

2σ2ρ2

×
L∏

i=1

[
Ia

(
x,

gi

g1

)]Ii

dx (14)

where γc = PT Kg1/Nrη
0 is the average received SNR at

Rx from Tx, and recall that x is again used to substitute for
(loge ζ0 − loge(Kr−η

0 )). Now, taking the expectation with
respect to Ka and Ia, we have the following expression:

φL,r0(b, a)

=
∑

K1,...,KL

P (Ka)
∑

I1,...,IL

φL,r0(b, a|Ka, Ia)P (Ia|Ka)

= 1 −
∑

K1,...,KL

L∏
i=1

⎡
⎢⎣e

−λM a2δi
2

(
λM a2δi

2

)Ki

Ki!

⎤
⎥⎦

× 1√
2πσρ

∞∫
−∞

e
− be−x

γc
− x2

2σ2ρ2

×
L∏

i=1

[
1 + p

(
Ia

(
x,

gi

g1

)
− 1

)]Ki

dx

= 1 − 1√
2πσρ

∞∫
−∞

exp

{
L∑

i=1

λMa2δip

2
×
[
Ia

(
x,

gi

g1

)
−1

]

− be−x

γc
− x2

2σ2ρ2

}
dx. (15)

φL,r0(b, a | Ka, Ia, ζ0) =

∞∫
0

· · ·
∞∫

0

φL,r0(b, a | Ka, Ia, ra, ζa, ζ0)
L∏

i=1

Ii∏
j=1

[f(ζi,j | ri,j)fa(ri,j)dri,jdζi,j ]

= 1 − e
− bN

PT g1ζ0

L∏
i=1

Ii∏
j=1

⎡
⎢⎢⎣

a∫
0

2ri,jdri,j

a2

∞∫
0

e
− 1

2

(loge ζi,j−loge(Kr
−η
i,j ))2

σ2ρ2 dζi,j(
1 + bgiζi,j

g1ζ0

)
(
√

2πσρζi,j)

⎤
⎥⎥⎦

= 1 − e
− bN

PT g1ζ0

L∏
i=1

Ii∏
j=1

⎡
⎣ 1√

2πσρ

a∫
0

2ri,jdri,j

a2

∞∫
−∞

e
− y2

2σ2ρ2 dy

1 + gib
g1

ey−x
(

r0
ri,j

)η

⎤
⎦

= 1 − e
− bN

PT g1ζ0

L∏
i=1

Ii∏
j=1

⎡
⎣ 1√

2πσρa2

∞∫
−∞

e
− y2

2σ2ρ2 dy

a∫
0

2ri,jdri,j

1 + gib
g1

ey−x
(

r0
ri,j

)η

⎤
⎦

= 1 − e
− bN

PT g1ζ0

L∏
i=1

[
Ia

(
x,

gi

g1

)]Ii

(12)
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Note that the last line of (15) is obtained by first moving
the summation part into the integral and then applying the
moment-generating function formula of Poisson distribution
(recall that the Ki’s are independent Poisson random variables).

To get the outage probability, we need to take the limit of
(15) as a goes to ∞. The limit of a2(Ia(x, ψ) − 1) as a goes to
∞ is derived in [5] as

lim
a→∞

a2 (Ia(x, ψ)−1)=−r2
0e

2σ2ρ2

η2
2π

η
csc

(
2π

η

)
b

2
η ψ

2
η e

−2x
η .

(16)

After some simplifications from (15), we can obtain the final
form of the outage probability

φL,r0(b)=1− 1√
2πσρ

∞∫
−∞

exp

{
−Λ(b, x)r2

0

[
L∑

i=1

δi

2π

(
gi

g1

) 2
η

]

−be−x

γc
− x2

2σ2ρ2

}
dx (17)

where

Λ(b, x) Δ= λMπpe
2σ2ρ2

η2
2π

η
csc

(
2π

η

)
b

2
η e

−2x
η . (18)

Although φL,r0(b) is not in closed form, the integral can easily
be computed through numerical integration.

B. Arbitrary Beam Pattern and AIF

Now, consider a more realistic beam pattern such as the one
in Fig. 2. Note that Fig. 4 will converge to Fig. 2 as L goes to
∞ and δi goes to 0. Taking the limit of (17), we have the outage
probability φr0(b) of the realistic beam pattern

φr0(b) = lim
L→∞
δi→0

φL,r0(b)

= 1− 1√
2πσρ

∞∫
−∞

exp

{
−Λ(b, x)r2

0

⎡
⎣ 1
2π

2π∫
0

(
g(θ)
g(θ0)

) 2
η

dθ

⎤
⎦

− be−x

γc
− x2

2σ2ρ2

}
dx. (19)

Notice that φr0(b) depends on the beam pattern only through
(1/2π)

∫ 2π

0 (g(θ)/g(θ0))2/ηdθ. Hence, we propose a new param-
eter, i.e., the AIF, for any beam pattern

A Δ=
1
2π

2π∫
0

(
g(θ)
g(θ0)

) 2
η

dθ (20)

which fully characterizes the performance of the beam pattern
in random networks. For an omnidirectional antenna, A = 1. It
is easy to see that, when A becomes large, the integrand of (19)
becomes small, and thus, φr0(b) becomes large. Hence, φr0(b)
is a monotonic increasing function of AIF A. This is due to the
fact that any beam pattern with smaller AIF value will create
(receive) less interference to (from) the system and thus have a
better performance. With the introduction of AIF, now, we can
compare the performance of different beam patterns by simply
comparing the AIF of each beam pattern.

Fig. 5. PER union bounds of (1, 33/37, 33/37) turbo code and bit-interleaved
(1, 5/7) convolutional-coded 64-QAM in AWGN channel.

For systems that use directional antennas for both trans-
mission and reception, the outage probability is a little more
complicated. Recall that, in the previous analysis, the interferers
are classified into L groups according to the beam (in Fig. 4)
with which they point at the omnidirectional node Rx. This
results in the L-term summation in (17) and, later, the AIF in
(19). If Rx now uses the directional antenna with the simplified
beam pattern in Fig. 4, then we have to classify the interferers
into L2 groups, depending on the beam of an interferer and the
beam of Rx with which they point at each other. As a result,
the summation of L terms in (17) becomes a summation of L2

terms, which can further be factorized into a product of two
L-term summations. The result can then be generalized for the
case of arbitrary receiving beam patterns as

φr0(b) = 1 − 1√
2πσρ

×
∞∫

−∞

exp
{
−Λ(b, x)r2

0AtAr−
be−x

γc
− x2

2σ2ρ2

}
dx

(21)

where At and Ar are the AIF values of the transmitting and
receiving beam patterns, respectively.

C. Numerical Examples

In this section, we use the outage probability analysis to eval-
uate the performance of the wireless networks using different
coded modulation schemes. Two different coded modulation
schemes are considered: BICM (bit-interleaved rate-1/2 (1, 5/7)
convolutional-coded 64-state quadrature amplitude mod-
ulation (64-QAM), coded packet length = interleaver size =
2052 bits) and rate-1/3 (1, 33/37, 33/37) turbo code
(coded packet length = 2052 bits) with binary phase-shift key-
ing. As mentioned earlier, the value of threshold b is determined
by the performance of the coded modulation used in the AWGN
channel. By applying the performance analyses in [10] and
[11], we can obtain tight bounds on the PER of BICM and
turbo code in the AWGN channel, as shown in Fig. 5. If one
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Fig. 6. Beam pattern 1 (generated by six antenna elements with an AIF of
0.6569 at η = 4 and 0.5699 at η = 2.7).

Fig. 7. Beam pattern 2 (generated by ten antenna elements with an AIF of
0.5511 at η = 4 and 0.4545 at η = 2.7).

packet error out of every 500 packet transmissions, i.e., a PER
of 2 × 10−3, is considered to be the threshold of acceptable
communication quality, then, from the figure, we can see that
threshold b should be 1.6 dB for the turbo-coded system and
13.5 dB for BICM. The BICM system has a nine times higher
bandwidth efficiency (3 bit/s/Hz) than the turbo-coded system
(1/3 bit/s/Hz). The tradeoff is the higher SNR required for
BICM to achieve the PER threshold 2 × 10−3. Moreover, turbo
code is known to be very energy efficient with near-capacity
performance. This is why we observe a huge difference of
12 dB between the values of b of the two systems.

For performance comparison, we consider the two different
transmitting beam patterns shown in Figs. 6 and 7. These beam
patterns are generated by end-fire antenna arrays with different
numbers of antenna elements [15]. Beam pattern 1 is generated
by six antenna elements, whereas beam pattern 2 is generated
by ten antenna elements. The element separation is λ/8, where
λ is the wavelength and is equal to 0.15 (m), assuming that the

Fig. 8. Outage probability versus average received SNR γc with (1, 33/37,
33/37) turbo code in an obstructed environment, λM = 20.0 node/km2, b =
1.6 dB, σ = 6 dB, η = 4, and r0 = 0.1 km.

Fig. 9. Outage probability versus average received SNR γc with (1, 5/7)
convolutional-coded 64-QAM in an obstructed environment, λM =
20.0 node/km2, b = 13.5 dB, σ = 6 dB, η = 4, and r0 = 0.1 km.

operating frequency of the wireless network is 2 GHz. The main
lobe of beam pattern 1 (AIF of 0.6569 at η = 4 and 0.5699 at
η = 2.7) is wider than that of beam pattern 2 (AIF of 0.5511
at η = 4 and 0.4545 at η = 2.7). Unless mentioned otherwise,
the receiving antennas of the numerical examples presented in
this paper are all omnidirectional (AIF of 1.0). The variance of
shadowing is σ = 6 dB. In all of the numerical examples in this
section, r0 = 0.1 (in kilometers), and K = 1. We consider two
different path loss exponents in our experiments: η = 4 for an
obstructed environment in a building and η = 2.7 for an urban
area [13].

In Figs. 8 and 9, the outage probability is shown for a turbo-
coded system and a BICM system with λM = 20.0 and η = 4
under different values of p. From the figures, we see that beam
pattern 2 has lower outage probability than beam pattern 1,
and the omnidirectional antenna has the worst performance
at all values of the load p. The interference power is indeed
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Fig. 10. Outage probability versus average received SNR γc with (1, 5/7)
convolutional-coded 64-QAM in an urban area, Tx is directional, Rx is
omnidirectional/directional, λM = 20.0 node/km2, b = 13.5 dB, σ = 6 dB,
η = 2.7, and r0 = 0.1 km.

reduced by the narrower main lobe (smaller AIF), and thus,
the outage probability is also reduced. We also observe that the
outage probability has a nonzero floor as the average received
signal SNR γc increases beyond 35 dB. When γc is large,
it indicates that the noise power is small, compared to the
signal and the interference power. Hence, the dominating factor
of the performance degradation now is the interference from
other nodes. Therefore, even if we increase the transmission
power of all nodes by the same factor, the SINR remains
almost the same, and so does the outage probability. In addition,
note that, as p increases, i.e., the nodes generate packets with
higher load, the outage probability also increases since there is
more interference in the network. It is also observed that the
turbo-coded system has much lower outage probability than the
BICM system.

To compare the system performance in different wireless
environments, we consider the BICM system in an urban area
with a smaller path loss exponent η = 2.7. The outage probabil-
ity versus the average received SNR γc is plotted in Fig. 10. If
we compare Figs. 9 and 10, we can see that the performance in
the urban area is worse than that in the obstructed environment
at all SNRs. This is because path loss is much smaller in the
urban area, and thus, the interference power from other nodes
is less attenuated than that in the case of the obstructed area. To
reject the interference, directional antenna should be applied to
Rx for the receiving signal. In Fig. 10, we also plot the outage
probability when Tx and Rx both use the same beam pattern
for the transmitting and receiving signals. We can see that the
outage probability is significantly reduced. This shows the great
performance of directional antennas in rejecting interferences.

Finally, in Fig. 11, we plot the node throughput versus
the packet-generating probability p for networks of different
densities. The node throughput is defined as p(1 − p)(1 −
φr0(b)), which denotes the average number of successfully
transmitted/received packets per time slot. Note that factor
(1 − p) comes from the fact that the nodes in an ALOHA
ad hoc network are not allowed to be in transmitting and

Fig. 11. Node throughput versus packet-generating probability p with (1,
33/37, 33/37) turbo code in an obstructed environment, γc = 25 dB, λM =
12.5, 50.0, 200.0 node/km2, b = 1.6 dB, σ = 6 dB, η = 4, and r0 = 0.1 km.

receiving modes at the same time. It is observed that the node
throughput increases when directional antennas are used, and
the throughput gain of using directional antennas grows as the
network becomes more dense.

IV. EFFECT OF DIRECTION ESTIMATION ERROR

In the previous analysis, Tx is assumed to know the direction
to Rx, and thus, they are always perfectly aligned. This is not
an easy task to achieve in reality. While it is not in the scope of
this paper, two possible solutions are proposed here. One is to
have each node include the antenna direction information, along
with the node identification in the header of all transmitted
packets. When a neighboring node B parses the packet header
from node A and finds that node A is pointing the transmitting
antenna to southwest, node B realizes right away that node A
is in the direction of northeast. The information is then stored
at node B, so it knows which direction to point at when
transmitting to node A in the future. Another possible solution
is to have all nodes equipped with Global Positioning System.
The location information, along with the identification of each
node, is included in the headers of all the packets it transmits.
The neighboring node B can then keep track of the direction to
node A by parsing the packet headers from node A. In a network
of low traffic load, where nodes seldom transmit packets, the
direction estimation accuracy can be enhanced by designing
a protocol so that each node announces its location to its
neighbors by periodically sending out broadcasting packets. In
any of the solutions previously mentioned, it is always possible
to have a direction estimation error at the neighboring nodes if
node A moves between the instances of its packet transmissions
(with direction/location information included in the headers).
The existence of the direction estimation error has an impact
on the outage probability. In general, the larger the beam width
of a Tx beam pattern, the less sensitive the outage probability
to the direction estimation error. However, less performance
improvement will be achievable by the directional antenna. To
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fully explore the tradeoff, it is desirable to analyze the outage
probability, given the existence of the direction estimation error.

A. Modified Outage Probability

In practice, there are many factors that can affect the accuracy
of the direction estimation, e.g., the estimation algorithm used,
channel status, noise, interference, and MAC protocol. It is
very difficult to characterize the direction estimation error in a
deterministic way. Hence, we model it as a random variable δt

with some given pdf ft(δt). We define φr0(b | δt) as the outage
probability, given an error of δt. From our previous analysis, we
can derive the expression of φr0(b | δt) as

φr0(b | δt) = 1 − 1√
2πσρ

∞∫
−∞

exp

{
− Λ(b, x)r2

0At(δt)

− be−xgT (θ0)
γcgT (θ0 + δt)

− x2

2σ2ρ2

}
dx (22)

where

At(δt)
Δ=

1
2π

2π∫
0

(
gT (θ)

gT (θ0 + δt)

) 2
η

dθ (23)

denotes the AIF of the Tx beam pattern gT (θ), given an error
of δt. By taking the expectation of φr0(b | δt) with respect to
ft(δt), we can obtain the outage probability

φr0(b) = 1 − 1√
2πσρ

2π∫
0

ft(δt)dδt

∞∫
−∞

exp

{
− Λ(b, x)r2

0

×At(δt) −
be−xgT (θ0)

γcgT (θ0 + δt)
− x2

2σ2ρ2

}
dx. (24)

If Rx also has the ability of beam forming, then direction
estimation error δr at Rx also needs to be taken into account.
Given the pdf of δr, fr(δr), we can obtain the outage probability
after some manipulation, i.e.,

φr0(b) = 1 − 1√
2πσρ

2π∫
0

ft(δt)dδt

2π∫
0

fr(δr)dδr

×
∞∫

−∞

exp

{
− Λ(b, x)r2

0At(δt)Ar(δr) −
x2

2σ2ρ2

− be−xgT (θ0)gR(θ0)
γcgT (θ0 + δt)gR(θ0 + δr)

}
dx

(25)

where

Ar(δr)
Δ=

1
2π

2π∫
0

(
gR(θ)

gR(θ0 + δr)

) 2
η

dθ (26)

denotes the AIF of the Rx beam pattern gr(θ), given an
error of δr.

Fig. 12. Outage probability versus average received SNR γc with direction
estimation error using beam pattern 1 (AIF = 0.6569) and (1, 5/7)
convolutional-coded 64-QAM in an obstructed environment, λM =
20.0 node/km2, b = 13.5 dB, σ = 6 dB, η = 4, p = 0.045, and r0 = 0.1 km.

Fig. 13. Outage probability versus average received SNR γc with di-
rection estimation error using beam pattern 2 (AIF = 0.5511) and (1,
5/7) convolutional-coded 64-QAM in an obstructed environment, λM =
20.0 node/km2, b = 13.5 dB, σ = 6 dB, η = 4, p = 0.045, and r0 = 0.1 km.

B. Numerical Examples

Assume that only Tx has beam-forming ability and that the
direction estimation error δt is uniformly distributed in the
interval [−δmax, δmax], as in the case in the MAC protocols
for IEEE 802.11 with directional antennas [1], [2], which has a
fixed number of beam directions B. The maximum error δmax

is then 180◦/B.
In Figs. 12 and 13, we show the outage probability of the

two beam patterns (defined in Section III-C) in an obstructed
environment for various values of δmax. We see that beam
pattern 1 is less sensitive to direction estimation error since it
has a wider main lobe than beam pattern 2. From Fig. 7, we
see that the main lobe width of beam pattern 2 is roughly 120◦.
When δmax is larger than 60◦, it is possible for Rx to be totally
off from the coverage of the main lobe, which severely degrades

Authorized licensed use limited to: King Fahd University of Petroleum and Minerals. Downloaded on October 7, 2008 at 22:19 from IEEE Xplore.  Restrictions apply.



3196 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 57, NO. 5, SEPTEMBER 2008

Fig. 14. Outage probability versus average received SNR γc with direc-
tion estimation error using beam pattern 1 (AIF = 0.5699) and (1, 5/7)
convolutional-coded 64-QAM in an urban area, λM = 20.0 node/km2, b =
13.5 dB, σ = 6 dB, η = 2.7, p = 0.045, and r0 = 0.1 km.

Fig. 15. Outage probability versus average received SNR γc with direc-
tion estimation error using beam pattern 2 (AIF = 0.4545) and (1, 5/7)
convolutional-coded 64-QAM in an urban area, λM = 20.0 node/km2, b =
13.5 dB, σ = 6 dB, η = 2.7, p = 0.045, and r0 = 0.1 km.

system performance. This is why the outage probability of
beam pattern 2 starts to abruptly increase after δmax exceeds
one half of the main beam width (60◦) by some amount of
tolerance (15◦). From the figure, we can conclude that, for the
MAC protocols in [1] and [2], beam pattern 2 still works fine
if the number of beam directions B is greater than 3, but the
performance starts to severely degrade when B goes below 3.

In Figs. 14 and 15, we show the outage probability of the two
beam patterns in an urban area. Since the interference power
is less attenuated in the urban area, any direction estimation
error can severely attenuate the SINR. As a result, we can see
that the outage probability is more sensitive to the direction
estimation error for both beam patterns. However, still, the
wider beam pattern 1 is less sensitive to the direction estimation
error than beam pattern 2. We also observe from Fig. 15 that the
outage probability starts to abruptly increase right before δmax

Fig. 16. Outage probability versus δmax using (1, 5/7) convolutional-coded
64-QAM, γc = 30 dB, λM = 20.0 node/km2, b = 13.5 dB, σ = 6 dB, p =
0.045, and r0 = 0.1 km.

reaches one half of the main lobe width of beam pattern 2. The
previous tolerance of 15◦ no longer exists, because the system
performance is extremely sensitive to the direction estimation
error in the urban area.

In Fig. 16, we plot the outage probability versus δmax using
both beam patterns, with γc fixed at 30 dB. We see that the
outage probability curves of beam patterns 1 and 2 intersect
in the figure. At small δmax, beam pattern 2 performs better
because of its smaller beam width. However, once δmax exceeds
one half of the beam width of beam pattern 2, the outage
probability begins to rapidly increase. On the other hand, beam
pattern 1 is not that sensitive to δmax due to its wider beam
width. As a result, beam pattern 1 outperforms beam pattern 2
at a large δmax. Through our analysis, one can determine the
beam pattern to use, given that the accuracy of the direction
estimation δmax is known.

V. ANALYSIS OF NETWORK THROUGHPUT

AND TRANSPORT CAPACITY

Network throughput and transport capacity are commonly
used to measure the performance of wireless networks. Both are
analyzed in this section for wireless networks with directional
antennas. To find the best possible network performance, the
direction estimation error is assumed to be 0 in the following
analysis. However, the result can easily be generalized to take
into account the direction estimation error.

A. Network Throughput

The network throughput of a wireless network is defined as
the average number of successfully transmitted information bits
per unit area per second per hertz, which can be approximated by

S(b) ≈ λMp(1 − p)R

rmax∫
0

f(r0) (1 − φr0(b)) dr0

×
(

bit
unit area · sec · Hz

)
(27)
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where λMp accounts for the average number of simultane-
ous transmissions per unit area (1/unit area), (1 − p) is the
probability for each receiving node to be in receiving mode,
R is the rate of the coded modulation used (in bits per second
per hertz), and the integral

∫ rmax

0 f(r0)(1 − φr0(b))dr0 is the
probability of successful transmission. Equation (27) is said
to be an approximation since it assumes that the successful
transmissions of different nodes are independent events, which
is not true in reality since transmitting nodes interfere with each
other. Recall that f(r0) denotes the pdf of distance r0 between
Tx and Rx, which is determined by the MAC protocol and the
network protocol. Since the values of r0 of different Tx–Rx
pairs in a network are not necessarily the same, we need to take
the expectation of φr0(b) with respect to r0 when computing
system throughput.

The system throughput of a wireless network is affected by
the node density of the network. When the density is high, the
interference problem becomes more serious, and thus, the out-
age probability increases. This will affect the system throughput
in (27). On the other hand, the outage probability is smaller
if the density is low, but, since not many nodes are transmit-
ting, this might cause the network resources (bandwidth) to
be wasted without producing much system throughput. Our
outage probability analysis can be used to find the optimal
node density for a wireless network. We consider two different
f(r0)’s. The first case is that the network is controlled where
all Tx–Rx pairs in the network have the same distance between
the two nodes (similar to the case of mesh network). Hence,
f(r0) = δ(r0 − c), where c is a constant. From (27), the system
throughput is approximately

S1(b) ≈ λMp(1 − p) (1 − φc(b)) R (28)

where φc(b) can be computed through (21).
On the other hand, if the network allows a node to transmit

signals to any node within a distance of rmax, then f(r0) =
2r0/r2

max. Substitute φr0(b) in (27) by (21). After some manip-
ulations, we can obtain the system throughput approximation as

S2(b)≈
λMp(1 − p)R√

2πσρr2
max

∞∫
−∞

1−exp
{
−Λ(b, x)r2

maxAtAr

}
Λ(b, x)AtAr

× exp
{
−be−x

γc
− x2

2σ2ρ2

}
dx. (29)

Consider the same setup as in Section III-C. The rate of
BICM is R = 3 (in bits per second per hertz), and that of
the turbo code is R = 1/3 (in bits per second per hertz).
We first consider system throughput S1(b) for the case where
the distance between Tx and Rx is fixed at r0 = 0.1 km for
all Tx–Rx pairs. The system throughput approximation S1(b)
versus λM in an obstructed environment (η = 4) is plotted in
Fig. 17. It is observed that the system throughput of BICM
is higher than the turbo-coded system at small λM . This is
because the interference problem is not large at small λM , and
thus, BICM can maintain a relatively small outage probability.
Under such circumstances, the higher bandwidth efficiency of
BICM, compared to that of the turbo-coded system, results in
the larger system throughput of BICM. However, when λM

Fig. 17. System throughput S1(b) versus node density λM with r0 = c =
0.1 km in an obstructed environment, γc = 25 dB, σ = 6 dB, η = 4, and
p = 0.5.

Fig. 18. System throughput S2(b) versus node density λM with rmax =
1 km in an obstructed environment, γc = 25 dB, σ = 6 dB, η = 4, and
p = 0.5.

becomes large, the interference problem causes BICM to have
a very large outage probability; it is so large that even the high
bandwidth efficiency of BICM cannot make up for the loss
of the system throughput. As a result, the turbo-coded system
starts to have a higher system throughput than BICM. In any
case, we can see that there exists an optimal node density for
each setup. Beam pattern 2 of the smallest AIF again has the
best performance in all cases, and the turbo-coded system has
higher optimal node density than BICM.

In Fig. 18, we plot the system throughput approximation
S2(b) versus λM , where r0 is no longer fixed, and rmax =
1 km. It is observed that the system throughput converges as
λM increases. The asymptotic system throughput when λM and
γc are both large can be derived as

lim
γc→∞

λM →∞

S2(b) ≈
(1 − p)R

r2
max

2π2

η csc
(

2π
η

)
b

2
η AtAr

. (30)
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B. Transport Capacity

The transport capacity of a network characterizes the ca-
pability of the network to transport information toward the
destination [12]. It can also be regarded as the accumulated
sum of the link progress of the links that has taken place in a
network area, where the link progress is defined as the product
of the hop distance and the local throughput of the link between
a Tx–Rx node pair [5], [6]. The network transport capacity can
be expressed as

T (b) ≈ λMp(1 − p)R

rmax∫
0

f(r0)r0 (1 − φr0(b)) dr0

×
(

bit · unit distance
unit area · sec · Hz

)
. (31)

Compared to (27), it is easy to see that the major difference
that distinguishes the transport capacity from the throughput
is the weighting of the hop distance r0 in the integral. It
was mentioned by Gupta and Kumar [12] that, to achieve a
high transport capacity, a node should communicate only with
nearby nodes within a distance of order Θ(1/

√
λM ). In our

notations, this translates to rmax = Θ(1/
√

λM ). If we simply
let rmax = λ

−1/2
M , we have f(r0) = 2r0/r2

max = 2λMr0. Then,
from (21) and (31), we have

T (b) ≈ λMp(1 − p)R√
2πσρ

λ
−1
2

M∫
0

2λMr2
0dr0

×
∞∫

−∞

e
−Λ(b,x)r2

0AtAr− be−x

γc
− x2

2σ2ρ2 dx

=
2λ2

Mp(1 − p)R√
2πσρ

∞∫
−∞

e
− be−x

γc
− x2

2σ2ρ2 dx

×
λ

−1
2

M∫
0

r2
0e

−Λ(b,x)AtArr2
0dr0

=
√

2λ2
Mp(1 − p)R√

πσρ

∞∫
−∞

e
− be−x

γc
− x2

2σ2ρ2 dx

×
λ
− 1

2
M∫

0

r3−1
0

[
λ
− 1

2
M − r0

]1−1

e−Λ(b,x)AtArr2
0dr0. (32)

Now, apply the integration formula [16]

u∫
0

xν−1[u − x]μ−1eβxn

dx

= B(μ, ν)uμ+ν−1

× nFn

(
ν

n
, . . . ,

ν+n−1
n

;
μ+ν

n
, . . . ,

μ+ν+n−1
n

;βun

)
(33)

Fig. 19. Transport capacity versus node density λM using (1, 5/7)
convolutional-coded 64-QAM in an obstructed environment with rmax =

λ
−1/2
M km, γc = 25 dB, b = 13.5 dB, σ = 6 dB, and η = 4, p = 0.5.

to the inner integral of (32), where B(·, ·) denotes the beta
function, and nFn(· · · ; · · · ; ·) denotes the generalized hyper-
geometric series. We thus have

T (b) ≈
√

2λ2
Mp(1 − p)R√

πσρ

∞∫
−∞

e
− be−x

γc
− x2

2σ2ρ2 B(1, 3)λ− 3
2

M

× 2F2

(
3
2
, 2; 2,

5
2
;−Λ(b, x)AtArλM

− 2
2

)
dx

=
√

2λMp(1 − p)R√
πσρ

∞∫
−∞

e
− be−x

γc
− x2

2σ2ρ2 B(1, 3)

× 2F2

(
3
2
, 2; 2,

5
2
;−πpe

2σ2ρ2

η2
2π

η
csc

(
2π

η

)

× b
2
η e

−2x
η AtAr

)
dx. (34)

Note that the last line comes from substituting (18) into the
first line of (34). We can observe that there exists no λM in the
integral of (34). Therefore, the transport capacity of the network
is of the same order as

√
λM . This matches the well-known

network transport capacity Θ(
√

λM ) derived by Gupta and
Kumar in [12]. In Fig. 19, we plot network transport capacity
T (b) versus node density λM computed from (31). It can be
seen that T (b) is indeed of the same order as

√
λM . In addition,

it is obvious from the figure that the beam pattern with smaller
AIF always has a higher transport capacity.

VI. CONCLUSION

In this paper, the performance of wireless networks with
directional antennas of arbitrary beam pattern has been ana-
lyzed. By combining with the performance analysis of BICM
and turbo codes, we have analyzed the performance of wireless
networks with directional antennas for each coding/modulation
scheme used. The characteristic value that determines the
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performance of a beam pattern has been found, which is useful
for the performance comparison of different beam patterns
in random networks. The effect of direction estimation error
on the network performance has also been analyzed. Finally,
our analysis has been applied to find the throughput and the
transport capacity of the wireless networks. Results show that
significant gains on network throughput and transport capacity
can be achieved by directional antennas. Although the analysis
shown in this paper focuses on 2-D beam patterns, the analysis
can easily be extended to 3-D case, which is useful if nodes
are distributed over a wide range of altitudes. The performance
analysis in this paper provides system designers a way to
characterize the system performance under different combi-
nations of beam patterns and coding/modulation schemes, as
long as the performance can be expressed in terms of outage
probability (for instance, the throughput). This is useful for
designers to optimize network performance. Future work on
this analysis includes the design of automatic repeat request
(ARQ), power control algorithm, and adaptive physical layer
(PHY) for wireless networks with directional antennas.
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