Node Voltage Circuit Analysis Method

The idea of the node-voltage circuit analysis method is based on two points:

1. Relative voltages: Assume you and a friend were on top of a mountain and you noticed a bird flying a little above you. Your friend says that the height of that bird is 100 m, while you think it is 300 m. Which of you is correct? In simple words. both of you could be right. You are basing your measurement on the height being relative to sea-level (sea-level is height 0) while your friend is basing his measurement on a height relative to the top of a mountain (top of the mountain is height 0). If the mountain was 200 m in height, both of your measurements would be correct. The same thing applies to voltage. Consider the following 4 resistors that form part of larger circuit. 
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The voltages across the resistors clearly state that the voltage at the "+" terminal of the voltage is higher than the voltage at the "–" terminal by the value indicated. We can define a reference voltage and call it ground and give the symbol of a small triangle, connect any node of the 5 nodes above in that part of the circuit to that ground, and compute the voltages at the other nodes relative to that zero voltage. 
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For example, the 4 circuits shown below are all correct and represent the same part of the circuit shown above.
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Each of the voltages at the different nodes is called a NODE VOLTAGE. This means that if all nodal voltages are given for a specific circuit and a specific voltage across some element is to be computed, that voltage is simply given by taking the node voltage near the "+" sign minus the node voltage near the "-" sign. 
2. The current passing through resistors can now be computed using node voltage along with ohm's law. This can be illustrated as follows.
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For the resistor shown above, we can find either of the two currents indicated.

ix = (v2 – v1)/R
ix = (v1 – v2)/R
Note that the two currents are equal to each other in magnitude but opposite to each other in sign, which is logical since they are the currents that pass in a single element but have opposite direction,

This means that we can apply KCL at each node of a very large circuit and represent the current in the KCL in terms of the node voltages. This will give us a set of equations that we solve together to find the node voltages.
Steps for applying Node Voltage Circuit Analysis Method

1. Identify all nodes in the circuit (make sure you do not make the mistake of identifying a single large node as two separate nodes just because it covers a large area of the circuit or because there are two connection points (dots) in that node).
2. If no reference node (ground) is given, choose one of the nodes (usually the one with the most connections or the one at the bottom of your circuit)

3. Label all the other nodes with node voltage labels, i.e.,  v1 , v2 , v3 , …

4. Apply KCL at all nodes other than the ground node and to which NO VOLAGE SOURCE IS CONNTED TO.
5. Assuming you used the convention that currents going out are positive, if a current source exists and is connected to a specific node, the term of the current corresponding to that current source is equal to the value of the current source if the current source was pointing out of the node and equal to negative that current source if it was pointing towards the node.
6. If a voltage source exists in the circuit, then

a. If one of the two terminals of the voltage source is connected to the ground, then

i. if the negative terminal of the voltage source is connected to the ground, the nodal voltage at its positive terminal will have the voltage of the source.

ii. if the positive terminal of the voltage source is connected to the ground, the nodal voltage at its negative terminal will have the negative voltage of the source.

b. If the voltage source is not connected to the ground but is connected between two nodes with voltages  vX  and  vY  such that the positive is at node vX, for example, then

i. encircle the source and the two nodes connected to it with a curve that represents a SUPERNODE. 

ii. Apply KVL to the super-node such that only currents crossing the boundary of the curve are taken in consideration. Currents passing through the voltage source are internal to the super-node and, therefore, do not appear in the equation of the super-node. This gives one equation from two nodes.
iii. you get another equation from knowing that the difference between vX  and  vY  is equal to the voltage of the source.

Example 1:  Apply the steps above for the Node-Voltage Circuit Analysis Method to find all nodal voltages of the following circuit.
[image: image1.emf]10 V

4 V

5 V

2 V





[image: image5.wmf]1 W

3 W

8 V

10 A

7 W

5 A

11 W

4 W

5 W

6 V

6 W

9 A

8 W

4 V

13 W

11 V

2 V

9 W

10 W

19 W

14 W

18 W

17 W

3 V

2 W

12 W

16 W

15 W

12 A

v

1

v

2

v

3

v

4

v

11

v

5

v

6

v

7

v

8

v

9

v

14

v

15

v

16

v

17

v

18

v

12

v

13

v

10


Step 1:
  All nodes in the circuit have been identified.

Step 2:
  Since no reference node (ground) was given, a reference was chosen (I chose it by random.) Any other choice of the reference node would give exactly the same results.

Step 3:  All other nodes are labeled with voltages that range from  v1  to  v18. This means that we should have 18 equations to solve for the 18 variables.

Step 4:
  Applying KCL at the different nodes gives

KCL at 1
(v1 – v2)/2 + (v1 – v7)/3 = 0    -------(1)

Node 2 and 6 are connected by the 8V voltage source ( First equation from those two nodes is

 v6 – v2 = 8 V     -------(2)

The second equation is obtained using the super-node shown in the figure using the dashed line, which includes nodes (2) and (6), and the 8V voltage source.

KCL at Super-node 2&6
(v2 – v1)/2 + v2/12 + (v6 – v7)/1 + (v6 – v9)/2 + (v2 – v1)/2 = 0    -------(3)

KCL at 3

v3/16 + 12 = 0    -------(4)

KCL at 4

(v4 – v5)/15 + (v4 – v11)/17 – 12 = 0    -------(5)

KCL at 5

(v5 – v6)/11 + (v5 – v4)/15 – 10 – 4  = 0    -------(6)

KCL at 7

(v7 – v1)/3 + (v7 – v6)/1 + (v7 – v8)/4 = 0    -------(7)

KCL at 8

(v8 – v7)/4 + (v8 – v14)/5 – 5  = 0    -------(8)

KCL at 9

(v9 – v6)/7 + (v9 – v10)/10 + 5 + 9 = 0    -------(9)

Since a voltage source separates between nodes (10) and (11), we get the following two equations

 v10 – v11 = 3     -------(10)


Nodes completed so far

1

1,2,6

1,2,3,6

1,2,3,4,6

1,2,3,4,5,6

1,2,3,4,5,6,7

1,2,3,4,5,6,7,8

1,2,3,4,5,6,7,8,9

Applying KVL in the super node containing nodes (10) and (11), and the source shown in the circuit

KCL at Super-node 10&11
(v10 – v9)/10 + 4 + (v10 – v13)/13 + (v11 – v4)/17 + (v11 – v12)/18 = 0 

             -------(11)

KCL at 12

(v12 – v11)/18 + (v12 – v13)/14 + (v12 – v18)/19 = 0    -------(12)

Since TWO voltage sources separate nodes (13), (17), and (18), we get the following THREE equations by considering the SUPERNODE that includes the three nodes:

v17 – v13 = 11     -------(13)

v17 – v18 = 2     -------(14)

KCL at Super-node 13&17&18
(v13 – v10)/13 + (v13 – v12)/14 + (v18 – v12)/19 + (v17 – v16)/9 = 0  ----(15)

Nodes (14) and (15) are separated by the dependent voltage source. We get the following equations from these two nodes

v14 – v15 = 6     -------(16)

KCL at Super-node 14&15
(v14 – v8)/5 + (v14 – v16)/8 + (v15 – v16)/6 – 9 = 0  ----(17)

Finally, 

KCL at 16

(v16 – v15)/6 + (v16 – v14)/8 + (v16 – v17)/9 = 0    -------(18)




1,2,3,4,5,6,7,8,9,10,11

1,2,3,4,5,6,7,8,9,10,11,12

1,2,3,4,5,6,7,8,9,10,11,12,13,17,18

1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,17,18

1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18

(All Nodes)

Now we have 18 variables (corresponding to the 18 nodal voltages) and have 18 equations that can be solved to find these variables. 
Example 2:  Apply the steps above     
for the Node-Voltage Circuit 

Analysis Method to find the three voltages vm, vw, vr, and the three currents ix, iy, iz.  
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Step 1:
  All nodes in the circuit have been identified. Note that some nodes extend over a very wide area such as node 1 (labeled  v1), which extend over the whole left side of the circuit from top to bottom. Also, nodes 3 and 8 cover a larger area than simply a dot (remember that any two points on wires that are connected by a wire belong to the same node).
Step 2:
  Since no reference node (ground) was given, a reference was chosen (I chose it to be the node at the bottom).

Step 3:  All other nodes are labeled with voltages that range from  v1  to  v10. This means that we should have 10 equations to solve for the 10 variables. Since we are asked to find 6 quantities (3 voltages and 3 currents), WE WILL ALSO HAVE TO WRITE 6 EQUATIONS THAT RELATE THESE VARIABLES TO THE NODE VOLTAGES. 
Step 4:
  Applying KCL at the different nodes gives

KCL at 1
(v1 – v2)/12 + (v1 – v6)/11 + (v1 – v10)/2 + (v1 – v8)/3 + (v1 – 0)/4 = 0  --(1)

Node 2 and 6 are connected by the 7V voltage source ( First equation from those two nodes is

 v6 – v2 = 7 V     -------(2)

The second equation is obtained using the super-node shown in the figure using the dashed line, which includes nodes (2) and (6), and the 7V voltage source.

KCL at Supernode 2&6
(v2 – v1)/12 + 8 + 9 + (v6 – v7)/9 + (v6 – v1)/11 = 0    ---------------(3)

KCL at 3

– 8 – 9 +  (v3 – v4)/13 + (v3 – v5)/15 + (v3 – v8)/10   = 0    -------(4)

KCL at 4

(v4 – v3)/13 + (v4 – v5)/14 = 0    -------(5)

Node 5 and 9 are connected by the 6V voltage source ( First equation from those two nodes is

 v5 – v9 = 6 V     -------(6)



Nodes completed so far

1

1,2,6

1,2,3,6

1,2,3,4,6



KCL at Super-node 5&9
(v5 – v4)/14 +  (v5 – v3)/15 + (v9 – v8)/7 + (v9 – 0)/11 = 0    ----------(7)

Nodes 7, 8, and 10 are connected by the 4V voltage source and the 5 V voltage source ( First equation from those two nodes is

 v7 – v8 = 4 V     -------(8)

Second equation is

v10 – v8 = 5 V     -------(9)

The third equation is obtained using the super-node shown in the figure using the dashed line, which includes nodes (7), (8), and (10), and the 4V and 5V voltage sources.

KCL at Super-node 7, 8, & 10
(v7 – v6)/9 +  (v7 – v10)/8 + (v8 – v3)/10 + (v8 – v9)/7 + (v8 – 0)/5 + 

(v8 – v1)/3 + (v10 – v1)/2 + (v10 – v7)/8 = 0    ----------(10)

The above 10 equations are sufficient to compute the node voltages of v1, v2, … v10.  However, we are not asked in the problem to compute the node voltages. In fact, in the problem, we can assume that the node voltages are not needed. What is required are the values of the three voltages vm, vw, vr, and the currents ix, iy, iz. We need to write equations for these quantities.

vm = v2 – v3     -------(A)

vw = v4 – v5     -------(B)

vz = v10 – v1     -------(C)

ix = (v4 – v3)/13 + 8     -------(D)

iy = (v7 – v6)/9 + (v7 – v10)/8     -------(E)

iz = (v6 – v1)/11     -------(F)

These 6 equations can easily be used to compute the required variables once the node voltages have been found. Simple KCLs have been used for writing (D) and (E).

Nodes completed so far

1,2,3,4,5,6,9

1,2,3,4,5,6,7,8,9,10
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