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Abstract

Accurate channel state information is important in communication systems. This is
especially challenging in a wireless environment where the channel exhibits strong frequency
and time selectivity. The literature is full with ingenious works devoted to the design and
analysis of algorithms for channel estimation. In general, these works have approached
the various algorithms distinctly obscuring commonalities that might exist among them.
This dissertation presents two contributions related to the analysis and design of adaptive

channel estimation algorithms.

The first part of the dissertation performs an analysis of a large class of adaptive al-
gorithms for channel estimation. Adaptive filters are, by design, time-variant, nonlinear,
and stochastic systems. For this reason, it is common to study different adaptive schemes
separately due to the differences that exist in their update equations. The dissertation
presents a unified approach to the analysis of adaptive filters that employ general data or
error nonlinearities. In addition to deriving earlier results in a unified manner, the approach
presented also leads to new stability and performance results without imposing restrictions

on the color or statistics of the input sequence.

The second part of the dissertation presents an expectation-maximization (EM) based
class of algorithms for joint channel and data recovery in OFDM (orthogonal frequency
division multiplexing). The algorithms make use of the rich structure of the underlying
communication problem— a structure induced by the data and channel constraints. These
constraints include pilots, the cyclic prefix, the code, and the finite alphabet constraints on
the data; sparsity, finite delay spread, and the statistical properties of the channel (time and

frequency correlation). The algorithms become progressively more sophisticated as more

iv



data and channel constraints are incorporated, with each new version of the algorithm
subsuming the previous version as a special case, culminating in an EM-based forward
backward Kalman filter. The dissertation finally scales up the algorithm design to support
OFDM transmission over multiple-input multiple-output (MIMO) systems.
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Chapter 1

Introduction

The radio revolution started with the invention of the telegraph by Guglielmo Marconi over
100 years ago. Today, and as we enter the new millennium, we notice a rapid growth in
wireless network technology and a convergence of voice, data, and video technology. This
is creating new services at lower costs and resulting in increased number of users, air-time
usage and revenues, which are increasing at 40% per year.

The wireless channel, however, can significantly limit the performance of such a system.
The transmitted signal suffers from propagation loss, macroscopic fading due to blocking,
and macroscopic fading due to the movement of the transmitter, the receiver, or objects in
the environment. This makes channel estimation a critical part of the wireless receiver.

This dissertation explores the analysis and design of adaptive and iterative algorithms
for the estimation of linear and time-invariant wireless channels. The first —the analysis—
part of the dissertation presents a unified analysis of a large class of adaptive algorithms
that have been extensively used for channel estimation. The second —the design— part of the
dissertation derives an iterative algorithm for channel estimation ! that makes an intelligent
use of the constraints that underly the communication problem.

This introductory chapter sets the stage for the dissertation. It starts by elaborating on
the nature of the wireless channel. The chapter then describes the convenience of modelling
the channel as a linear time-invariant system and the usefulness of employing adaptive and
iterative algorithms for its estimation. The chapter then presents an overview of available

adaptive filtering algorithms and previous work on channel estimation. This provides a

1We confine our attention to OFDM (orthogonal frequency division multiplexing) systems but the results
apply in more general context.
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context for the analysis and design parts of the dissertation. The chapter concludes by
laying out the contributions of the subsequent chapters which also serve to outline the

dissertation organization.

1.1 The Wireless Channel

A signal propagates in a wireless channel along a number of different paths. These paths
arise from scattering, reflection, refraction, and drift by objects in the environment. As
the signal propagates, its power drops due to three effects: propagation loss, macroscopic

fading, and microscopic fading. We address each of these effects in the following. [73]

Path Loss

The power of the transmitted signal is inversely proportional to the square of the distance
it travels. This reduction in power is caused by water absorption, foliage, and ground
reflection. Path loss thus causes a steady drop in signal power. In contrast, macroscopic

and microscopic fading (described next) cause the signal power to fluctuate.

Macroscopic Fading

Macroscopic fading results in long-term (or long-distance) variation in the signal level. It

results from blockage effects caused by buildings and other natural features.

Microscopic Fading

Macroscopic fading causes short-term or rapid fluctuations of the received signal. Specifi-
cally, objects between the transmitter and receiver scatter the signal in different directions.
Fading results from the superposition of a large number of these scattered components, and
by the central limit theorem, the resulting signal can be assumed to be an independent
Gaussian process. The signal will be be zero mean unless there is a direct line of sight
(LOS) between the transmitter and receiver. Microscopic fading affects the signal in time,

frequency, and space, as we explain next.

Doppler spread—time selective fading Time selective fading happens due to the move-
ment of scatterers, the transmitter, or the receiver. In this type of fading, a tone at

frequency v, spreads over a finite bandwidth (v. &+ vmax), creating a Doppler power
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spectrum (the Fourier transform of the time correlation of the channel response to a
CW wave). Time selective fading is measured by the coherence time-width which is

the time lag at which the signal autocorrelation reduces to 0.7 of its peak value.

Delay spread—frequency selective fading As we mentioned earlier, the signal in a wire-
less channel travels along multiple paths. Scaled and time shifted versions of the signal
arrive to the receiver along these paths. This delay spread results in frequency se-
lective fading as the channel acts as a tapped-delay line. Frequency selective fading
is characterized in terms of the coherence bandwidth, which is the frequency lag at

which the channel autocorrelation drops to 0.7 of its peak value.

Angle spread—space selective fading Angle spread at the receiver refers to the spread
of angles of arrivals of the multi-path components at the receiver (a similar definition
can be made for the angle spread at the transmitter). Angle spread results in space
selective fading. This type of fading is characterized by the coherence distance, which
is the distance lag at which the channel autocorrelation function drops to 0.7 of its

peak value.

1.2 Linear Time-Invariant Models

As noted above, we concentrate in this dissertation on linear and time-invariant (LTl) models

for two reasons: [11]

Simplicity of description: LTI systems are easier to describe mathematically than time-
variant systems. An LTI system is completely characterized by its (one-dimensional)
impulse response. When the system becomes time-variant, however, the impulse re-

sponse becomes 2-dimensional and hence more difficult to deal with.

Availability of powerful signal processing techniques: The eigenvalues of LTI sys-
tems are complex exponentials, and the corresponding eigenvalues are given by the
frequency domain transfer function. This means that time-invariant systems always
commute (while time-invariant systems do not). These and other properties of linear
systems allow the use of powerful signal processing techniques such as the Fourier

transform and its discrete implementation.

LTI systems also have significant signal processing applications. This includes linear

prediction, acoustic and line echo cancellation, channel estimation, receiver design for CDMA
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Table 1.1: Common channel and data constraints used for channel estimation

[ CONSTRAINTS || ASSUMPTIONS \ REFERENCE \
Finite alphabet constraint [88], [7]
Data Code 9], [80]
Constraints Transmit precoding
(e.g., cyclic prefix, silent gaurad band) [20], [44], [40], [68], [52], [99], 9]
Pilots [21], [56], [71],[95],[72],[53]
Finite delay spread [20], [9], [71]
Sparsity:
Channel has a few active taps [102], [48}, [97]
Channel Frequency correlation:
Constraints Taps are Gaussian distributed [54],(32], [9], [79]
Time correlation [94], [50], [45], [1], [58]
Uncertainty information [81], [54]

and OFDM transmission. Moreover, time-invariance is not as limiting as it sounds because
we can still use time-invariant systems to model systems that vary with time on a block-
by-block manner. For example, in a wireless mobile environment with reasonable vehicle
speeds, we can assume that the channel response is approximately constant over a small

time window.

1.3 Leverages for Channel Estimation

All algorithms for channel estimation rely on some inherent structure of the communication
problem to perform channel (and data) recovery. This structure is created by constraints
on the transmitted data or constraints on the channel itself, as described below (see also
Table 1.1):

Data Constraints:

Finite alphabet constraint: Data is usually drawn from a finite alphabet [88], [7].

Code: Data usually exhibits some form of redundancy, such as a channel code that helps

reduce the probability of error [9], [80].

Transmit precoding: The data might also contain some form of precoding (to facilitate
equalization at the receiver) such as a cyclic prefix [44], silent guard bands [40], [68]

and known symbol precoding [52].
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Pilots: Pilots represent the most primitive form of redundancy and are usually inserted
to perform channel estimation or simply to initialize the estimation process [21], [56],
[71],[95],[72],[53].

Channel Constraints:

Finite delay spread: The channel impulse response has a finite duration [20], [9], [71]. 2

Sparsity: The channel impulse response is usually sparse, dominated by a few strong paths
at some delays with a near zero arrivals at other delays [102], [48], [97]. The number of
paths and their delays are usually stationary. However, their amplitudes and relative
phases usually vary much more rapidly with time. This essentially reduces the number

of parameters to be estimated to that of the number of multipaths in the channel.

Frequency correlation: In addition to the information about which of the channel taps
are inactive, we usually have additional statistical information about the active ones.
This is usually captured by the frequency correlation of the frequency response [54],[32],
[9], [79].

Time correlation: As channels vary with time, they exhibit some form of time correlation.
The time-variant behavior could also be more structured, e.g., following a state-space
model [94], [50], [45], [1], [58]. 3

Uncertainty information: Channels also suffer from non-ideal effects such as nonlinear-
ities and rapid time-variations that are difficult to model. The aggregate effect of this
nonideal behavior could be represented as uncertainty information that can be used

to build robust receivers (e.g., as in [81], [54]).

1.3.1 Channel Estimation Techniques

Several algorithms were suggested in literature for channel and data recovery for OFDM
(orthogonal frequency division multiplexing). Each of these algorithms makes use of a subset
of the constraints above. We summarize in what follows some of the main approaches for

channel estimation (or generally, receiver design).

2This information is even assumed available at the transmitter as this knowledge is essential in designing
the transmitted sequence, e.g., the length of the cyclic prefix in OFDM.

3By speaking of time correlation separately from frequency correlation, we are basically assuming that
the channel autocorrelation function is separable (i.e., a product of time and frequency functions). While
this might not be exact, it is much more convenient.
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Training-Based Estimation

Assuming that the channel is time-invariant, pilots are transmitted along with data symbols
and are used for channel estimation (see [71], [72], [56], [95], [53]). The number of pilots
needed in the noiseless case is equal to the length of the impulse response (In the presence

of noise, however, more pilots are needed to improve the estimation accuracy).

Blind Estimation

Blind algorithms rely completely on natural constraints underlying the communication prob-
lem to perform channel recovery. For example, [9] used frequency correlation, [9] and [79]
used the outer code, [20] used the cyclostationarity induced by the cyclic prefix and trans-

mitter precoding, [108] used a subspace constraint, [68] and [44] used the cyclic prefix.

Semi-Blind Estimation

Semi-blind techniques are a hybrid of blind and training based techniques, utilizing pilots
and other natural constraints to perform channel estimation. Thus, in addition to pilots,
[99], [9], and [8] used the cyclic prefix, [9] and [32] used frequency correlation, [94], [50],
[45], [1], [58], [80] used frequency and time correlation, and [9], [10] , [65] and [80] used the

outer code.

Data-Aided Channel Estimation

The main and perhaps the only reason to perform channel estimation is to use the estimate
along with the channel output to recover the transmitted data. Ome can, in turn, use
the detected data to enhance the channel estimate giving rise to an iterative technique
for channel and data recovery. With this in mind, it is natural for the two operations,
of channel and data recovery, to be considered jointly, especially since one operation can
be used to enhance the performance of the other. This intuitive idea is the basis of joint
channel estimation and data detection proposed in [50], [45], [57], [39]. Other works, like [2],
[58], [24], [55], [101], and [7], arrived at iterative techniques more rigorously by employing
the expectation-maximization (EM) algorithm. The data-aided approach seems the most
sensible for channel estimation. However, just like many other works on channel estimation,
the aforementioned works utilize only a subset of the constraints on the channel and the

data.
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The designer can implement most of the techniques above using batch processing or
using adaptive/iterative techniques. The latter approach has clear advantages as we discuss

below.

1.4 Why Make Channel Estimation Adaptive/Iterative?

There are several advantages to estimating a channel adaptively or iteratively. First, the
optimum estimator might be too prohibitively complex to implement directly. The designer
can alternatively implement the same algorithm adaptively or iteratively, which makes it
possible to trade off complexity for speed. One such example is the recursive implementation
of a least-squares problem, using the recursive least-squares (RLS) algorithm.

Secondly, complexity might be so much an issue that the designer would be willing to
trade performance for lower complexity. The least-mean squares (LMS) algorithm and its
family offer this flexibility. For example, some least-squares problems can be approximately
solved using the LMS algorithm through some form of stochastic approximation.

Thirdly, it is easier to modify an adaptive algorithm to incorporate an additional con-
straint about a given problem than it is to modify the corresponding batch implementation
of the same problem. For example, the RLS implementation of a least-squares channel esti-
mation problem can be easily modified to deal with the case where the channel is varying
slowly with time.

Finally, a closed form solution might not even be available and so an adaptive or iterative
implementation might be the best solution that the designer can provide. A typical example
is joint channel and data recovery from received data in a communication problem, where

the only practical possibility is iterative recovery.

1.5 Overview of Available Adaptive Algorithms

Many adaptive algorithms have been proposed in literature. These algorithms can be clas-

sified into three main categories [82], [43].

The LMS algorithm and its family: The least-mean squares (LMS) algorithm and its
family are one of the most important and ubiquitous classes of adaptive filters. They

are usually built around transversal (taped-delay line) structures and are well known
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for their simplicity, low complexity, and robustness. More details about this class of

algorithms can be found in Chapters 2 and 3.

Recursive least squares (RLS) adaptive filter: As its name suggests, the RLS is a re-
cursive implementation of the least-squares problem. This adaptive filter overcomes
some limitations of the LMS family of filters as it is an order of magnitude faster and
its behavior is insensitive to the color of the input. This is, however, achieved at a

higher computational coast and an inherent computational instability.

The Kalamn filter: The Kalman filter is a generalization of the RLS filter and is of com-
parable complexity. It emphasizes the notion of a state and hence is more suited to

time-variant environments.

These filters are usually built around transversal (taped-delay line) filters. Some adap-
tive filters are built around an infinite impulse response, but the choices here are much more

limited and the filters involved are much less understood.

1.6 Motivation of this Work

The motivation of this thesis is to develop a unified framework to the problem of adaptive

channel estimation. In particular, this thesis considers two aspects of this problem:

Analysis: There is extensive literature on the performance of adaptive filters with many
ingenious results and approaches (see Chapters 2 and 3 and the references therein). How-
ever, most of these works study individual algorithms separately. Moreover, each study
uses its own set of assumptions and approximations that fit the specific class of algorithms
that it studies. This is because different adaptive schemes have different nonlinear update
equations, and the particularities of each case tend to require different arguments and as-
sumptions. The first objective of this thesis is thus to provide a unified analysis of adaptive

algorithms with data and error nonlinearities.

Design: There are many algorithms proposed in the literature for channel estimation and
equalization. Each of these algorithms rely on a particular set of assumption or a priori
information on the channel or transmitted data. The second objective of the thesis is to

provide a unified channel estimation method for the single and multiple antenna cases.
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Although the thesis demonstrates the design for OFDM transmission, the design principles

apply to a more general context.

1.7 Overview of Contributions

1.7.1 Chapter 2

In Chapter 2, we present a framework for the transient analysis of adaptive filters with
general data nonlinearities (both scalar-valued and matrix-valued). The framework relies on
energy conservation arguments and avoids the need for explicit recursions for the covariance
matrix of the weight-error vector. Among other results, the derivation characterizes the
transient behavior of such filters in terms of a linear time-invariant state-space model. In
addition to deriving earlier results in a unified manner, the approach leads to stability and

performance results without restricting the regression data to being Gaussian or white.

1.7.2 Chapter 3

In Chapter 3, we extend the same energy-based approach of Chapter 2 to the transient
analysis of adaptive filters with error nonlinearities. This class of algorithms is among
the most difficult to analyze, and it is not uncommon to resort to different methods and
assumptions with the intent of performing tractable analyses for any member of this class.
In addition to deriving earlier results in a unified manner, the approach also leads to new
performance results without restricting the regression data to being Gaussian or white and

without relying on any linearization arguments.

1.7.3 Chapter 4

In Chapter 4, we propose an expectation-maximization (EM) class of algorithms for joint
channel and data recovery in OFDM. The algorithms make use of the rich structure of the un-
derlying communication problem—a structure induced by the data and channel constraints.
These constraints include pilots, the cyclic prefix, and the finite alphabet constraints on
the data, and sparsity, finite delay spread, and the statistical properties of the channel
(frequency and time correlation). The algorithms become progressively more sophisticated
as more data and channel constraints are incorporated, with each new version of the al-
gorithm subsuming the previous version as a special case, culminating in an EM-based

forward-backward Kalman filter.
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1.7.4 Chapter 5

In Chapter 5, we build on the previous chapter and scale up the receiver design to OFDM
transmission over mutli-input multi-output (MIMO) systems. The receiver makes use of the
rich structure of the underlying communication problem. Thus, in addition to aforemen-
tioned channel and data constraints, the receiver also makes use of the spatial correlation

and of the space-time code used.

Finally, Chapter 6 overviews the thesis and point out some future directions of research.



Chapter 2

Transient Analysis of
Data-Normalized Adaptive Filters

2.1 Introduction

I Adaptive filters are, by design, time-variant and nonlinear systems that adapt to variations
in signal statistics and that learn from their interactions with the environment. The success
of their learning mechanism can be measured in terms of how fast they adapt to changes
in the signal characteristics, and how well they can learn given sufficient time (e.g., [100,
43, 60]). It is therefore typical to measure the performance of an adaptive filter in terms of
both its transient performance and its steady-state performance. The former is concerned
with the stability and convergence rate of an adaptive scheme, while the latter is concerned
with the mean-square error that is left in steady-state.

There have been extensive works in the literature on the performance of adaptive filters
with many ingenious results and approaches (e.g., [100, 43, 60, 46, 36, 63, 92, 34, 27, 76, 90]).
However, it is generally observed that most works study individual algorithms separately.
This is because different adaptive schemes have different nonlinear update equations, and
the particularities of each case tend to require different arguments and assumptions.

This chapter and the next present a unified energy-based approach to the mean-square
analysis of adaptive filters. The energy approach makes it possible not only to treat algo-

rithms uniformly, but also to arrive at new performance results. This approach is based on

! A major part of this chapter is reproduced, with permission, from T. Y. Al-Naffouri and A. H. Sayed,
“Transient analysis of data-normalized adaptive filters,” IEEE Transactions on Signal Processing, vol. 51,
No. 3, pp. 639-652, Mar. 2003.

11
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studying the energy flow through each iteration of an adaptive filter, and it relies on an exact
energy conservation relation that holds for a large class of adaptive filters. This relation has
been originally developed in [84, 77, 85, 78] in the context of robustness analysis of adaptive
filters within a deterministic framework. It has since then been used in [61, 105, 106, 103]
as a convenient tool for studying the steady-state performance of adaptive filters within a
stochastic framework as well. In this Chapter, we show how to extend the energy-based ap-
proach to the transient analysis (as opposed to the steady-state analysis) of adaptive filters

that employ data-nonlinearities in their update equation.

2.1.1 Organization of the Chapter

This chapter is organized as follows. In the next section we introduce weighted estimation
errors as well as weighted energy norms and relate these quantities through a fundamental
energy relation. In Sections 2.3 and 2.4, we illustrate the mechanism of our approach
for transient analysis by applying it to the LMS algorithm and its normalized version for
Gaussian regressors. In Section 2.5, we study the general case of adaptive algorithms with
data nonlinearities without imposing restrictions on the color of the regression data (i.e.,
without requiring the regression data to be Gaussian or white). The analysis leads to
stability results and closed-form expressions for the mean-square error (MSE) and mean-
square deviation (MSD). We further generalize our study in Section 2.6 to adaptive filters
that employ matrix data nonlinearities. We again derive stability results and closed-form
expressions for the MSE and MSD.

In the next chapter, we extend the energy-conservation approach to study the transient

behavior of adaptive filters with error nonlinearities.

2.1.2 Notation

We focus on real-valued data, although the extension to complex-valued data is immediate.
Small boldface letters are used to denote vectors, e.g., w. Also, the symbol T denotes
transposition. The notation ||w||? denotes the squared Euclidean norm of a vector, [|Jw]|? =
w’w, while H'w||22 denotes the weighted squared Euclidean norm, ||wH22 = w!Zw. Al
vectors are column vectors except for a single vector, namely the input data vector denoted
by u;, which is taken to be a row vector. The time instant is placed as a subscript for

vectors and between parentheses for scalars, e.g., w; and e(i).
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2.1.3 Adaptive Filters with Data Nonlinearities

Consider noisy measurements {d(7)} that arise from the model
d(i) = wyw’ + v(i)

for some M x 1 unknown vector w® that we wish to estimate, and where v(i) accounts
for measurement noise and modelling errors, and u; denotes a row regression vector. Both
u; and v(i) are stochastic in nature. Many adaptive schemes have been developed in the
literature for the estimation of w® in different contexts. Most of these algorithms fit into

the general description:
wip, = w; + pfle(i),wlul, >0 (2.1)
where w; is an estimate for w? at iteration 4, y is the step-size,
e(i) =d(i) — ww; = vw’ — ww; + v(i) (2.2)

is the estimation error, and f[e(i), u;] denotes a generic function of e(i) and the regression
vector u;.
In terms of the weight-error vector w; = w°® — w;, the adaptive filter equations (2.1)

and (2.2) can be equivalently rewritten as

Wiy = w; — pfle(i), uuf (2.3)

and

| e(i) = wb; + v(i) | (2.4)

We restrict our attention in this chapter to nonlinearities f[-] that can be expressed in

the separable form

flei),w) = 32 (2.5)

for some positive scalar-valued function g[u;]. In the latter part of this chapter (see Sec-

tion 2.6), matrix nonlinearities H[u;] will also be considered, i.e., functions f[-] of the form

fle(i), wi] = Hugle(i)
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Table 1 lists some examples of data nonlinearities {g[],

In the table, the notation {u;,, u;,, ...,

HJ[-|} that appear in the literature.

ui,, } refers to the entries of the regressor vector u;.

Table 2.1: Ezamples of data nonlinearities g[-] or HJ[']

| ALGORITHM | g[-] or H[]
LMS 1
NLMS g2
e-NLMS €+ [|ugl]?
NLMS family mdiag (]u,1 |‘1_lsgn(ui1)7 \uiZ\q_lsgn(ub), - |uiM|q_lsgn(uiM))
q

Power normalized diag (p1(2), p2(i),...,pam(7))
LMS pr(i+1) = Bpi(i) + (1 = B)luy, [, 0<p<1
Sign regressor diag (Ln(u”), Sgnu(% ; ng(uw )
1 2 M.
Multiple step-sizes diag(p1, o, - - -, MM)

2.2 A Weighted Energy Relation

The adaptive filter analysis in future sections is based on an energy-conservation relation
that relates the energies of several error quantities. To derive this relation, we first define
some useful weighted errors. Thus, let 3 denote any symmetric M x M weighting matrix

and define the weighted a-priori and a-posteriori error signals:

A

2 (Z) = uiZ’ﬂJH_l

(Z) = uiEﬁ;i, 6Z

2
a p

e (2.6)

For ¥ = I, we use the more standard notation

||l>

A I, N N
ea(i) = ef(i) = ug;,  ep(i) = ep(i) = upbiy

The freedom in selecting 3 will enable us to perform different kinds of analyses. For now,

3 will simply denote an arbitrary weighting matrix.
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2.2.1 Energy-Conservation Relation

The energy relation that we seek is one that relates the energies of the following error

quantities:
{ ibi) ﬁ’i-ﬁ-lv 6?(7:)7 egz): (1’) } (27)

To arrive at the desired relation, we pre-multiply both sides of the adaptation equation
(2.3) by u;X and incorporate the definitions (2.6). This results in an equality that relates

the estimation errors e (i), e?(i), and e(i), namely,

ez (i) = e> (i) — H e(?),u; .
p (1) = €5 (4) Hz(i)f[()7 ] (2.8)

where we introduced, for compactness of notation, the scalar quantity

(2.9)

A 1/ui2u:ir if uiEu;fF #£0
0 otherwise

Using (2.8), the nonlinearity f[e(i), u;] can be eliminated from (2.3), yielding the following

relation between the errors in (2.7):

w1 = w; — iy (i)ul [e (i) — eE(i)]

From this equation, it follows that the weighted energies of these errors are related by

T

Wl Ss1 = (7 — s (i)ul [€2(0) — e 0)]) S (w; — mn(iul [€26) — e (i)])

or, more compactly, after expanding and grouping terms, by the following energy-conservation

identity:

~ — . N ~ — . N2
i I + s () |50 = l@ilE + (i) [€56)] (2.10)

This result is exact for any adaptive algorithm described by (2.3), i.e., for any nonlinearity
f[» -], and it has been derived without any approximations. Also, no restrictions have been
imposed on the symmetric weighting matrix 3.

The result (2.10) with ¥ = I was developed in [84, 77, 85] in the context of robustness
analysis of adaptive filters, and it was later used in [61, 105, 106, 103] in the context of
steady-state and tracking analysis. The incorporation of a weighting matrix 3 allows us to

perform transient analyses as well, as we shall discuss in future sections.
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2.2.2 The Algebra of Weighted Norms

Before proceeding, it is convenient for the subsequent discussion to list some algebraic
properties of weighted norms. So let a; and as be scalars and let 31 and 39 be symmetric

matrices of size M. Then the following properties hold:

1) Superposition.

~ 2 ~ 12 ~ 2
arllwillsy, + azl|willsy, = llwill, v, 14,5, (2.11)
2) Polarization.
(WShw;) (wSow;) = |[@i3;,,r,.5, (2.12)

~ 2

3) Independence. If u; and w; are independent random vectors, then the polarization

property gives

. ~ ~ 112 ~ 12
Bluiw,) wZew)] = B [|oil3,n,s,| = B [1@:8;, pprs,]
where the last equality is true when ¥; and 35 are constant matrices.

4) Linear transformation. For any N x M matrix A,
|Aw;|3, = [
5) Orthogonal transformation. If @ is orthogonal, it is easy to see that
Q" w;|* = ||w:|* (2.13)

6) Blindness to asymmetry. The weighted sum of squares is blind to any asymmetry in
the weight A, i.e.,

~ - -2
s 1% = il = [ ill1 41 4 (2.14)
7) Notational convention. We shall often write

2
|

~ A~ 12
[|w; vee(Sh) = wills,



CHAPTER 2. DATA-NORMALIZED ADAPTIVE FILTERS 17

where vec (1) is obtained by stacking all the columns of 3; into a vector. For the
special case when X is diagonal, it suffices to collect the diagonal entries of ¥; into

a vector and we thus write
~ 112 A~ 2
||’wi||diag(zl) = |lwilly,

2.2.3 Data-Normalized Filters

We now examine the simplifications that occur when f[, ] is restricted to the form (2.5).

Upon replacing e%:(i) in (2.10) by its equivalent expression (2.8) and expanding we get
S22 e(ieg (i) p* €*(i)
Wit1||5 = ||ws||5 — 2p + — 2.15
i HE | ZHE gl fix:(7) g%[u] ( )

To proceed, we replace e(i), as defined in (2.4), by

Then (2.15) becomes

. . eql?
Wil = [lwill5; — 2u “g[ (2.16)

_ eg(i) pooeq(i) (i MQ 1)2(7;)
21 <g[ui] ﬁE(Z) QQ[Ui]> ( )+ - .

£
=
\g|
—~
=
<
[\
£

Now note that €2 (i)e, (i) and €2 (i) can be expressed as some weighted norms of w;. Indeed,

from (2.12), we have
ea(Der (i) = (W) (wZw;) = [|@il2r, s (2.17)
and, subsequently,

E0) = eal)eli) = laillr,, (2.18)
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Upon substituting (2.17) and (2.18) into (2.16), we get

1 ;3
~ 2
i1} = szHz—Qﬂ[ Sl v+ EE]H ;2

e (i ealt u;
_QIU( a( ) _ 1% a( )]) ’U(l) —l—/LQ’UQ(Z')H HE

glwil s (i) g?lwi 9°[ui]

This relation can be written more compactly by using the superposition property (2.11) to

group the various weighted norms of w; into one term, namely,

~ ~ 62 7 eq(? . . uz E
ol =y 20 () ) e+ ol | o
where
T
IS Y 2,u iy + u? H;qu;[uz (2.20)
glui 9?[ui]

The only role that ¥’ plays is a weight in the quadratic form Hﬂ;ZHZE/ Hence, and in view

of (2.14), we can replace the defining expression (2.20) for ¥’ by its symmetric part

2
A i 2 Uy
R =R - “2Hg2fl12“zr“@' (2:21)

Finally, it is straightforward to conclude from the weight-error recursion

8 u’

Wit = W; — Mm[ea(i) + v(i)]

and from e, (i) = w;w; that

ul; _— u’ ol
Wit = (I‘“gm)“’l o' (2.22)

2.2.4 Weighted Variance Relation

A few comments are in place:

1. First, the pair (2.19) and (2.21) is equivalent to the energy relation (2.10) and hence

is exact.

2. This pair represents the starting point for various types of analyses of adaptive filters
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with data normalization.

. As it stands, the energy relation (2.19)—(2.21) cannot be propagated in time since it

requires a recursion describing the evolution of e, (7). However, this complication can

be removed by introducing the following reasonable assumption on the noise sequence:
AN. The noise sequence v(i) is zero-mean, iid, and is independent of u;.

This assumption renders the third term of (2.19) zero-mean and relation (2.19) sim-

plifies under expectation to

2
- 2] -2 2 o |y
B |l[i1ll3;| = B |lwil3y | +#202E ) (2.23)
Likewise, recursion (2.22) simplifies to
T,
Edvgy, = E [<I o “’) w} (2.24)
glui]

While the iterated relation (2.23) is compact, it is still hard to propagate since X' is
dependent on the data u;, so that the evaluation of the expectation E |:H":b1/||22]/i| is

not trivial in general.

For this reason, we shall contend ourselves with the independence assumption:
Al. The sequence of vectors u; is independent and identically distributed.

This condition enables us to the split the expectation in (2.23) as

B[lwl] = £ |l g | + 2ot

Hm&] -

] g%(w;)

Observe that the weighting matrix for w; is now given by the expectation E[¥']. As we
shall see soon, the above equality renders the issue of transient and stability analyses

of an adaptive filter equivalent to a multivariate computation of certain moments.

In order to emphasize the fact that the weighting matrix changes from X to E[¥’]

according to (2.21), we shall attach a time index to the weighting matrices and use
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(2.21) and (2.25) to write more explicitly:

g%[uy]

i3
- 5 ¥,
E [||wi+1||22i+1] =F [HwiHQEi] + p202E +1]

where we replaced ¥ by ;11 and E[X'] by X;, which is now defined by

T

A u; u; uTui 2
Y =3 —pk [gl[ui]} Yit1 — p2ia B [m] + u‘FE [

"
Mlg, )
92[117,] 7 1

Note that this recursion runs backwards in time, and its boundary condition will

therefore be specified at oo.

Likewise, applying the independence assumption Al to the right-hand side of (2.24),
we find that

T,
By = E <I P “’> - Bw;
glui]

with the expectation on the right-hand side of (2.24) split into the product of two

expectations.

e) Inspection of recursions (2.19) and (2.23) reveals that the iid assumption (AN) on the
noise sequence is critical. Indeed, while (2.23) can be propagated in time without the
independence assumption Al it is not possible to do the same for (2.19). Fortunately,

assumption AN is in general reasonable.

We summarize in the following statement the variance and mean recursions that will form

the basis of our transient analysis.
Theorem 1 (Weighted-variance relation) Consider an adaptive filter of the form
T

u:
wir] = w; + p——e(i), i >0 2.26

where e(i) = d(i) — wyw; and d(i) = w;w® + v(i). Assume that the sequences {v(i),u;} are

iid and mutually independent. For any given 311, it holds that

~ 2 ~ 12 2 2 HuiHQZiH
B[, | = B |loil3, | +#20?E e (2.27)
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where X; is constructed from X; 1 via

Y, =% —pE {Z Z] Y1 —p3; 1E[l Z} + W’E
i glw] | = T L glug

iy,
— Ty, 2.28
7] (2.28)

It also holds that the mean weight-error vector satisfies

uTu->
Ewj,=E(I—-pu—+= |- Ew; 2.29
o ( po (2.29)

o

The purpose of the sections that follow is to show how the above variance and mean
recursions can be used to study the transient performance of adaptive schemes with data
nonlinearities. In particular, we shall show how the freedom in selecting the weighting
matrix ;41 can be used advantageously to derive several performance measures.

First, however, we shall illustrate the mechanism of our analysis by considering two
special cases for which results are already available in the literature. More specifically, we
shall start with the transient analysis of LMS and normalized LMS algorithms for Gaussian
regression data in Sections 2.3 and 2.4. Once the main ideas have been illustrated in
this manner, we shall then describe our general procedure in Section 2.5, which applies to
adaptive filters with more general data normalization and also to regression data that are

not restricted to being Gaussian or white.

2.2.5 A Change of Variables

In the meantime, we remark that sometimes it is useful to employ a convenient change of
coordinates, especially when dealing with Gaussian regressors. Thus let R = EuZTui denote

the covariance matrix of u; and introduce its eigen-decomposition,
R=Q"AQ
where @ is orthogonal and A is a positive diagonal matrix with entries {\;}. Define further

A _ A = A
w; = Qu;, ;= wQ7, 3 = Q%Q" (2.30)
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In view of the orthogonal transformation property (2.13), we have
~ 12 __ 2 _
wils, = sz‘H%i and uify = Huz'll%i

Moreover, assuming that the nonlinearity g[-| is invariant under orthogonal transformations,
ie., glw) = g[u;] (e.g., glw;] =1 or g[uw;] = ||u;||?), we find that the variance relation (2.27)

retains the same form, namely

[EHE=
Z’i+l
g2 [a;]

(2.31)

B lwily, | = 1wl | + ot

By pre-multiplying both sides of (2.28) by Q and post-multiplying by Q*, we similarly see

that (2.28) also retains the same form:

L 1 _ e (W l5s
5= S [5] S-S [33] + e[ Bengu] |
Likewise, (2.29) becomes
_ LT -
EwH_l =FE|TI- W : Ewl (233)
g[ui]

2.3 LMS with Gaussian Regressors
Consider the LMS algorithm for which g[u;] = 1 and assume that:
AG. The regressors {u;} arise from a Gaussian distribution with covariance matrix R.

In this case, the data dependent moments that appear in (2.31)—(2.33) are given by

(]

Therefore, for LMS, recursions (2.31) and (2.32) simplify to

B @il | =B [will | +m2oiE [ml ] (2:31)
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and
3 =3 — pAS i — pEia A+ 2078 0 A 4 2T (ZA) A (2.35)

while (2.33) becomes

| w1 = E(I - pA) - Bw

(2.36)

Now observe that in recursion (2.35), 3; will be diagonal if 3;,1 is. Therefore, in order
for all successive X;’s to be diagonal it is sufficient to assume that the boundary condition
for the recursion for 3; is taken as diagonal. In this way, the X,’s will be completely

characterized by their diagonal entries. This prompts us to define the column vectors
T 2 diag(X;) and A 2 diag(A)

In terms of these vectors, the matrix recursion (2.35) can be replaced by the more compact

vector recursion
o; = (I —2ulN + 2/1,2A2) Oir1+ /LQ (ATEZ'_H) A

or

;= Fﬁﬂ_l (2.37)

where

Fa (I —2uA + 2u2A2) + AT

The matrix F describes the dynamics by which the weighting matrices X; evolve in time,
and its eigen-structure turns out to be essential for filter stability. Using the fact that

o, = Fo;.1, we can rewrite (2.34) using a compact vector weighting notation:
E|[@iillz,,, = Elwilis,,, + 1o Elullz (2.38)
i+lg, 1 — IFO 41 KOy o1 :

Recursions (2.36), (2.37), and (2.38) describe the transient behavior of LMS, and conclusions
about mean-square stability and mean-square performance are now possible.

In transient analysis we are interested in the time evolution of the expectations { Ew;, E|w;||*}
or, equivalently, { Ew;, E|w;||?} since w; and w; are related via the orthogonal matrix Q.

We start with the mean behavior.
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2.3.1 Mean Behavior and Mean Stability

From (2.36) we find that the filter is convergent in the mean if, and only if, the step-size u

satisfies

2

< (2.39)

)\max

where A\pax is the largest eigenvalue of R.

2.3.2 Mean-Square Behavior

The evolution of E||w;||*> = E|/w;||* can be deduced from the variance recursion (2.34) if
3,11 is chosen as X; 11 = I (or, equivalently, ;.1 = I). This corresponds to choosing &1

in (2.38) as a column vector with unit entries, denoted by

>

o,+1 = 1 = col{l,1,...,1}

Now we can see from (2.38) that
M
Elwi 1 |? = Elwi|2, + uo? (Z Ak> (2.40)
k=1

which shows that in order to evaluate E||w;1]|* we need E HﬁlH%l with a weighting matrix

equal to F1. Now E|[w;1 H%l can be deduced from (2.38) by setting &;1 = F1, i.e.,
E|@i1|5 = Elwi|3e, + n’oy (ATF1) (2.41)

Again, in order to evaluate E||w;1 ”%1 we need EHEiHQle, with weighting F°1. This term

can be deduced from (2.38) by choosing &;41 = F1:
_ _ —=2
B2, = Blwil2, + n*o? (AF'1) (242)

and a new term with weighting matrix 1 appears. Fortunately, this procedure termi-
nates in view of the Cayley-Hamilton theorem. Thus let p(z) = det(xzI — F) denote the

characteristic polynomial of F'; it is an M —th order polynomial in =,

p(x) = ™t ppr 2™ ppr 0™ L prr 4 po
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with coefficients {py}. The Cayley-Hamilton theorem states that every matrix satisfies its

characteristic equation, i.e., p(F') = 0, which allows us to conclude that
M-1
2 =2
Elwitl2ar, = D —prE|Wis |2, (2.43)

k=0

We can now collect the above results into a single recursion by writing (2.40)—(2.43) as:

E|@11]} 0 1 1| Elwi?
E|[wis1%, 0 0 1 El[wi|%,
EH@HH%I 0 0 0 1 EH@‘H%I
EHEH-IH%(Mfml 0o 0 0 1 EH@H%M—%
I EHE@-HH%W% | [ —po —p1 —p2 - —pm1 ]| EllﬁiII%Mml |
=Wii1 =F
oy
M'F1

AFY T
i A
%

If we define the vector and matrix quantities {W;, F, Y} as indicated above, then the re-

cursion can be rewritten more compactly as

Wis1 = FW; + 202y (2.44)

We therefore find that the transient behavior of LMS is described by the M —dimensional
state-space recursion (2.44) with coefficient matrix F.2 The evolution of the top entry of W;
corresponds to the mean-square deviation of the filter. Observe further that the eigenvalues
of F coincide with those of F.

It is worth remarking that the same derivation that led to (2.44) with W; defined in

2To be more precise, the transient behavior of LMS is described by the combination of both (2.44) and
recursion (2.36).
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terms of the unity vector 1, can be repeated for any other choice of 7,41, say 0,01 = &
for some &, to conclude that the same recursion (2.44) still holds with 1 replaced by &.
For instance, if we choose & = A, then the top entry of the resulting state vector W;
will correspond to the learning curve of the adaptive filter. In Subsection 2.5.2 we shall
use this remark to describe more fully the learning behavior of adaptive filters with data

normalization.

2.3.3 Mean-Square Stability

From the results in the above two subsections, we conclude that the LMS filter will be stable
in the mean and mean-square senses if, and only if, u satisfies (2.39) and guarantees the
stability of the matrix F (i.e., all the eigenvalues of F should lie inside the unit circle).
Since F is easily seen to be nonnegative definite in this case, we only need to worry about
guaranteeing that its eigenvalues be smaller than unity.
Let us write F in the form
F=I-uA+’B

where the matrices A and B are both positive-definite and given by

1>

AZ292A, BZ22A2+ A\ (2.45)

It follows from the argument in Appendix A that the eigenvalues of F will be upper bounded

by one if, and only if, the parameter p satisfies

O<p< (2.46)

Amax (A1 B)
in terms of the maximum eigenvalue of A™'B (all eigenvalues of A™!B are real and posi-
tive). The above upper bound on p can also be interpreted as the smallest positive scalar
n that makes (I —nA~!B) singular. Let us denote this value of 5 by n°. Combining (2.46)
with (2.39) we find that p should satisfy

0< n < mil’l{2/)\max(R)a 770}

We can be more specific about 7° and show that it is smaller than 1/Apax(R). Actually, we

can characterize 7° in terms of the eigenvalues of R as follows. Using the definitions (2.45)
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for A and B, it can be verified that for all € (0,1/Anax),

T
det (I — nA_lB) = (1 — % [17_1I — A}il 1> -det (I —nA)

The values of n € (0,1/Amax) that result in det (I —nA~'B) = 0 should therefore satisfy

T
}‘7 2 ' I—A)"'1=1

i.e.,

1 - 77>‘k
This equality has a unique solution 7° inside the interval (0,1/Amax). This is because the

function

=1

=
S
1>
| =
(]
>
e
=

= 1=n\

is monotonically increasing in the interval (0, 1/Anax). Moreover, it evaluates to 0 at n =0
and becomes unbounded as 7 — 1/Anax. We therefore conclude that LMS is stable in the

mean- and mean-square senses for all step-sizes u satisfying

I M A
52]{::1 <1_ ><1

oy

2.3.4 Steady-State Performance

Once filter stability has been guaranteed, we can proceed to derive expressions for the
steady-state value of the mean-square error (MSE) and the mean-square deviation (MSD).

To this end, note that in steady-state, we have that for any vector o
. 2 — 12
lim E[[w;.1]|% = lim B|[w|2
1—00 1—00
Thus, in the limit, (2.38) leads to

lim B|[w;||{;_py5., = p*on B3, (2.47)

1—00
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Here, 3., = diag(d») denotes the boundary condition of the recursion (2.32), which we
are free to choose.

Now, in order to evaluate the MSE, we first recall that it is defined by

MSE = lim Fe2 (i)

1— 00

which, in view of the independence assumption Al, is also given by
MSE = lim E|w;|3
1— 00

This is because
Bey(i) = El|lwil,r,, = Ellw;| = Bl[w|3

Therefore, to obtain the MSE, we should choose o in (2.47) so that (I — F) & = A, in
which case we get
MSE = 1?02F ||

[will¢,_ 7) IJ (2.48)

A more explicit expression for the MSE can be obtained by using the matrix inversion
lemma to evaluate the matrix inverse that appears in (2.48). Doing so leads to the well-

known result:

2
Zz 12— 2}1)\

M pA;
1=300 2—2u);

The MSD can be calculated along the same lines by noting that

MSE =

MSD = lim E|lw;|? = lim E|[w;|? = lim E|[w;|?
1—00 1—00 1—00

The above means that in order to obtain an expression for the MSD we should now choose
Too in (2.47) such that Ta = (I — F) ' 1, which yields

MSD = ol E [HﬁiH?pF)—ll

Just like the expression for the MSE, we can use the matrix inversion lemma to get an

explicit expression for (I — F)™' 1 and subsequently for the MSD,

2\ M u
Oy D imt 221N,

. M pA;
1=>"im 2—2uX;

MSD =




CHAPTER 2. DATA-NORMALIZED ADAPTIVE FILTERS 29

Both of these steady-state expressions were derived in [36]. Here we arrived at the ex-
pressions as a byproduct of a framework that can also handle a variety of data-normalized
adaptive filters (see Section 2.5). In addition, observe how the expressions for MSE and
MSD can be obtained simply by conveniently choosing different values for the boundary

condition .

2.4 Normalized LMS with Gaussian Regressors

We now consider the normalized LMS algorithm, for which g(u;) = € 4 ||u;||* with € > 0.

For this choice of g(u;), recursion (2.32) becomes

S = S ouE| %% s, (2.49)
1 - l+1 lu’ €+ ||ﬁz”2 Z+1 .
e 2
_ u: u; .
—u3; lE |:M:| + 2E %ﬁrﬁ'
HER iz TR ezt

Progress in the analysis is now pending on the evaluation of the moments

T w2, o)W
298 [u’u’Q] L BAp|_ o (2.50)
€+ ||l (e+ [wil?)
Although the individual elements of u; are independent, no closed form expressions for A
and B’ are available. However, we can carry out the analysis in terms of these matrices as
follows. First, we argue in Appendix B that A is diagonal. We also show that if 3;,; is

diagonal, then so is B’ and that
diag (B') = B diag (X11)
where B is the diagonal matrix

(W ® ﬁi)T (W O W)
(e + [w]?)
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Here, the notation ® denotes an element-by-element (Hadamard) product.> Thus, the
successive 3;’s in recursion (2.49) will also be diagonal if the boundary condition is. Sub-
sequently, as in the LMS case, we can again obtain a recursive relation for their diagonal

entries of the form &; = F&;1, where F retains the same form, namely,
F=1I-uA+,°B

Mean-square stability now requires that the step-size  be chosen such that F is a stable
matrix (i.e., all its eigenvalues should be strictly inside the unit circle). For NLMS, it can
be verified that p < 2 is a sufficient condition for this fact to hold, as can be seen from the
following argument.

Choosing ;1 = I we have
Blfwi|? = Blwz, + potn |
i+1 - 7 Ez )U/ v - 2)2

and
Y, =I-pA + i°B’

Obviously, B' < A/2 so that
Y < I—pA+pu*A)2
and, hence,
Blwl < Blol(-pasiam] + ot ]
Now it is clear that 0 < A(A/2) < 1. Moreover, over the interval 0 < p < 2, it holds that

I- :UA + NQA/Z < (1 - 2:U)\min(A/2) + NQAmin(A/2)) I

«

from which we conclude that

_ _ ]|
B < B + 102 | el
(2

3For two row vectors {x,y}, the quantity x ®y is a row vector with elementwise products — see [59].
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where the scalar coefficient « is positive and strictly less than one for 0 < p < 2. It follows

that E||w;||? remains bounded for all 4, as desired. It is also straightforward to verify from

7T7
— ;" u; —
Fwiy1=|I —pE|——= || - Fw;
s [ 8 (e+ Huirzﬂ Z
that y < 2 guarantees filter stability in the mean as well (just note that w7’ w;/ (e + |[]|?)
is a rank-one matrix whose largest eigenvalue is smaller than one).
Finally, repeating the discussion we had for the steady-state performance of LMS, we

arrive at the following expressions for the MSE and MSD of normalized LMS:

MSE = 1202F AHﬁi”?IfF)—u_
= uo
Ho T
[
MSD = u202E | =11
PO e Twl |

These expressions hold for arbitrary colored Gaussian regressors.

The presentation so far illustrates how the energy-conservation approach can be used to
perform transient analysis of LMS and its normalized version. Our contribution lies in the
ability to perform the analysis in a unified manner. This can be appreciated, for example,
by comparing the analysis of the normalized LMS algorithm in [92, 76, 90, 15, 13] with
the analysis in the previous section. A substantial part of prior studies is often devoted
to studying the multivariate moments of (2.50), and as a result, eventually resort to some
whiteness assumption on the data. Our derivation bypasses this requirement. Moreover,
earlier approaches do not seem to handle non-Gaussian regression data, which is discussed

later in Section 2.5.

2.5 Data-Normalized Filters

We now consider general data-normalized adaptive filters of the form (2.26) and drop the
Gaussian assumption AG. The analysis that follows shows how to extend the discussions of
the previous two sections to this general scenario.

Our starting point are the mean and variance relations (2.27), (2.28), and (2.29).
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2.5.1 Mean-Square-Analysis

For arbitrary regression data, we can no longer guarantee that the data moments
T
5 {u;fpul} [uil3u) v
glw] ]’

9*u;]
are jointly diagonalizable (as we had, for example, in the case of LMS with Gaussian re-

gressors). Consequently, 3; need not be diagonal even if ¥, is, i.e., these matrices can no
more be fully characterized by their diagonal elements alone. Still, we can perform mean-
square analysis by replacing the diag operation with the vec operation, which transforms a
matrix into a column vector by stacking all its columns on top of each other.

Let

A
oit1 = vec (X;y1)

Then using the Kronecker product notation (e.g., [59]) and the following property, for
arbitrary matrices {P,Q, X},

vec(PXQ) = (QT®P)vec(X)
it is straightforward to verify that the recursion (2.28) for 3; transforms into the linear

where the coefficient matrix F is now M? x M? and is given by

vector relation

F 2 I-puA+u°B (2.51)
with the M? x M? symmetric matrices {A, B} defined by

4 = (o5t o) + (mes[53])

B — E[u?m@u?ui]
9?[uy]

In particular, A is positive-definite and B is nonnegative-definite. Introduce also the M x M

matrix

gt
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which appears in the mean weight-error recursion (2.29) and in the expression for A.

It follows that, in terms of the vec notation, the variance relation (2.27) becomes

|2, 0 59
92w (2.52)

Oi+1

~ 2 -~ 12
B[l ] = B [lod,,,,] + woE

Now, contrary to the Gaussian LMS case, the matrix F is no longer guaranteed to be
nonnegative-definite. It is shown in Appendix A that the condition —1 < A(F) < 1 can be

enforced for values of y in the range:

) 1 1
O<pu< mln{ } (2.53)

Amax(A7'B)" max {\(L) € R"}

where the second condition is in terms of the largest positive real eigenvalue of the following

block matrix,

L2

AJ2 —B/2
Iy 0

when it exists. Since L is not symmetric, its eigenvalues may not be positive or even real. If
L does not have any real positive eigenvalue, then the corresponding condition is removed
from (2.53) and we only require < 1/Amax(A~'B). Condition (2.53) can be grouped

together with the requirement p < 2/Amax(P), which guarantees convergence in the mean,

so that
2 1 1
< mi , : 2.54
: mm{Amax<P> Amax(A ™1 B) max{A(L>eR+}} (254

Moreover, the same argument that we used in the LMS case in Section 2.3 would show that
the transient behavior of data-normalized filters is characterized by the M?2-dimensional

state-space model:*

Wiv1 = FW; + ,uzagy (2.55)

4Observe how the order of the model, in the general case, is M? and not M as was the case in the previous
two sections with Gaussian regressors.
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where -~ -
1
0 1
F =
0 0 0 1
L " Po —P1 —Pp2 ... —Pm2-1 |
with

M2-1
p(z) 2 det(zI — F) = oM 4 Z prat
k=0

denoting the characteristic polynomial of F. Also, W; and Y are the M? x 1 vectors

B2 E (|will2/g*[wi)

Blw;|%, E (|[ull%, /97 [wi])

W | Blad, |, y=| E(luls,/eh)
| Blod e, | (il /070w |

for any o of interest, e.g., more commonly, o = 1 or & = r, where r = vec(R).
Moreover, steady-state analysis can be carried out along the same lines of Subsec-

tion 2.3.4. Thus, assuming the filter reaches steady-state, recursion (2.52) becomes in

the limit )
||u¢||%]

lim Elld. (12 = 120%F
lim lwill(1— )0, = 170y g%[u;]

in terms of the boundary condition o,, which we are free to choose. This expression
allows us to evaluate the steady-state value of F H’ﬂJ,H% for any symmetric weighting S, by
choosing o such that (I — F)os = vec(S). In particular, the EMSE corresponds to the
choice S = R, i.e., 0o = (I — F)"!vec(R). Likewise, the MSD is obtained by choosing
S=1I,ie., 0 = (I—F) lvec(I). We summarize these results in the following statement,

which holds for arbitrary input distributions and scalar data nonlinearities.
Theorem 2 (Scalar nonlinearities) Consider an adaptive filter of the form
ul

Wiy = W; + U ‘ e(i), 1 >0
g[ui]
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where e(i) = d(i) — w,w; and d(i) = w;w°® + v(i). Assume that the sequences {v(i),u;} are
iid and mutually independent. Then the filter is stable in the mean and mean-square senses

if the step-size p satisfies (2.54). Moreover, the resulting EMSE and MSD are given by

v

2 9 Hui”?]—F)*lvec(R)
EMSE = u“oF 5
9%[ui]

MSD = u202E 00— veciry
! 9?[ui]

where F' is defined by (2.51).

2.5.2 Learning Curves

The learning curve of an adaptive filter refers to the time evolution of Ee2(i); its steady-
state value is the MSE. Now since Fe2(i) = E||w;||%, the learning curve can be evaluated
by computing E||w;||% for each i. This task can be accomplished recursively from relation
(2.52) by choosing the boundary condition o;4; as r = vec(R). Indeed, iterating (2.52)

with this choice of 0,41, and assuming w, = 0, we find that

- 2
Ellwi|; = [|w’|Fin, + pos E

2
Hui||([+F+...+Fi)r
9°[ui]

that is,

. 2
Ellw; 1|y = (w7, + p?oibi

where the vector a; and the scalar b; satisfy the recursions

a, = Fa; 1, aj=r
2
u; )

bi = bia+E % b1 =0
9?[ui]

Using these definitions for {a;, b;}, it is easy to verify that

Eey(i) = Beg(i —1) + |wl3ip_py, + wo3E

[
9wy
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which describes the learning curve of a data-normalized adaptive filter.

2.6 Matrix Nonlinearities

In this section we extend the earlier results to the case in which the function g[u;] is matrix-
valued rather than scalar-valued. To motivate this extension, consider the sign-regressor
algorithm (e.g., [34]):

wiy1 = w; + psgnlug]Le(i)

where the sgn operates on the individual elements of u;. This is in contrast to the discussions
in the previous sections where all the elements of u; were normalized by the same data
nonlinearity. Other examples of matrix nonlinearities can be found, e.g., in [14, 33, 42].

The above update is a special case of more general updates of the form:

Wit = w; + HH{UZ]UZTG(’L) (256)

where H[u;] denotes an M x M matrix nonlinearity.

2.6.1 Energy Relation

We first show how to extend the energy relation of Theorem 1 to the more general class
of algorithms (2.56) with matrix data nonlinearities. Our starting point is the adaptation

equation (2.56), which can be written in terms of the weight error vector w; as
W1 = w; — pH[u]ul e(i) (2.57)
By pre-multiplying both sides of (2.57) by w;X, we see that the estimation errors e (i),
by

e, (i), and e(i) are related by

ey (i) = e (i) — pllwill3; e (i) (2.58)
Moreover, the two sides of (2.57) should have the same weighted-energy, i.e.,

Wl S = (@ — pHuul e(i))’ B (o; — pH[ulul e (i)

()
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so that

i3y = ll@il5; — 2pe(i)wHw]Sw; + pe? (i) wHw | SH[w]u
~ 112 M. . . 2
= |Jwi||5; — 2peg = (i)e(i) + p2e? (i)l will s (2.59)
This form of the energy relation is analogous to (2.15). As it stands, (2.59) is just what
we need for mean-square analysis. For completeness, though, we develop a cleaner form

of (2.59) — a form similar to (2.10). To this end, notice that upon replacing ¥ by HX in

(2.58), we get

pllailly () = eg™(6) — e (i)

or, by incorporating the defining expression (2.9) of 7i(.y(4),

pei) = Ty (D) (e (6) — e (9)) (2.60)

Substituting (2.60) into (2.59) produces the desired energy relation form
~ _ . N2 ~ _ . |2
| @i1l$; + s (@) et @] = l@ill% + Bsg (@) e ()]
2.6.2 Mean-Square Analysis

To perform mean-square analysis, we start with (2.59). Bearing in mind the independence
assumption on the noise AN and the fact that e(i) = e,(i) + v(i), (2.59) reads under

expectation
~ 2 ~ 2 HZZ'+1 . .
Blwinlk,,, = Elwil,,, - 208 [0 " (eai)] +
. 2 2
WE [0 uils,, ] + #202E [lwilhs,, 4]

where the weight 3 was replaced by the time-indexed weight 3;,1. If we further invoke the
polarization identity (2.12), we get

HY, . . ~ 12 ~ 12 . ~ 2
AN Deali) = 10l pura, = iy, and e20) = @il

These equations, together with the linearity property (2.11) and the independence assump-
tion Al, yield the following result.
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Theorem 3 (Matrix nonlinearities) Consider an adaptive filter of the form

w1 = w; + pHulule(i), i >0

7

where e(i) = d(i) — w,w; and d(i) = v,w® + v(i). Assume that the sequences {v(i),u;} are

iid and mutually independent. Then it holds that

~ 2 ~ 12
Bllwilly,,, = Bl + 1202

2
By, ] (2.61)
where

¥ =3 —puXq F [Hu;fpui] —uk [ug’uiH] i1+ u’E [HuinZiHHu?ui] (2.62)

In addition, the stability condition and the MSE and MSD expressions of Theorem 2 apply
here as well with { A, B} replaced by

A = (EnfuH]®I) + (I®E[u!uH))
B = E[u/wH®u!uH]

Moreover, the construction of the learning curve in Subsection 2.5.2 also extends to this

case.

¢

Compared with some earlier studies (e.g., [34, 27, 14]), the above results hold without

restricting the regression data to being Gaussian or white.

2.6.3 The Sign-Regressor Algorithm

To illustrate the application of the above results, we return to the sign-regressor recursion
wit1 = w; + psgnfw] e (i)
In this case, the matrix nonlinearity H[u;] is implicitly defined by the identity:

u;H[u;] = sgn[uy]
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which in turn means that relations (2.61) and (2.62) become
B, = Blolg, + nolE | sl | (2.63)
and
N . 1Ty, T ) ) 2 1112 T..
¥ =iy — pZi B [sgn[w]’ w] — pF [uisgn[w]] Zipq + p°F [Hsgn[uZ]HEiHui ul]

Assume that the individual entries of the regressor u; have variance 2. Assume also that

u; has a Gaussian distribution. Then it follows from Price’s theorem [74] that®

2

2
Tog

E [sgn[ui]Tui] R

which leads to

2 2
S = B -y 5B — | RS+ p%E [Hsgn[ui]H%iHugpui (2.64)
u u

Now observe that Hsgm[ui]HQ2 = Tr(X;+1) whenever ¥, is diagonal. Thus assume we
i+1

choose 3,11 = I. Then the expression for ¥; becomes

while (2.63) becomes
Blldosa|2 = Bllanl, + uto2M (2.65)
It is now easy to verify that E|[w;1||?> converges provided that Apax(3;) < 1 or, equiva-

< 8 1
a mog; M

This is the same condition derived in [34].

lently,

®The theorem can be used to show that for two jointly zero-mean Gaussian real-valued random variables
z and y, it holds that E (xsgn(y)) = \/gc%E (zy).

Yy
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To evaluate the MSE we observe from (2.65) that, in steady-state,

2 :
" (2,/2 - MM) lim E|wl|} = p20?M
Oy, 1—00

so that
2\
MSE = — A%
707 — WM

u

which is again the same expression from [34].

2.7 Simulations

Throughout this section, the system to be identified is an FIR channel of length 4. The

input (i) is generated by passing an iid uniform process x(i) through a first-order model,
u(i) = au(i — 1) 4+ x(4) (2.66)

By varying the value of a, we obtain processes (i) of different colors. We simulate the
choices ¢ = 0.2 and a = 0.9. The input sequence that is feeding the adaptive filter therefore
has a correlated uniform distribution. The output of the channel is contaminated by an iid
Gaussian additive noise at an SNR level of 30 dB.

Figures 2.1 and 2.2 show the resulting theoretical and simulated learning and MSD
curves for both cases of @ = 0.2 and a = 0.9. The simulated curves are obtained by
averaging over 200 experiments, while the theoretical curves are obtained from the state-
space model (2.55). It is seen that there is a good match between theory and practice.

Figure 2.3 examines the stability bound (2.54); it plots the filter EMSE as a function of
the step-size using the theoretical expression from Theorem 2, in addition to a simulated

EMSE. The bound on the step-size is also indicated.

2.8 Concluding Remarks

In this chapter, we developed a framework for the transient analysis of adaptive filters with
general data nonlinearities (both scalar-valued and matrix-valued). The approach relies

on energy conservation arguments. By suitably choosing the boundary condition of the
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Figure 2.1: Theoretical and simulated learning and MSD curves for LMS using correlated uniform
input data and a = 0.2
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Figure 2.2: Theoretical and simulated learning curves for LMS using correlated uniform input data
and a = 0.9

weighting matrix recursion, we can obtain MSE and MSD results, and also conditions for

mean-square stability. We may add that extensions to leaky algorithms and to tracking
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Figure 2.3: Theoretical and simulated EMSE vs. p for LMS as a function of the step-size for
correlated uniform input with a = 0.2

analysis are possible and are treated in, e.g., [4, 83].

2.9 APPENDIX A: Condition for Mean-Square Stability

Consider the matrix form F = I — pA + p?B with A > 0, B > 0, and p > 0. We would
like to determine conditions on p in order to guarantee that the eigenvalues of F' satisfy
-1 < \(F) < 1.

First, in order to guarantee A(F') < 1, the step-size p should be such that F' < I or,
equivalently, A —pB > 0. This condition is equivalent to requiring I — MA_I/ 2BA*/? > 0.
But since the matrices A~'B and A~Y2BA~*/? are similar, we conclude that g should
satisfy < 1/Amax(A"1B).

In order to enforce A(F') > —1, the step-size u should be such that G(u) = 2I — pnA +
2B > 0. When i = 0, the eigenvalues of G are positive and equal to 2. As p increases, the
eigenvalues of G vary continuously with u. Therefore, an upper bound on p that guarantees

G(p) > 0 is determined by the smallest p that makes G(u) singular.
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Now the determinant of G(u) is equal to the determinant of the block matrix

Al 2T —uA uB
K(u)=[ I I]

Moreover, since

o fer oo 1ol [A2 -B)2
<o = [53](52] -7 )

the condition det(K (u)) = 0 is equivalent to det(I — pL) = 0, where

Lol 42 -B
B, 0

In this way, the smallest positive p that results in det(K(u)) = 0 is given by

1
max {\(L) € R}

p<

This condition is in terms of the largest positive real eigenvalue of L when it exists. It

follows that the following range of u guarantees a stable F',

1 1
0 < p < mi ,
: mm{Amax(A_lB) max {\(L) elR*}}

2.10 APPENDIX B: A and B’ of (2.50) are Diagonal

An off-diagonal entry of A has the form

- bl Rl
’ e+ |[ull?
2@?@% . . . . .
Now 6+”]7ﬁ|‘2 is an odd function of u;, which has an even (Gaussian) pdf and is independent
of the other elements of w;. Thus, E [% | m-]} = 0 and hence Ajj, is zero too. So, A

is diagonal. A similar argument can be used to prove that B’ is diagonal. Now the kth
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diagonal entry of B’ can be written as

2wl
2

(e + [[m]|?)*

i 772
U=
= FE|l—% w0t

e+ @) ding (Bin)

It follows that
diag (B’) = B diag (§i+1)
where
(W ® ﬁi)T (; ©1;)
(€ + [|m][2)
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Chapter 3

Transient Analysis of Adaptive

Filters with Error Nonlinearities

3.1 Introduction

n this chapter, we show how to extend the same energy-based approach employed in Chap-
ter 2 to the transient analysis of adaptive filters that involve error nonlinearities in their
update equations (e.g., [43, 100, 60]). This class of algorithms is among the most difficult
to analyze, and it is not uncommon to resort to different methods and assumptions with
the intent of performing tractable analyses. Before discussing the features of the approach
proposed herein and its contributions, we provide, as a motivation, a summary of selected

techniques that have been employed earlier in the literature for the study of such algorithms.

a) Linearization (e.g., [31, 98, 41, 86]). In this method of analysis, the error nonlinearity is
linearized around an operating point and higher-order terms are discarded. Analyses that
are based on this technique fail to accurately describe the adaptive filter performance for

large values of the error, e.g., at early stages of adaptation.

b) Restricted classes of nonlinearities (e.g., [63, 16, 17, 35, 23, 91, 22]). Here, the anal-
ysis is restricted to particular classes of algorithms such as the sign-LMS algorithm, the

least-mean mixed-norm (LMMN) algorithm, the least-mean fourth (LMF) algorithm, and

! A major part of this chapter is reproduced, with permission, from T. Y. Al-Naffouri and A. H. Sayed,
“Transient analysis of adaptive filters with error nonlinearities,” IFEE Transactions on Signal Processing,
vol. 51, No. 3, pp. 653-663, Mar. 2003.

45
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error saturation nonlinearities. By limiting the study to a specific nonlinearity or to a class
of nonlinearities, it is possible to avoid linearization and the analysis results become more

accurate.

c) Assumptions on the statistics of the errors. While it is common to impose statistical
assumptions on the regression and noise sequences, similar conditions can also be imposed
on error quantities. For example, in studying the sign-LMS algorithm, it was assumed in
[49] that the elements of the weight-error vector are jointly Gaussian. This assumption was
shown in [87] to be valid asymptotically. More accurate is the assumption that the residual
error is Gaussian [31, 17], or that its conditional value is [63, 16]. By central limit argu-
ments, this assumption is justified for long adaptive filters [31, 17]. More importantly, this
assumption is as valid in the early stages as in the final stages of adaptation. For shorter

filters, exact expectation analysis can be employed as in [37, 30, 69].

d) A restricted class of inputs. It is common to assume that the input sequence is white
and/or has a Gaussian distribution (e.g., [31, 41, 63, 16, 17, 35, 23, 38, 36, 76]).

e) Independence assumption. It is even more common to assume that the successive regres-
sors are independent in what is widely known as the independence assumptions [43], [64].
Despite being unrealistic, the independence assumptions are among the most heavily used

assumptions in adaptive filtering analysis.

f) Gaussian noise. Noise is sometimes restricted to be iid Gaussian as in [31], [63], [49],
and [12], although Gaussianity is not as common as the previous assumptions. Surprisingly
perhaps, the iid assumption on the noise is almost indispensable even for the analysis of the

simplest of adaptive algorithms.

3.1.1 The Approach of this Chapter

In this chapter, we develop an approach that applies to arbitrary error nonlinearities irre-
spective of the input color and statistics. The arguments assume that the adaptive filter is

long enough to justify the following approximations:

(i) The residual error e, (i), to be defined in (3.5) further ahead, can be assumed to be

Gaussian.
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(ii) The norm of the input regressor can be assumed to be uncorrelated with f2[e(i)], the

square of the error nonlinearity to be defined in (3.1) further ahead.

Both of these assumptions are realistic for longer adaptive filters (see, e.g., the simulation
results in Subsection 3.5.1). Fortunately, they are also realistic in all stages of adaptation

(including the early stages).

3.1.2 Organization of the Chapter

The outline of this chapter is as follows. We set the stage in the next section by introducing
adaptive filters that employ error nonlinearities. The energy relation is used in Section 3.3
to derive a general recursion that describes the mean-square evolution (i.e., learning curve)
of an adaptive filter with error nonlinearity. To achieve this result, we rely on the long filter
assumptions, which are formally introduced in this section. The independence assumption
turns out to be useful in constructing the dynamical relation. In Section 3.4, we show that
the excess mean-square error (EMSE) of an adaptive filter with error nonlinearity can be
obtained as the fixed point of a nonlinear function. We present our simulations in Section 3.5

and conclude in Section 3.6.

3.2 Adaptive Algorithms with Error Nonlinearity

As described in Chapter 2, an adaptive filter attempts to identify a weight vector w?, of
length M, by using a sequence of row regressors {u; }, also of length M, and output samples
{d(7)} that are related via

d(i) = wyw’ + v(7)

where v(i) accounts for measurement noise and modelling errors. In this chapter, we con-
tinue to consider the class of adaptive algorithms described by (2.1) and (2.2) and repro-

duced here for convenience
w1 = wi + pu] fle(i)], >0 (3.1)

e(7) 2 d(i) — vyw; = ww’ — u;w; + v(i) (3.2)

where w; is the estimate of w at time 4, p is the step size. However, we restrict our attention

here to pure error nonlinearities, as one can infer from the adaptation equation. Table 3.1
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Table 3.1: Ezamples of error nonlinearities f[e(i)]
| ALcoriTHM | ERROR NONLINEARITIES fle(i)] ||

LMS e(7)
LMF A0
LMF family e?FHL(4)
LMMN ae(i) + be3(i)
Sign error sgnle(i)]
Sat. nonlin. foe(i) exp (—25%) dz

lists some common adaptive algorithms and their corresponding error nonlinearities.?
Given an adaptive filter of the family (3.1), we are interested in studying the time-

evolution and the steady-state values of the variances
Ele(i)* and E|w;? (3.3)
where w; stands for the weight-error vector
w; = w’ —w;

As explained in Subsection 2.2.1, we perform this study by relying on the energy conserva-

tion relationship (2.10) reproduced here for convenience

- _ . N2 - _ . N2
w1 |5 + Fg (@) [e2 ()| = |will3 + Es (i) €2 ()] (3.4)

by

(i) and eg:(i) are the a priori and posteriori errors respectively

where the weighted errors e

and are defined by

ex (i) 2w, (i) 2 WS (3.5)
We can show that the estimation errors e? (1), eg: (i), and e(i) are related by
&5 (i) = (1) = kg 1ei)] (3.6)

2In this table, LMF stands for the least-mean fourth algorithm [98] while LMMN stands for the least-mean
mixed-norm algorithm [91], [22].
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where
oA Yy i flwlj #£0
by (2) = 3.7
Z( ) { 0 otherwise 3.7)
We can also show that
e(i) = eq(i) + v(7) (3.8)

3.3 Dynamical Behavior of the Weight-Error Vector

Our first step is to examine how the energy relation (3.4) can be used to characterize the

time-evolution of the weighted variance EH&)ZHQE, for any . Thus consider (3.4) and replace

)y

5 (@) by its equivalent expression (3.6). This yields

the a-posteriori error e
~ 2 =12 Iy . 2 .
[ lls; = llwills; — 2peq (1) fle(D)] + p? w5, 2 [e(d)]

or, upon taking the expectation of both sides,

O] )

B [l 13| = B |l0i%] - 20 [eX () f1e@)]| +2 B [Iwils e (39)

Now, two expectations call for evaluation. This is facilitated by the following assumption

on the noise sequence:

AN: The noise sequence v(i) is iid and independent of u,.

3.3.1 Evaluating the Term ()

To evaluate the first expectation,
© = E e (i) fle)]

we shall assume that the adaptive filter is long enough such that the random variables e, (i)
z

and e}

() are jointly Gaussian:

AG: For any constant matrix 3 and for all 7, e, (i) and e?(i) are jointly Gaussian.



CHAPTER 3. ADAPTIVE FILTERS WITH ERROR NONLINEARITIES 20

As mentioned in the introduction, this assumption is reasonable for longer filters by
central limit arguments (see also the simulation results in Subsection 3.5.1). A similar
assumption was adopted in [31, 16, 17] and its usefulness can be understood from the

following result and from the subsequent discussion (see, e.g., [16, 17]).

Lemma 1 (Price’s result) Let  and y be jointly Gaussian random variables that are
independent from a third random variable z. Then

Elxy]

Elzfly+z]] = B2 Elyfly +2]]

¢

With Price’s theorem at hand, we can use assumption AG together with the standing

assumption on the noise AN and (3.8) to writeD as

B [ 11et] = £ [ fleali) +00)]] = B [Eeati)] Z =L Ok 10)

At first glance, it would appear that we have replaced the expectation F [eg: (i) f [e(z)]]
with a similar one, Ele,(7)f(e(i))]. However, this second form is more tractable. Indeed,
the expectation Ele,(i)f(e(i))] depends on e4(i) through the second moment E[e2(i)] only.?
This can be further seen by expanding it as (where we suppress the time index on the right
hand-side):

E [ea(i)flea / / euflen + 1] %E[ez] 62:2] pu)desds  (3.11)
where p, is the pdf of the additive noise. The contribution of e, (i) to the result of the inte-

gration will depend solely on E[e2(i)]. Therefore, the ratio E [ey(i)f[e(i)]] /E[e2(i)], which
appears in (3.10), is a function of E[e2(i)]. This fact motivates the following definition:*

a

3The expectation of any function of a Gaussian random variable will only depend on the variance of this
variable and not on any higher-order moments of it.

4The Gaussianity assumption AG is the main assumption leading to the defining expression (3.12) for
hg, hence the subscript G. The subscript U for hy, which is defined in (3.16) further ahead, is similarly
motivated.
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Table 3.2: hg[-] for the error nonlinearities of Table 3.1 (o2, 2 Ele2(1)])

| ArcoriThM | hgloZ ] (v(i) Gaussian) | hglo? ] (general case) |
LMS 1 1
LMF 3(0z, +07) 3(0z, +07)
_ (2k +2)! k 2k+1 2j iy
LMF fam||y m(gga + O‘g)k Ej:[) j O'eZE [U2(k ])(Z)]
LMMN a+3b(o; +02) a+3b(o2 +02)
5
. 2 1 21 -z
Sign error \/> \/» Ele 22
g R 7 Oe,
___ 2%
Sat. nonlin. Tsat LE e 2<03a+0§at)‘
Vo2 + 0%+ ok Jor +o% |

For future reference, hg is evaluated for the algorithms of Table 3.1 and the results are
shown in Table 3.2 (for general noise distribution and for the Gaussian noise case as well).
Combining (3.10) and (3.12) yields

B |ex (i) f(e()] = B [ (@)eali)]| he [El2()] (3.13)

We finally use the polarization property ( see (2.12) in Subsection 2.2.2) to write the first

expectation in (3.13) as a weighted-norm of w; yielding

O = E[F0)f6)| = B ||loi3,r, | he [El20)] (3.14)

3.3.2 Evaluating the Term 2

We turn our attention now to the second expectation in (3.9),@ = E [||ul||2zf2[e(z)] ,

which is easier to handle. The long filter assumption is also useful here:
AU: The adaptive filter is long enough such that ,u||uz|]22 and f2[e(i)] are uncorrelated.

The unweighted version of this assumption was used in [61], [105, 106]. It becomes more

realistic as the filter gets longer. The assumption enables us to split the expectation @) as

B [Iluil3/20e@)] = B [luils] 2 [12[e)] (3.15)

Moreover, since e, (i) is Gaussian and independent of the noise, we can show (as in (3.11))

that E [f*[e(i)]] depends on eq(i) through its second moment only. This prompts us to
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Table 3.3: hy[-] for the error nonlinearities of Table 5.1 (o2, 2 Ele2(1)])
| ALGORITHM | hyloZ ] (v(i) Gaussian) \ hylo? ] (general case) |
LMS o +o2 o2 +o2
1508 + 4502 o2+
2 2\3 €q eq”v
LMF 15(0c, +0v) 1502 F [v1(i)] + B [v5(i)]
12N ) o
Ak + 2)! puns e
LMF family %(Ui + o2)2k+1 2j=0 2j 274! Tea
226412k 4+ 1)! E [02Ch=34D ()]
156208 + (45b%02 + 6ab)o?
2¢ 2 2 2 2\2 €q v €q
LMMN ¢ (“eajlgzg) Jf“f(ggij o) +(1562E [v1(i)] + 12abo? + a?)o2,
€a | T +E [(bv*(i) + a)*0?(i)]
Sign error 1 1
1 1 7/2 a2,sin%(0)
02 1 o2 2moL <4 T Jn/a\| 02 o2 sin2(0)
Sat. nonlin. o2,sin~1 (26“2”2> w2 (i)
Oe, T 0y 1 0sat E[ef 2(c2, +crs23tsin2(0))]
define
7 A .
hy [Ele(D)]] = E [f*[e(0)]] (3.16)
which together with (3.15) yields
E [uil320e))] = B [l hu [B [20)] (3.17)

The function hy is evaluated for the algorithms of Table 3.1 and the results are shown in

Table 3.3 for general noise and for the Gaussian noise special case (the last entry in the

table is derived in the appendix).

3.3.3 Weight-Error Recursion

By substituting (3.14) and (3.17) into (3.9), we obtain

B [l[@i1]3] = B [l@:1%;] - 2uhe B2 E [[@ils,r,, | +#2E [Ilnil%] b [ElE20)]

Upon replacing the mean-square error E [eZ(i)] with the equivalent expression E [Hﬁ)z HiT uz] ,

the recursion takes the more homogeneous form shown in the statement below.
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Theorem 4 (Weighted-energy relation) Consider an adaptive filter of the form
w1 = w; + puj fle(i)], >0

where e(i) = d(i) — wyw; and d(i) = ww® + v(i). Assume the noise sequence v(i) is iid

by

a

and independent of w;, and that the filter is long enough so that e, (i) and ez (i) are jointly
Gaussian and that MHqu%} and f?[e(i)] are uncorrelated. Then the following recursion holds

for the weighted weight-error variance, EH'&MHZE

E [l @il%] = B [l@il%] - 2uhe [E [lail2r,, || B 100, |

+1’E [Iluil&] hy [E [||fa;2-||i;ui” (3.18)
where the functions hg[-] and hy[-] are defined by

ho=E [f2le®]], he = Blea(i)fle(@)]]/Eles(9)]

Remarks

1. What we have achieved so far is to transform recursion (3.9) into (3.18), which de-
pends on various weighted Euclidean norms of the weight-error vector — thanks to

assumptions AG and AU.

2. Assumptions AG and AU eventually get translated into some mixing conditions on the
signal statistics. In particular, the Gaussian assumption AG on e,(i) = w;w; requires
that the process of individual summands u;({)w;(l) be mixing [18, Theorem 27.4].
Similarly, the AU assumption is justified by the law of large numbers which in turn

requires that the input u; be mixing [19].

3. The independence assumption on the noise AN is equally essential in developing (3.14),
(3.17), and, hence, (3.18). It is a reasonable assumption that allows us to express the

expectations in (3.9) in terms of the weight-error energy.

4. Recursion (3.18) as it stands is difficult to propagate in time. The reason is that the
recursion is not self-contained as the right-hand side is dependent on EHﬁ’zHQEuTU and

B[, , in addition to B3,
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5. Note that only a weak form of the independence assumption, namely AU, has been

used so far. Contrast this with the standard (stronger)® independence assumption:

Al: The sequence u; is zero-mean, independent, and identically distributed, with autocor-

relation matrix R = F [u?ui] .

In this case, recursion (3.18) reduces to the following.

Corollary 1 (Energy recursion with independence) Consider the same setting
of Theorem 1. If, in addition, the sequence u; is zero-mean, iid, and has covariance

matriz R, then (3.18) becomes

E [ll@i1l1%] = B [l@il%] - 2uh |Ellail]] B I,

2 (il ho [Ell@i 3] (3.19)
¢

3.3.4 Constructing the Learning Curves

The learning curve of the filter refers to the time-evolution of the variance Fe?(i); its
steady-state value is the mean-square error, MSE. Clearly, in view of (3.8), we have that
Ee?(i) = Bel(i) + o2
so that studying the evolution of Ee?(i) is equivalent to studying the evolution of Ee2(i);
the steady-state value of the latter is called the excess mean-square error, EMSE.
Now under the independence assumption we have

Ee?

a

(i) = Elwy@;* = E [|wi|%]

This suggests that the learning curve can be evaluated by computing E[||w;||%] for each i.
This task can be accomplished recursively from (3.19) by essentially choosing ¥ = R, as

we now verify.

For example, when the input is of constant modulus, assumption AU is true while Al is not.
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The Case of White Regression Data

Consider first the case of white input data for which R = 021, so that E[e2(i)] = o2 E||w;]|>.
Restricting the input in this manner is a common practice in the literature (e.g., as in
[31],[17], [23], [29], [5]).

Thus setting ¥ = I in (3.19) we get

B(lowl’| = B[l@il?] -2u0khs 2B @) B [l@l?] +  (3.20)

WAoMhy |o2E (]

Note that the right-hand side now depends on EHﬁJZH2 only and (3.20) can be propagated
in time. We have thus obtained a recursion for the evolution of the variance EHﬂ)ZH2 for

adaptive filters with error nonlinearities and white input regression data.

The Case of Correlated Regression Data

The result (3.19), however, allows us to evaluate the time-evolution of E|i;|* and Ee (i)
even without the whiteness assumption on the regression data (i.e., for general matrices R).
The key idea is to take advantage of the free parameter X. Let us in particular write (3.19)
for the choices ¥ = I, R,--- , RM~1 (the arguments of the functions hg and hy remain
the same (i.e., E [”ﬁ’z,ﬁ%b regardless of the choice of ¥ and are therefore suppressed for

convenience of notation):

Ellwmli] = B[] - 2uh6E @i} + #2E [Juill] by
Ellowmld] = B[loi}] - 20h6E [ll@il3:] + n2E [Juil] b
(1 ~ 2 . (o~ 112 ~ 2 2 2

| 2{l@ealn] = B [l | —2uh6B [Jabillfos | +u2 [lillaes |

(3.21)
The problem now is that the left-hand side of (3.21) is always one variable short of the
number of variables on the right-hand side. Fortunately, we do not have to continue in this
manner indefinitely since the additional variable E [Hﬁ)iH%M} can be expressed in terms of

the “lower-order” variables. Using the Cayley-Hamilton theorem, we have

RM = —poI —pyR—--- —pyRM™!
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where

p(z) det (zI — R)

= pot+piz+-+pyaz 4

is the characteristic polynomial of R. This induces the desired relation
-2 ~ 2 ~ 2 =112
lwillgae = —pollwill” = prllwillg — - = par—al|[willga—
and enables us to rewrite the last equation in (3.21) as

El@ialfu] = B[l ]| +20 (poll@il? + prlldil + -+ puall@il o ) ho

2B [l ] o

The system (3.21) now becomes truly self-contained and as such can be put into the state-

space form shown in the statement below.

Theorem 5 (Transient behavior with independence) Consider an adaptive filter of
the form
wip1 = w; + puj fle()], >0

where e(i) = d(i) —w;w; and d(i) = wyw®+v(i). Assume that {v(i),u;} areiid and mutually
independent, that the filter is long enough so that eq(i) and e?(i) are jointly Gaussian and
that MHquZE and f?[e(i)] are uncorrelated. Then, regardless of the statistics of the regression

data, the transient behavior of the filter is characterized by the state-space recursion

Wis1 = AW, + p2Y (3.22)

where the state vector W; and the input vector ) are defined by

~ 12 2
E |||wi E ]|

~ 12 2
E |[|w|| % E[ulz

E [||@ill3-1] A [
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and the coefficient matriz A is given by

! —2phg 0 ]
0 1 —2uhg
A= : : : : : :
0 0 0o - 1 —2uhg
| 2upohc  2upihe  2pp2he -+ 2ppym—2hc 1+ 2upy—1he |

in terms of {ha,hu} and the {p;}.

Remarks:

1. Since A and Y depend on {hy, hg}, they are also functions of E [Hﬂ)zné} and hence
of the state vector W;. Thus, the state-space model (3.22) is generally nonlinear, yet

time-invariant.

2. Stability and steady-state analysis of the adaptive filter can now be characterized by
studying the properties of the state-space model (3.22).

3. The top entry of the state vector W; characterizes the evolution of E|w;||*> (mean-
square deviation curve), while the second entry of W; characterizes the evolution of

Ee2(i) (learning curve).

3.4 Steady-State Analysis

Now that the transient behavior of adaptive filters of the class (3.1) has been characterized,
we move on to show how the results so far can be used to evaluate the steady-state per-
formance of this same class of filters. Actually, the discussion that follows does not require
the independence assumption Al any longer.

We refer again to the averaged energy relation (3.18), which we rewrite using (3.5) as

B [l[@i1l%] = B [l@:1%] - 2uh [E20]) B [ (eali)] + 12 B [Iwlls] hu [Ele26)]
(3.23)

Assuming that the weight-error vector reaches a steady-state mean-square value, i.e.,

. ~ 2 . ~ 2
i [l 12] = i )
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the energy relation (3.23) becomes in the limit:

1—00 1—00

lim hg [B[e2()]] lim B e (iJea(d)| = 5B |Iwll;] lim hy [Ele26)]]

or
lim;_ o0 hy [E[e2(i
lim B 0eald)] = 5 8 i) o=t [[E[[f; ((j))]]]} (3:24)
Now, let ¢ denote the EMSE, i.e.,
¢ = lim E[e2(i)] (3.25)

1— 00

which, assuming the filter is mean-square stable, exists and is finite. Then,

lim he[E[e;(i)]] = hg[¢] and  lim hy[E[e;(i)]] = hy[(]

1—00 —00 @
and, accordingly, (3.24) can be written more compactly as shown below.

Theorem 6 (Steady-state performance) Consider the same setting of Theorem 1. Then,

assuming a mean-square stable filter with EMSE denoted by (, the following equality holds

limy_o0 B [eaz(i)ea(i)} —bLp [Huillzz} e (3.26)

¢

The above relation has been derived for general memoryless error nonlinearities. We
now show how it can be used to evaluate various steady-state quantities such as the excess

mean-square error and the mean-square deviation.

3.4.1 Excess Mean-Square Error

To calculate the excess mean-square error, we employ (3.26) with ¥ set to the identity

matrix:

hul¢] A1y (R)

uld] hy[(]
hel¢] 2

hal(]

()], we arrive at the following statement.

Tim B[e()] = £ [|lu]?]

2

Or, since ¢ = lim;_,o Ele;
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Corollary 2 (EMSE) Consider the same setting of Theorem 1. Then the EMSE is a posi-

tive solution of the equation

p hy|[¢]
==-Tr(R 3.27
C= 5T (R) (3.27)
i.e., the EMSE is a fized point of the function (u/2)Tr (R) hy[C]/hc[]-
¢
In the following we show how (3.27) specializes for some nonlinearities.
The LMS Algorithm
In the LMS case, (3.27) reads
,u
¢=5Tr(R)(C+07)
or, upon solving for {, we obtain the well-known result [38]:
= polTr (R)
2 uTr(R)
The Sign Algorithm
We start from (3.27) again. With the aid of Tables 3.2 and 3.3, we see that
h
¢ = e (my Pule) _ u\ﬁTr (R)—YC (3.28)
2 hg[¢] 8 P [e _Uzc(l)]

It is worth noting in the sign algorithm case, that assumption AU is not needed. In other
words, we only need the Gaussian assumption AG to establish (3.28). This was the same

conclusion arrived at in [105] but the study there was limited to the Gaussian noise case.
2

—v2 (i)

Further progress is pending the evaluation of F |e 2¢ |, which calls for specifying the
noise statistics. Our findings are summarized in the Table 3.4. In particular, we arrive at
the same EMSE expressions of [23] derived there under the independence assumption for
iid input. In the second line of Table 3.4, the noise is assumed to be equal to +o, with
probability 1/2, while in the third line the noise is assumed to be uniformly distributed
inside the interval (—v/30,, v/30,). The erf function is defined by

2 €T
erf(z) = ﬁ/o e dt
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Table 3.4: EMSE for the sign algorithm for various noise statistics

H Noise \ EMSE H
2 1 452
Gaussian [63, 105] | ( = « ot \/O; + U”, a=pn gTr(R)

o

Binary [23] (=a%7, a= \/ZTr (R)

Uniform [23] (= B V2% 1y (R)

2 30.2

erf £

Error-Saturation Algorithm

Consider the saturation nonlinearity in Table 3.1. The associated expectations hg and hy

are relatively easy to establish in the Gaussian noise case (see Tables 3.2 and 3.3):

- Osat R . | C+03
he[¢] = NET T hy((] = ogsin (C*‘Ug—i‘UsQat)

which upon substitution in (3.27) yield the following relation for the EMSE

2
; = UsatBTI' (R) Sin_l <C—;_O—,U2>
V¢t 02+ 02, 2 C+ 02+ ooy

This is the same result arrived at in [17] under the independence assumption for iid input.

In the general noise case, we have

hol() = — 22—

V C + O—s?at

which encompasses the binary noise case considered in [17] as a special case. Evaluating

__ %)
e 2C+ody) (3.29)

hy is more difficult; this was attempted in [17] and the argument led to a complicated
expression involving double integrals and infinite limits. We arrive in the Appendix at the

expression

h [C] 271'0 - / satSln E[ei 2(a§a4::7252;)sin?(0))] (3 30)
sat /4 o? + UsatSIIl (9) '
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by relying on a convenient expression for the error function introduced [89]. Upon substi-
tuting (3.29) and (3.30) into (3.27), we obtain

2, v2 (i)

¢ — e oZesin®( T30 o2 (0))
— = _Fle ol | = pmogTr (R) [ = — = st = Y Fle 2% tonein )]
\/ C + 0'5231; 0'2 + UsatSIH )

which can be numerically solved for (, the EMSE.

The LMF Algorithm

For the LMF algorithm, and with the aid of Tables 3.2 and 3.3, (3.27) takes the form

153 + 4505¢% + 15my a{ + mus

¢= 6 ¢+ o2

Tt (R) (3.31)

where m, 4 and m, ¢ denote the fourth and sixth moments of v(i). Finding the EMSE is
thus equivalent to finding the roots of a 3rd-order equation, which can be done numerically.

We can avoid this in the Gaussian case and obtain a closed formula for the EMSE.

Gaussian Noise. In the Gaussian noise case, (3.31) simplifies to

5u (¢ +a3)”

¢= 2 (+o?2

Tr(R) = % (C + 03)2

where o = 5uTr (R) . This is a quadratic equation in ¢ with two positive roots

‘= (1 - ac?) ia\/l — 2002 (3.32)

Simulations show that only the smaller root is meaningful.

It appears that calculating the steady-state error for super nonlinearities (e.g., the LMF
algorithm, the LMF family, and the LMMN algorithm) has always involved some form of
linearization (e.g., [98], [91], [105], [29], [5], [104]). The LMF derivation above demonstrates
how the EMSE can be obtained for such algorithms without having to employ linearization

arguments.
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3.4.2 Mean-Square Deviation

The mean-square deviation (MSD), defined as
MSD = lim E||w;|*

can be related to the EMSE by invoking the independence assumption in the limit. More

specifically, by combining (3.26) and (3.27), we obtain

E [luil3
Tim E [eX(i)ea(i)| = ¢+ H

Assuming Al holds in the limit we have

lim E |:€§(i)€a(i)] = lim E [Hﬁ’%HQER]

1— 00

so that
B [|luif3]

lim B || = ¢
1—00 E |:Hul||2}

(3.33)

Since we are interested in E|w;||?, we choose ¥ in (3.33) as R™', which leads us to the

following conclusion

Corollary 3 (MSD) Consider the same setting of Theorem 1 and assume, in addition, that

the sequence u; is zero-mean iid. Then the MSD is given by

_ _M¢
MSD = il

where  denotes the filter EMSE.
¢

Other steady-state measures can be similarly evaluated. Thus, for any symmetric matrix

A, we have

B[l uill} o

EMSE
B{|lug]]

limioo B [3]1%] =
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3.5 Simulations

Throughout this section, the system to be identified is an FIR channel of length 16. The
input (i) is generated by passing an iid (uniform or Gaussian) process x(i) through a

first-order model,
u(i) = au(i — 1) + z(7) (3.34)

By varying the value of a, we obtain processes u(7) of different colors. Here we set a = 0.3.
The output is contaminated by an iid (uniform or Gaussian) additive noise at an SNR level
of 10 dB.

3.5.1 Testing the Gaussianity of ¢,(7)

We start by running a simulation to test the Gaussian assumption AG on e,(i) for the sign
algorithm. We choose the sign algorithm because it was argued in [62] that e, (i) can never
be Gaussian under the independence assumption. The signals involved are chosen to be
non-Gaussian. Thus, the input is generated by (3.34) and the processes x and v are both
taken to be iid uniform.

The Gaussian hypothesis is tested by running the adaptive algorithm 1000 times and
plotting the histogram of e, (i) at the equi-spaced instants i = 0,200,...,1000. The his-
tograms, depicted in Figure 3.1, suggest that the Gaussian assumption on e, (i) is a rea-
sonable approximation. The only exception is the histogram for e,(0), which is almost
uniformly distributed (as it should be since e,(0) is generated by one data point for which

the central limit theorem does not apply).

3.5.2 Learning Curves

Next, we study the match between the theoretical (Theorem 2) and simulated learning
curves. We test the match for the sign and LMF algorithms. In both cases, the input is
assumed to be a Gaussian correlated process with a = 0.3. As depicted in Figures 3.2 and
3.3, the experimental and theoretical learning curves agree very well. This agreement occurs

despite the fact that large values of the step-size are used.
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i =600 i =800

i=1000
Figure 3.1: Histogram of e, (¢) for the sign algorithm at

different time instants (uniform noise,
uniform input with a = 0.3, © = 0.01, SNR = 10dB)
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Figure 3.2: Theoretical and simulated learning curves for the sign algorithm (Gaussian noise,
Gaussian input with a = .1, p = .01, SNR = 10dB)

3.5.3 Steady-State Behavior

Here, we simulate the steady-state behavior of the sign and LMF algorithms and compare

the results to theory. We test the sign algorithm for correlated uniform input (with a = 0.3)
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Figure 3.3: Theoretical and simulated learning curves for the LMF algorithm (Gaussian noise,
Gaussian input with @ = 0.1, g = .0044, SNR = 10dB)

and uniform noise. Figure 3.4 shows an excellent match between the EMSE generated by

simulation and that predicted by theory (see Table 3.4).

—%— simulation
“““ theory

—12F

141

EMSE (dB)
i
(o2}
T

|
=
©
T

0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018
step-size

Figure 3.4: Theoretical and simulated EMSE vs. p for the sign algorithm (uniform noise, Gaussian
input with @ = 0.3, SNR = 10dB)
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The LMF is tested for correlated Gaussian input (with a = 0.3) and Gaussian noise.
Figure 3.5 demonstrates the excellent match between simulation and theoretical values
(predicted by (3.32)). In this figure, we also plot the value of the steady-state error as
predicted by [105] which eventually employs some sort of linearization. The predictions of

(3.32) are more accurate.

~16[T - simulation
—e— theory
—6— from [26]

-181

EMSE (dB)
N
N
T

0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
step-size

Figure 3.5: Theoretical and simulated EMSE vs. p for the LMF algorithm (Gaussian noise, Gaussian
input with a = 0.3, SNR = 10dB)

3.6 Concluding Remarks

In this chapter we employed energy-conservation arguments to study the transient perfor-
mance of adaptive filters with error nonlinearities. The arguments of this chapter and the
previous one demonstrate the convenience of working with the energy relation. In develop-
ing the energy relation, we basically push the algebraic operations to the limit before we
undertake any averaging operation. We do so because our ability to maneuver algebraically
under the expectation operator is usually limited. As a result, we are able to do away with
assumptions that are otherwise necessary for algebraic operations only.

The main contributions of this chapter are Theorems 1, 2, and 3; the first relates to the
energy conservation result, the second relates to the learning curve behavior, and the third

relates to a nonlinear equation for EMSE calculation.
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3.7 APPENDIX A: Evaluating hy for the Error Saturation
Nonlinearity (3.30)

To evaluate the expectation

hy [E [e2(0)]| v(i)] = E [ fle*(0)]] v(i)]

22

e(4)

for the error saturation nonlinearity f[e(i)] = fo e 2% dz, we rely on the equivalent

representation

Fle@)] = /2702 (—}T I e‘%zisf?we) sign(e(7)) (3.35)

Powers of f are obtained by changing the integration limits in (3.35) (in addition to other
minor changes [89]). Thus,

2 2 1 ]. g - 262Fi)2 N
fole(i)] = 2moly, 1 / e 27?0 df (3.36)
wJr
4
Thanks to (3.36), in evaluating Ef?[e(i)] given v(i), the expectation operator can move

inside the integral and operate on its integrand and we can show that

2 o2 _ v2 (i)
(i)] :\/ T 0) e 5 (3.3
g

2 4 afatsin2 (9)

€aq

___ G
e QUSQatsin2 (0)

E

where 02 = E [e2(i)] . This yields the desired result.

€a



Chapter 4

An EM-Based OFDM Receiver for

Time-Variant Channels

4.1 Introduction

'Having performed mean-square analysis of well-known adaptive algorithms for channel esti-
mation, we move our attention here into designing our own algorithm for channel estimation
(and equalization). In a communication system, the sole purpose of channel estimation is to
recover the transmitted data. As such, it is best to consider the two problems (of channel
and data recovery) jointly. In other words, to come up with an optimum algorithm for
channel estimation, one needs to consider the full problem of receiver design, which is the
approach that this chapter adopts.

Moreover, we confine our attention to receiver design for orthogonal frequency division
multiplexing (OFDM) although the basic structure of the receiver remains valid in the
general case. We focus on OFDM systems because data recovery in OFDM is so simple that
it makes it easier to understand the fundamentals of channel estimation (paving the way
to eventually design a receiver for the more general case). Moreover, OFDM transmission
is so widespread in communications applications that restricting the focus to it constitutes

no limitation in practice.

LA major part of this chapter is reproduced, with permission, from T. Y. Al-Naffouri and A. Bahai “An
EM-based OFDM receiver for time-variant channels,” submitted to IEEE Transactions on Signal Processing.

68
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Table 4.1: Common channel and data constraints used for channel estimation

[ CONSTRAINTS || ASSUMPTIONS \ REFERENCE \
Finite alphabet constraint [88], [7]
Data Code 9], (80]
Constraints Transmit precoding
(e.g., cyclic prefix, silent gaurad band) [20], [44], [40], [68], [52], [99], 9]
Pilots [21], [56], [71],[95],[72],[53]
Finite delay spread [20], [9], [71]
Sparsity:
Channel has a few active taps [102], [48}, [97]
Channel Frequency correlation:
Constraints Taps are Gaussian distributed [54],(32], [9], [79]
Time correlation [94], [50], [45], [1], [58]
Uncertainty information [81], [54]

4.1.1 What is OFDM?

Orthogonal frequency division multiplexing (OFDM) is an effective technique for high bit
rate transmission. It has found widespread applications and is already part of many stan-
dards including digital audio and video broadcasting (DAB and DVB) in Europe and high
speed transmission over digital subscriber line (DSL) in the United States. It has been
proposed for local area mobile wireless broadband standards including IEEE 802.11a and
HIPERLAN/2 [107] and for broadband wireless metropolitan access networks (WiMax).

OFDM avoids intersymbol interference by inserting a guard band (cyclic prefix) into the
transmitted symbol. This effectively divides the channel into many narrowband channels
over which parallel streams of data are transmitted. Frequency selectivity can now be
mitigated using one tap equalizers. However, the receiver still needs accurate channel state
information. Alternatively, the receiver can avoid the need for this information by employing
differential modulation at the cost of 3 to 4 dB degradation in SNR. Otherwise, the receiver
should jointly recover both the channel information and its input. For rapidly time-variant
channels, the receiver faces the additional challenge of performing the recovery within the
same symbol.

In performing these two operations, the receiver takes advantage of the rich structure
of the underlying communication problem to enhance the performance of the receiver and
to perform the recovery with zero latency (i.e. within one OFDM symbol). This structure
can be either traced back to some inherent constraints on the data or on the channel itself,
as explained in Chapter 1 and summarized in Table 1.1, which is reproduced here for

convenience.
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However, since it is too computationally complex to recover the channel and the data
jointly, one can instead perform iterative recovery. Thus, the initial channel estimate is
used to detect the data. The detected data is used to enhance the channel estimate which
in turn is used to improve on the data estimate.

This intuitive idea is the basis of joint channel estimation and data detection proposed in
[50], [45], [57], [39]. Other works, like [2], [58], [24], [55], [101], and [7], arrived at iterative
techniques more rigorously by employing the expectation-maximization (EM) algorithm,

which we explain in the following.

The EM Algorithm

The EM algorithm is used in estimating a desired parameter when some of the data required
for the estimation is unobserved. The algorithm first performs an initial estimate of the un-
observed data and uses the information to compute the maximum-likelihood (ML) estimate
of the desired parameter. This is the maximization or M-step. The algorithm then uses
the parameter estimate to update (compute the conditional expectation) of the unobserved
data. This is the expectation or E-step. The process alternates between the M- and E-steps
till a convergence criterion is satisfied [26] [66] .

As mentioned above, the EM-algorithm has been applied to receiver design in [58], [24],
[55], [101]. These works consider the channel as the unobserved data and the transmitted
signal as the desired parameter. The M-step is a maximum likelihood hard decision of the
transmitted signal based on the previously calculated channel estimate and the E-step is

based on an MMSE estimate of the channel.

4.1.2 The Approach of this Chapter

In contrast to the prior approach, we here take a channel estimation centric viewpoint and
reverse the roles of the channel and the transmitted signal in employing the EM algorithm
(as done in [2] and [7]). In addition, and in further contrast to other approaches, we
make a collective use of the constraints induced by the data and channel that underly the
communication problem. Specifically, we are able to make use of all the constraints in
Table 4.1.

This chapter is organized as follows. After introducing our notation, we perform a careful
study of the elements of OFDM transmission. In particular, we show how the OFDM channel

can be decomposed into two channels, linear (represented in the time domain), and circular
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(represented in the frequency domain). In this section, we also introduce the time-variant
channel model. In Section 4.3, we use the expectation maximization algorithm for joint
channel estimation and data detection. We show how the algorithm becomes progressively
more sophisticated as more data and channel constraints are incorporated, with each new
version of the algorithm subsuming the previous version as a special case, culminating in an
EM-based Kalman filter. In Section 4.4, we extend the EM algorithm to the case where the
data can be processed non-causally, i.e. when the receiver can wait for all OFDM symbols
to arrive before performing the processing. This produces the most sophisticated version of
the algorithm, an EM-based forward-backward Kalman filter. We present our simulations

in Section 4.5 and our conclusions in Section 4.6.

4.1.3 Notation

We denote scalars with small-case letters, vectors with small-case boldface letters, and
matrices with uppercase boldface letters. Calligraphic notation (e.g., X’) is reserved for
vectors in the frequency domain. The individual entries of a variable like h are denoted
by h(l). A hat over a variable indicates an estimate of the variable (e.g., h is an estimate
of h). When any of these variables becomes a function of time, the time index i appears
as a subscript (e.g., we write x;, h;(l), h;, and X; ). When the various indexed vectors
are concatenated, they induce a sequence of scalars (for example, the sequence of vectors
hg, hq, ... induce the scalar sequence {hy}).

Now consider a length-N vector ;. We deal with three derivatives associated with this
vector. The first two are obtained by partitioning x; into a lower (trailing) part ; (usually
known as the cyclic prefix) and an upper (usually longer) vector &;. The third derivative,
x;, is created by concatenating x; with a copy of its prefix x;. The relationship among x;

and its derivatives is summarized by

Z;
m.
z; = [ - ] = | @ (4.1)
Z;
We can extend this convention to matrices and partition a matrix @ according to

Qn-p
= 4.2
1% -



CHAPTER 4. RECEIVER DESIGN FOR SISO OFDM 72

The subscripts N — P and P represent the number of rows in the partition and can be
omitted when they are understood. When the submatrix is constructed from rows in Q
that are not consecutive, we distinguish the submatrix by a subscript I corresponding to the
rows index set, and we write Q. Thus, with I = {1,--- ,N—P}and I = {N—P+1,--- N},

we can rewrite (4.2) in the equivalent form

Q [ & ] 43)

We could also introduce similar notation to denote a submatrix constructed by choosing a
few columns (belonging to the index set I.) from the mother matrix Q. We avoid the need
for another piece of notation and arrive at the same effect by forming the product QI7 — a
product between @ and the submatrix I of the identity matrix. This allows us to express
column selection in terms of row selection.

As we will see, the notation adopted herein turns out to be very natural and will make

it easy to write down various relationships almost by inspection.

4.2 Essential Elements of OFDM Transmission

Consider a sequence {X}} that we wish to transmit. Data is collected and transmitted in
symbols X; of length N. In an OFDM system, the symbol vector X; undergoes an IDFT
operation to produce the transform vector x;. The two vectors are thus related by the

unitary transformation

Q*X; (4.4)

r; =

=

where @ is the N x N DFT matrix

Q = [e=7% =11

When juxtaposed, these symbols produce the sequence {zy }. 2 If this sequence is transmitted

through a channel h;, which we take as FIR of maximum length P + 1, it will be subject

2The time indices in the symbol sequence x; and the underlying scalar sequence {z} are dummy variables.
Nevertheless, we chose to index the two sequences differently to avoid confusion as the two indices signify
different sampling rates.
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to intersymbol interference (ISI). To get around this, a guard band is inserted between any
consecutive symbols, x;_; and x;. In particular, to each symbol, we append a cyclic prefix
of length P as done in (4.1). Thus, instead of transmitting @;, we transmit the length
N + P supersymbol Z; defined in (4.1). This eliminates intersymbol interference and leaves
us with intrasymbol interference only (i.e. interference within the symbol ;).

The concatenation of the super-symbols Z; induces the underlying scalar sequence {Z }.
When it passes through the channel h;, this sequence generates the sequence {7} at the
channel output. Motivated by the symbol structure of the input, it is convenient to deal
with the output in the form of supersymbols of length M = N + P, and further split each

into a length-/N symbol y, and a prefix associated with it Y, le.

Y= [ vi ] (4.5)

Y,

This is a natural way to partition the output; the prefix Y, actually absorbs all inter-
symbol interference between the adjacent symbols ®;_1 and @; while the remaining part,
y,, depends on the ¢th input symbol x; only, hence exhibiting intrasymbol interference only.

These facts and more can be seen from the input/output relationship

Liq
_ Ti—1
Yi—1 H; Onxp Onxn . n1
Z;_q
Y, = Opxn Hy, H,, OpxN ; + | n (4.6)
Y; OnxNn Onxp H; ~ n;
T;

where n; is the output noise which we take to be white Gaussian. The matrices H;, H Lis
and H, are convolution (Toeplitz) matrices of proper sizes created from the vector h;.
The channel matrix in (4.6) could have been written as a single Toeplitz matrix. We chose
instead to split it along the boarder lines defined by the input and output symbols and
their prefixes. This partition coupled with the input redundancy allows us to decompose
the OFDM channel into two distinct channels or constituent convolution operations. In

what follows, we shall describe each of these channels separately.
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4.2.1 Circular Convolution (Channel)

Starting from (4.6), we can parse the following input/output relationship

4

Moreover, the existence of a cyclic prefix in Z; allows us to rewrite (4.7) as
y, =H,x;, + n; (4.8)

where H; is a size-IN circulant matrix

h;(0) 0 0 hi(P) hy(1)
hy(1) h;(0) 0 h;i(2)
Ho=| ' ' (1.9
hi(P) hy(P—1) h;(0) 0 0
I 0 0 - hy(P) h(P—-1) --- h(0) ]

In other words, the cyclic prefix of Z; renders the convolution in (4.7) cyclic, and we can

write

’yi = hjsz; + n; (4.10)

where h; is a length-/N zero-padded version of h;

hy — [ h; ] (4.11)

ON—P-1)x1

In the frequency domain, the cyclic convolution (4.10) reduces to the element-by-element

operation

’yi:HiQXi‘f‘Ni‘ (4.12)
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where H;, X;, N;, and Y;, are the DFT’s of h;, x;, n;, and y,, respectively, i.e.

1 1 1
H; = Qh;, X;= 7NQ331‘, Ni=— Qy; (4.13)

JN \/NQT% and yi:ﬁ

Since h; corresponds to the first P + 1 elements of h;, and in line with the notational

convention (4.2), we can show that
QP-}—lhi =M, (4.14)

This allows us to write (4.10) in terms of h; as

Y; = diag (X;) Qp 1 h; + N (4.15)

4.2.2 Linear Convolution (Channel)

Starting from (4.6), we can also extract a constituent relationship between the input and

output prefixes

L1

Y, = [ H,, H|, } [w_

+n; (4.16)

This can be used to show that the prefix sequences {z;} and {y.} are related together with

the channel h; through a linear convolution, i.e.

Y, = hyxz; + (4.17)

The roles of &; and h; can also be interchanged in (4.16) and we can rewrite it as

y, = X;h + (4.18)

where
X, =Xy, + Xy, (4.19)



CHAPTER 4. RECEIVER DESIGN FOR SISO OFDM 76

(0 2y (P=1) - z4(0) |
T (1.20)
0 | 0 z; 1(}3—1)_
and
[ w(0) 0 '
X, = xifl) :Cf_o) (:) (4.21)
_xﬁé—l) “j @A@ 6_

4.2.3 Total Convolution (Channel)

The sequence {7;} at the channel output is related naturally to the input sequence {T;}

through linear convolution with the channel
Y = h; * T + 7 (4.22)
Now, in line with the notation adopted here, define h; to be another zero-padded version

of h; of length N + P 3
h, ] [ on ]
On-1)x1 Opx1

Zero padding does not affect linear convolution, and the output sequence {7, } is still related

h; 2

to {Z;} though linear convolution with h;. Thus, the convolution (4.22) can be written in

the (notationally more consistent) form

Ui =hixTi+n; (4.23)

We can also express the input/output relationship in matrix form. In fact, we do that
by concatenating the matrix output relationships (4.15) and (4.18) for the circular and

convolutional channels

Yi=Xih;+N; (4.24)

3Recall that h;, defined in (4.11), is too a zero-padded version of h, of length N.

LLZ8)
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where, in line with the notational convention (4.1),

— X, — Y. n;
X, 2 i Y, =| % |, and Ni=| 4.25
[ diag(X;)Qp.1 ] [ Vi ] " [ Ni ] -

Remark To maintain perspective, the various relationships are summarized in the Ta-
ble 4.2 below. The last column of the table also summarizes the input/output relationship

for sparse channels where I. denotes the index set of the active taps in h;.

Table 4.2: Input/output relationships for the circular, linear, and total channels

SEQUENCE MATRIX RELATIONSHIP
CHANNEL MATRIX RELATIONSHIP
RELATIONSHIP Sparse channel
Linear Y, =hixxz+n, y, = Xh;i+n, y, =X, I1h; +n,
, ; = hjex; + n; . ~ )
Circular g} _ 7; @ZX_ ;N- Vi = diag (X;) Qpy1h AN | vi = diag(x0)@p Tk, +N:
T T K3 K3
Total Yi=hixT + 1 Yi=X;h+N; Yy, =X h;, +m

From this table, we can also appreciate the notation adopted in this chapter. Note in
particular the first column of the table where only similar variables (underline, calligraphic,
overlined, or otherwise) are related.

Before we end this section, we briefly discuss how the input/output relationships change

when the channel is sparse and in the presence of pilots.

4.2.4 Pilot/Output Relationships

Pilots are needed to kick-start the estimation process. Fortunately, pilots are sent as part
of the OFDM symbol and are an integral part of several standards as they are needed for
time and frequency recovery in addition to channel estimation. Within each symbol, pilots
are maximally placed away from each other. Channel gains at frequency bins close to the
pilots locations have a higher estimation accuracy than those further away. As such, pilot
locations are rotated from one OFDM symbol to the next. From (4.15), the pilot/output

equation is given

Vi, = diag (Xi)l,, QPHQz‘ + th (4.26)



CHAPTER 4. RECEIVER DESIGN FOR SISO OFDM 78

where I, = {i1,i2,...,ir,} denotes the index set of the pilot bins.* Clearly, only the cyclic

channel can make use of the pilot information. °

4.2.5 Channel Model

In this chapter, we assume a block fading model where the channel is assumed constant over
any OFDM supersymbol (i.e. over the OFDM symbol and associated cyclic prefix). Apart
from this constraint, we allow the channel to exhibit any behavior from one symbol to the
next. % In addition to the finite delay spread property, we make use of any or all of the

following constraints.

Frequency (tap) correlation The channel is assumed to be Gaussian distributed
h; ~ N(m,II) (4.27)

as when the channel is Rayleigh or Rician fading.

Time correlation We assume that the time correlation between h; and h;, ; (correspond-
ing to the impulse response for two consecutive OFDM symbols) exhibits itself through

a state-space model
hiyy = Fh; + Gu; (4.28)

where u; is a white Gaussian noise with variance ¢2. The matrices F and G are a
function of the Doppler spread, the power-delay profile (frequency correlation), and
the transmit filter (Appendix A shows how this information can be used to construct
F and G). We assume that this information is known at the receiver. The model

(4.28) thus captures both frequency and time correlation.

4The pilot index set might change from one OFDM symbol to the next as the number of pilots and/or
their location might change.

5The effect of the pilot symbols is felt through the linear channel as well. However, this effect is contam-
inated by the effect of the other (unknown) symbols (through convolution) in a way that makes it difficult
to use the output of that channel for initial channel estimation.

5This means that the channel changes at the symbol edges only. This might be unrealistic as we expect
the channel to change in a graceful manner across the duration of the symbol. We choose this extreme block
fading model because we would like to test our receiver against extreme time variations without dealing with
intercarrier interference. This also allows us to use the finite delay spread property, reducing the number
of parameters to be estimated from N to P + 1, and hence reducing the number of pilots needed. If the
time-variant behavior is large enough to cause big intercarrier interference, then OFDM transmission might
not be the best way to go as the CP overload would not be justified in this case.
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Sparsity When the channel is sparse, we only need to estimate its active taps h;; . Those
active taps could also assume frequency correlation (similar to (4.27)) or could evolve

in time following a state-space model similar to (4.28).

4.3 The EM Algorithm for Joint Channel and Data Estima-
tion
4.3.1 The EM Algorithm

Ideally, we estimate h; using the total input/output relationship
YVi=Xh,+N; (4.29)

We achieve this by maximizing the log-likelihood function

~ MAP
L)

= argmax Inp (h;| X5, ¥i)
When the noise is white Gaussian this reduces to the least-squares problem
ﬁi = arg H}llin 1Yi - Yibi”§;2

Since the input X; is not observable, we maximize instead an averaged form of the log-
likelihood function as mandated by the EM algorithm. In this case, the estimate of h; is

calculated iteratively, with the estimate at the jth iteration given by

E(J‘Jrl)

= argmax E

i ax Eg oo np (b X5, Vi) (4.30)

This involves two steps; an expectation step and a maximization step (hence the name

expectation-maximization). In the following, we discuss these steps respectively.

4.3.2 The Expectation Step: Mean-Square Estimation of Data

The log-likelihood function Inp(h;|X;,Y;) shows quadratic dependence on the input X;.
Hence, to perform the expectation step, we need to calculate the first two moments of
X, or equivalently, the mean E[X;] and covariance Cov[X,] (see equation (4.39) further

ahead). These two expectations are calculated given the output Y; and the channel h; or
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an estimate of it, i.e.
E[X[¥i,h;] and Cov[X]]

Since the elements of X; are linearly dependent on the frequency domain symbol X;,

the elements of E[X;] will exhibit the same functional dependence on E[X;] and hence it

is enough to calculate the expectation
E[X|Y;, ;]

Furthermore, we approximate this expectation with E[Xilyi,ﬁi} or, equivalently, with
E[X Zm,ﬂl] This approximation is convenient as the expectation E[X Z\)?,,’Hl] can be

calculated on an element-by-element basis, i.e. by evaluating the scalar expectations
Ex(D|Y; (1), Hi()] for 1=1,...,N (4.31)
Now, assuming that X;(l) takes on its values from the alphabet
A={A1,As,..., A4} (4.32)

with equal probability, we have that

MO OE A0
e on

FAOID) = L (133
lei'1 e on

This can be used to show that
1Y) -4, 12
J=|4] Tz
A

ViR A2

[A] 2
Z_j:l € on

(4.34)

This is nothing but the optimum MMSE estimate of X;(I) given the output Y;(1).

As we did in the first moment case, we approximate the covariance calculation Cov [Y: Vi, ﬁz]

"Compare this estimate with the linear MMSE estimate

5 ExH* (I
AMMSE) —  VETED  y)
Ex|IHMDI? + o7
This estimate makes use of the average energy of the input and not of the whole information provided by
the finite alphabet constraint.
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with that of Cov[X|Y;, h,]. This approximation allows us to use the circular channel to
calculate the covariance of X; from the first moment of X;(l), calculated in (4.34), and the
second moment given by

Vi -rA;

v ol Y

ARAVIENAO)

(4.35)

Vs ()—H(D) A2

A~
Zj:l € "

Appendix B demonstrates how we can use the first two moments of X’; to calculate the

. =y
covariance of X.

4.3.3 The Maximization Step: Channel Estimation

With the two moments of the input at hand, we can proceed to perform the expectation
and maximization steps and obtain the channel estimate. Recall that the EM iteration is
expressed by

> (5+1)

h; = arg max E

)

A [Inp(h;|X;, V)] (4.36)

where averaging is performed conditioned on the output and the previous estimate of the

channel ﬁgj). Now, using Bayes rule, we can write
Inp(h,| X3, Yi) = Inp(X;, Vilh;) + Inp(h;) — Inp(X;, Vi)

So, the EM iteration can be expressed as

(3+1)

ﬁi = arg H}?XE 7@ Inp(X;, Yilh;) + Inp(h;)

L ARV

Employing Bayes rule again yields

lnp(Xz}ji‘hi) = lnp(yifxi,hi)—i-lnp(ﬂfﬂhi)
= Inp(Yi|Xi, h;) + Inp(X;)
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where the second lines follows from the fact that X’; and h; are independent. With this

decomposition, we can finally express the EM iteration as

AUV o Inp(Vi| X, hy) + lnp(hy) (4.37)

= arg maxp, EXiI?i,hi

Now assuming that the channel values are equally probable and that the noise in the in-

put/output equation (4.29) is white Gaussian, the update equation (4.37) reduces to

E(j+1)

i =agmink 0 [ YVi = Xihy|_a (4.38)

X;|Vih

By expanding the norm, taking the expectation, and completing the squares, we can alter-

natively write (4.38) as

as (4.39)

= argming, | — BXhI2 . + 1A, o

4.3.4 The Maximization Step: Incorporating Frequency Correlation
In a wireless environment, the channel h; usually follows a Gaussian distribution, i.e. h;

assumes the pdf

1 —h,2_,
P = oy (440

where IT is the channel covariance matrix. By incorporating this pdf into the EM iteration
(4.37), we basically add the term ||h;[|%_, to the right-hand side of (4.39). In other words,

we have

~ (§+1) . ~ -~ 2
h'" = arg ming, {Hyz + E[Xi]ﬁz'H% + HQiHZLZCOV[Yj] + thH%l} (4.41)

4.3.5 The Maximization Step: Incorporating Time Correlation

We now incorporate the additional information provided by the time-correlation— i.e., the

correlation between h; and h,, ;. For simplicity, we assume that this correlation arises from
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the state-space model &

where the matrices F' and G are assumed to be known at the receiver and where w; is
Gaussian noise with zero mean and covariance matrix o2I. The initial state hy is also
assumed to be Gaussian with zero-mean and covariance matrix Ilg. The state-space model
(4.42) thus captures both the frequency and time correlations. When the input is fully

available, this model can be used together with the input/output equation
Vi=Xh;+N; (4.43)

to dynamically estimate the channel h; using the Kalman filter. Our problem, however, is
that the input X; is not always available in full, and the Kalman filter has to be modified in

the EM sense, as we did in the presence of frequency correlation information (See Appendix

Q).

4.3.6 The Kalman Filter

When the channel exhibits a dynamic behavior, as in (4.42), the optimum channel estimate
is always obtained using a Kalman filter. This applies whether the input is perfectly known,
the input is known in detected form only, only the pilot part of the input is known, or nothing
is known about the input. Thus, when the input is perfectly known, we employ the Kalman

filter to the state-space model

Y, = Xh+N; (4.45)

8The channel could follow a more sophisticated model in which h; 41 would depend not only on h; but
also on past values of the impulse response. Extending our approach to this case is straightforward.
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Table 4.3: Modifications to the Kalman filter (4.46)-(4.50) under various input knowledge

conditions

SITUATION SUBSTITUTION
X, ‘ Vi ‘ Intp
Input in E [Xi]1/2 Y, ,
detected form Cov {Yﬂ Opyy N+2P
Pilot info diag (.i‘t'i)lp Qpi Vi, I,
No input info —
(Applies for i > 1) o Vi Inip
Sparse - —
channel Xl Vi Inip
No cyclic . -
prefix info diag (X;) Qp41 Vi Iy

In this case, the Kalman filter is given by [47]

Re,i =
Kyi =

ild
.

hi ) =

Py 1 X;R_}
(In+p— K5 X;) ﬁi\ifl +KpiYi hy =0
= Fhy,

oaInip+ XiPy 1 X; Poy_; =TI

* * 1 *
Pi—i—l‘i = Fl (Pi|i—1 — Kf,iRe,in,i) F + ;GG

The desired estimate is ﬁm

When the input is not perfectly known, we perform the change of variables

yi_)[ Yi

Remarks

Yi—>

Cov [Xl

£ [X)

7*} 1/2

u

0P><1

|

(4.51)

e Table 4.3 summarizes the substitutions to perform on the Kalman implementation

(4.46)-(4.50) in various situations. The first line in the table applies when the input

is known in detected form. The substitution is obtained by appealing to the EM

algorithm as we show in Appendix C.
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e The lower entries in the table are straightforward to obtain. For example, when only

the pilot information is available, we replace the input/output equation (4.45) by
Vir, = diag(X:)1,Qp 1 b + N

and the substitutions in the second line of the table follow accordingly.

e When compound situations happen, we employ the substitutions in tandem. Thus,
when the channel is sparse and only the pilot part of the input is available, we perform

the substitution

- sparsity —= pilots . ~
X - XiI?C - dlag(-*z‘)poPHI}ﬂc

— sparsity — pilots —
Vi — Yi — Yir
p
sparsity pilots
Inyp —" Inyp — I,

4.4 Incorporating Forward and Backward Time Correlation

So far, channel estimation has been performed in a causal manner. In other words, the
receiver estimates h; by using past and current data {Yj}i_,. In this way, channel (and
data) recovery can be done with no latency. If we relax the latency constraint, we can use
all data symbols {Yx}7_, (past, current, and future) to estimate the IR h;.

When the channel exhibits a dynamic behavior, the optimum channel estimate is ob-
tained by employing a forward-backward Kalman filter. Interestingly, as in the forward
Kalman filter case, once we describe the solution for the perfectly known input case, the
solution for the other cases follow by some substitution (as described by Table 4.3). Thus,
the same basic form of the filter can be used regardless of our degree of knowledge about

the input.

4.4.1 The Forward-Backward Kalman

Consider the state-space model

Vi = Xih+N; (4.53)
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The MAP estimate of the sequence {h;}1_, given the output sequence {Y}7_ is obtained
by employing the forward-backward Kalman filter. As the name suggests, the filter consists

of two runs, forward and backward:

Forward Run: The forward run coincides with the Kalman filter. Thus, the receiver runs

~

recursions (4.46)-(4.50) which are used to obtain ﬁiu—l,hﬂiv and P;;_ fori=0,1,..., N,
Backward Run: Fori= N,N —1,...,0, calculate
ﬁiu\f = ﬁm—l + Pjji1 AN (4.55)

starting from Ay x5 = 0.

~

The desired estimate is ;).

4.4.2 Summary of the Algorithm

At this point, we have all the elements necessary to implement the OFDM receiver. So
consider a sequence of OFDM symbols passing through a block fading channel. The channel

could exhibit no correlation, frequency correlation, or both frequency and time correlation.

Pilot Placement There are different requirements on the number of pilots needed de-

pending on the a priori information available and the type of processing the receiver does
(see Table 4.4). At one extreme, when there is no correlation information, the algorithm
needs as many pilots in each symbol as the number of active channel taps. At the other
extreme, when both time and frequency correlation information is available and when the
receiver performs (forward-backward) smoothing, it is enough to have a few pilots in any

one symbol.

Initial Channel Estimation Table 4.5 summarizes the different methods to perform

initial channel estimation. The appropriate method depends on the available correlation

information and the type of processing that is desired.
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Table 4.4: Conditions on pilot number and placement

PiLor
CONDITIONS

AVAILABLE CHANNEL INFO

NO
CORRELATION
INFO

FREQUENCY FREQUENCY FREQUENCY
CORRELATION AND TIME AND TIME
CORRELATION | CORRELATION
(FILTERING) (SMOOTHING)

PRESENCE OF

Need pilots in

Need pilots in

Need pilots in

Need pilots in

PrLors IN each symbol each symbol first symbol some symbol
SYMBOLS
NUMBER OF As many pilots Nonzero Nonzero Nonzero
PILOTS PER as channel taps number of number of pilots number of
SYMBOL pilots pilots

87

Table 4.5: How to perform the initial channel estimation step under various conditions

| CHANNEL INFO |

Initial Channel Estimate H

NO CORRELATION

ming, | Vi, — diag(X)7,Qp1 bl

INFO
REQUENCY miny, |[Vir, — diag(2)1,Qp. 1 hll? + |13
FREQUENCY AND TIME Employ the Kalman filter (4.46)-(4.50)
CORRELATION with substitution from Table 4.3
(FILTERING) depending on whether there are pilots or not
FREQUENCY AND TIME Employ the foward-backward
CORRELATION Kalman filter (4.46)-(4.50), (4.54),(4.55)
with substitution from Table 4.3
(SMOOTHING)

depending on whether there are pilots or not

Data Detection Perform mean-square estimation of the first and second moments of the

frequency domain symbol X’; using (4.34) and (4.35). Use that to construct the first and

second moments E[X;] and Cov|[X,], as described in Appendix B.

Channel Estimation Update Table 4.6 summarizes the various methods for updating

the channel estimate. Again, the particular update used depends on the correlation infor-

mation available and the type of processing desired (i.e. filtering or smoothing).
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Iterate between Estimation and Detection Iterate between channel estimation and

data detection. Simulations show that a few iterations are enough for convergence.

Table 4.6: How to update the channel estimate under various conditions

CHANNEL INFO Channel Update
NO CORRELATION . = <
ro wmin, [V~ BRI + i), o
FREQUENCY . 5 o 5 ) )
CORRELATION ming, || Vi — E1X]h, [ + ”Qi”cm[ﬁ] + [l
FREQUENCY Employ Kalman filter (4.46)-(4.50)
AND TIME with the substitution
CORRELATION _ [ E[X)] o v,
(FILTERING) Xi— Cov [Y:T/Q y Vi — { Oy } Inip — Iniop
FREQUENCY Employ the FB-Kalman filter (4.46)-(4.50), (4.54),(4.55)
AND TIME with substitution
CORRELATION <. E [Xi]l/Q T 3, ¥y, . ;
(SMOOTHING) ' Cov [fﬂ P Opyy |~ NtP N+2P

4.5 Simulations

4.5.1 Simulation Setup

We consider an OFDM system that transmits a sequence of 5 symbols each with 64 carriers
and a cyclic prefix of length P = 15. The input data is 16 QAM mapped from a binary
bit stream through gray coding. We will use two pilot configurations. The first employs
16 pilots in the first symbol and x number of them in the subsequent four symbols with
1 <z < 16. We denote this configuration by 16xxzz. The second configuration, denoted
xxlbxx, is a cyclic rearrangement of the first with the 16 pilots placed in the middle (3rd)
symbol and x pilots in the other symbols.

The channel IR consists of 16 complex taps (the maximum length possible that avoids
intersymbol interference). The initial IR hj has an exponential delay profile E[/hy(k)|?] =
e~0-2F_ For i > 0, h; is generated according to the dynamical model (4.42)

hi,, = Fh; + Gu; (4.56)

Both F and G are diagonal matrices. Specifically, we set F' = fI with 0 < f < 1 and set



CHAPTER 4. RECEIVER DESIGN FOR SISO OFDM 89

the diagonal entries of G as G(k, k) = /(1 — f2)E[|hy(k)|?]. The state noise w; is iid with
unit variance. This ensures that the channel maintains the same (exponential) delay profile
at subsequent time instants. Throughout the simulations, we run the EM algorithm for 10

iterations.

4.5.2 Effect of Time Variation

Figure 4.1 demonstrates the effectiveness of the Kalman filter in dealing with different
degrees of time variation (f = .1,.3,.5,.7). Specifically, we implement the 16xzzz pilot
configuration for x = 4,8,12,16. We observe that the BER curves will saturate when the
time variation is excessive enough (i.e., f is small enough). The only exception is the 16-
pilot case in which the BER decreases linearly with SNR regardless of how sever the time
variation is. This is understood given the fact that 16 is actually the number of channel taps.
Figure 4.2 demonstrates the same situation for the FB-Kalman receiver. The only difference
is that this receiver is tested with the pilot configuration xx16xx. The observations above

remain valid for this receiver too.

(a) 4 pilots (b) 8 pilots

P
e
102
10° 10°
5 10 15 20 25 5 10 15 20 25
o (c) 12 pilots o (d) 16 pilots + f=.1
10 10 A =3
o f=5
* f=.7
o f=.9
10"
Pe Pelofz
1072
10° 10°
5 10 15 20 25 5 10 15 20 25
E /N E /N

Figure 4.1: BER curves for the Kalman based receiver for different number of pilots and various
degrees of time variation
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(a) 4 pilots (b) 8 pilots
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Figure 4.2: BER curves for the FB-Kalman based receiver for different number of pilots and various
degrees of time variation

4.5.3 Comparing the Kalman and the Forward-Backward Kalman

In this subsection, we compare the effectiveness of the Kalman and the FB-Kalman when
using the two configurations 16xxzx and xxl16zx for x = 4, 8,12, 16 and for different degrees
of time variation. Specifically, Figure 4.3 considers the 16zxxz pilot case. We note that
almost consistently, the BER curve of the Kalman outperforms that of the FB-Kalman when
the two receivers deal with the same degree of time variation (the only exception is the case
f = .7 in which the FB-Kalman outperforms the Kalman filter).

Figure 4.4 considers the second pilot configuration, namely zx16xz. To avoid cluttering
the figure, we draw the best BER curve for the Kalman filter case (corresponding to f =
.9, the least degree of time variation). We note that this best case Kalman scenario is
comparable to the worst FB-Kalman cases (those with high degrees of time variations).
Thus, when the FB-Kalman receiver operates on channels with low degrees of time variation
(e.g., for f = .7 or f=.9), it produces BER curves that are much better than that of the
Kalman-based receiver.

We next compare the performance of the Kalman receiver employing the 16zxxz pilot
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o (a) 4 pilots o (b) 8 pilots
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Figure 4.3: For the 16zzzx pilot configuration, the BER curves for the Kalman receiver outperform
those of the FB-Kalman receiver

configuration with that of the FB-Kalman receiver employing the xx16zx configuration.
Thus, the two receivers employ the same number of pilots except that these pilots are
distributed differently. We carry out this comparison for different levels of time variations.
We note that the BER curves are quite comparable for the extreme cases of time variation
(low and high values of f). However, for moderate levels of variation (f = .7), the FB-
Kalman consistently outperforms the performance of the Kalman. This is not unexpected
for when the variation is too slow, the two filters are equally able to track the channel
with only a few pilots. When the time variation is too high, time correlation information
becomes of little use. It is only at a moderate level of time variations that the additional

signal processing mandated by the FB-Kalman becomes valuable.

4.5.4 Effect of Increased Signal Processing

We next consider the effect of increased signal processing on the BER curves for the Kalman

and the FB-Kalman receivers. Specifically, we implement the two receivers

1. using the CP observation and the soft estimate of the input,
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Figure 4.4: For the xza16xx pilot configuration, the BER curves for the Kalman receiver outperform
those of the FB-Kalman receiver

2. using the CP and the hard estimate of the input,
3. using no CP observation and using the hard estimate of the input.

Figures 4.6 and 4.7 show that increasing the level of signal processing pays off producing
better BER performance. This applies for different number of pilots and different degrees

of time variation.

4.5.5 Effect of Increasing the Number of Iterations

Figure 4.8 demonstrates the effect of increasing the number of EM iterations on the BER
performance of the FB-Kalman receiver. We do that for different number of pilots and
different degrees of time variation. As expected, the BER improves as we increase the

number of iterations. The value of iterations eventually results in diminishing returns.
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Figure 4.5: The Kalman and FB-Kalman show comparable performance at extreme levels of time
variation. Only at moderate levels of variation does the FB-Kalman outperform the Kalman

4.5.6 Bench Marking

Finally, we bench mark the BER performance of the Kalman and FB-Kalman receivers
against receivers that have been suggested in literature and also against the known-channel

case. Specifically, Figure 4.9 compares the BER performance of the following five receivers:

1. EM-based least-squares (LS) receiver (i.e. a receiver employing frequency correlation

only)
2. The EM-based receiver proposed by Lu, Wang, and Li in [58] °.
3. The EM-based Kalman receiver
4. The EM-based FB-Kalman receiver

5. A receiver with perfect channel knowledge

9This receiver is similar to our Kalman-based receiver in that it makes use of the time and frequency
correlation.
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Figure 4.6: The Kalman-based receiver demonstrates improved BER with increasing levels of signal
processing

All receivers implement the 16xxxz pilot configuration except the FB-Kalman which
implements the xx16xz configuration and the receiver with perfect channel knowledge which
uses no pilots. We test these receivers against the dynamically variant channel (4.42) with
f=."

Figure 4.9 demonstrates that the Kalman and FB-Kalman outperform the LS receiver
and the receiver of [58]. This is especially the case for low number of pilots. Moreover, for
this case of moderate time variation, the FB-Kalman consistently outperforms the Kalman

receiver.

4.6 Conclusion

In this chapter, we considered the problem of semi-blind channel and data recovery in
OFDM. The chapter first introduced some convenient notation and used that to perform a
careful study of OFDM transmission. This study was subsequently used to design an OFDM

receiver. The receiver makes use of the data and channel constraints to perform recovery



CHAPTER 4. RECEIVER DESIGN FOR SISO OFDM 95

(a) f=.9; 2 pilots (b) f=.7; 4 pilots
10™° o \
\ N
N -1.3 \
NN 10 N
10™° NN AN
R IV
P - P \
e ~ e g N o
-17 S N 10 TN N
10 \ _ \ N ~
\ \ e =
R \ <<
A\ / R [N
10_19 > 4\\/ v 10*17
/
5 10 15 20 25 5 10 15 20 25

(d) f=.3; 12 pilots

10 — - no cp/hard
-1l \ - /hard
10 N cp
\\\ cp/soft
AR
1072 N
n 1
N
P N Pao™t ~_ _
10"° N \ I
N T
N \\ AN T
~14 NES
10 Vo,
\L
107
5 10 15 20 25 5 10 15 20 25
E /N E /N
b o b o

Figure 4.7: The FB-Kalman based receiver demonstrates improved BER with increasing levels of
signal processing

with zero latency and minimal pilot overhead. Specifically, the receiver uses the pilots to
kick start channel estimation and subsequently iterates between that and data recovery. In
doing so, the receiver utilizes the data constraints (which include pilots, the cyclic prefix,
and the finite alphabet nature of the data) and employs the data estimates in soft format.
The receiver also makes use of the various constraints on the channel (which include sparsity
and finite delay spread information as well as time and frequency correlation). Thanks to
the presence of the cyclic prefix, optimal mean-square data recovery is done on an element
by element basis while channel recovery always boils down to solving a regularized least-
squares problem. Table 4.7 lists the various channel constraints and the associated LS norm
that each contributes. Channel estimation using a subset of these constraints is performed
by minimizing the sum of the corresponding squared norms.

The chapter culminates with the EM-based Kalman which performs data and channel
recovery with zero latency and the EM-based forward-backward Kalman which performs
batch processing to enhance the performance of the receiver (at the expense of increasing

complexity, delay, and latency).
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Figure 4.8: Increasing the number of EM iterations improves the BER of the FB-Kalman receiver,
but the value of these iterations results in diminishing returns

The Kalman receivers derived here apply to nonstationary channels as well in which

the matrices F' and G of the state-space model (4.44) vary with time. It has already

been extended to incorporate the coding constraint on the data [10]. The chapter assumes

that these parameters are known perfectly at the receiver. However, the receiver can be

generalized to estimate the state-space parameters and to be robust to uncertainties in these

estimates (e.g., see [81]).

Table 4.7: Weighted norm interpretation of various channel estimation methods

I CONSTRAINT \ ASSOCIATED WEIGHTED NORM |
Pilots [Vi;, — diag (X4) QP+1Q2'H2%

Frequency correlation

i —mllf -

Detected data

Vi —diag(xz‘)QPHﬁiW + ||Qz||iQ

é U% }+1COV[X7L]Q~P+1
. - . 2 2
Cyclic prefix observation ly, — E[Xz]hll\é + HQH%%COV[XI}
Time correlation |h; — FQHH;A +[1Yi - E[YJQIIIQ% + Hhi”Q%cov[y.}
ili—1 o2 ) i
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Figure 4.9: BER curves comparing a receiver that employs the Kalman filter with one employing
the FB-Kalman and another with perfect channel knowledge. The two Kalman receivers employ the
same number of pilots with optimum placement.

4.7 APPENDIX A: State-Space Channel Model

A typical OFDM symbol passes through two channels; the physical channel ¢; (which consists

of L + 1 paths arriving at instants 79,71 . . .,

71) and the receive filter r. The actual channel

h;, which is P 4+ 1 taps in length, is the convolution of these two channels. Thus, we can

write

h;(P+1)

or more compactly

r(=70)
’I"(T — 7‘0)
r(PT — 1)

r(=71)
r(T — 7'1)
r(PT — 13)

h; = Rg;

r(=7z)
T(T — TL)
r(PT — 1) |

(4.57)
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4.7.1 Modelling the Time-Variant Behavior

Due to the mobile nature of the channel, the physical channel taps ¢;(k) are time-variant.
According to the WSSUS model [75], the process ¢;(k) is zero-mean wide-sense stationary

complex Gaussian process with autocorrelation
E [ci(k)ey (K] = To (27 fo(k)(N + P)T|i — i'|) S (4.58)

where T is the sampling (baud) rate, f.(k) is the Doppler frequency associated with the
kth tap, and Jy denotes the zero-order Bessel function of the first kind.

We can approximate the time-variant behavior of the tap ¢;(k) arbitrarily closely by an
autoregressive (AR) model with large enough order (see [50], [45]). As argued in [50], even
a first-order AR model can capture most of the channel dynamics. We can show that the

closest 1st-order AR fit of (4.58) is given by

cip1(k) = a(k)e; (k) + /(1 — a2(k)) Elleo (k) [*]us (k) (4.59)

where

a(k) £ Jo 2nf.(k)(N + P)T)

The factor /(1 — a2(k))E[|cy(k)|?] ensures that the tap c;(k) maintains the same power
profile for all time. Collecting (4.59) for all taps yields

civ1 = Feci + Geu; (4.60)
where
F. = diag( a(l), -+, a(L+1) )
G. = diag [ VI =2W)E[GMW)F - V(1= a2(L+1)E[lg(L+ 1)

We can use this dynamical relationship along with (4.57) to derive a dynamical relationship
for the impulse response h;. Specifically, multiplying both sides of (4.60) by R and noting
that RTR = I '°, we obtain

hi = Fh; + Gu;

0For this to be true, the matrix R has to be tall which will be the case if the sampling rate is high enough
so that the number of channel taps P + 1 is larger then the number of physical paths.
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where

F=RF.R' and G = RG,

4.8 APPENDIX B: Evaluating Moments of the Input Matrix

X

The expectation step boils down to calculating the first two moments E[X;] and Cov[X]
(see (4.39) and (4.41) for example). The expressions (4.36) and (4.37) call for evaluating
these two moments over X’; only. However, since X; depends on X; as well as X;_1, we will
carry the expectation over these two consecutive symbols. This is needed for the EM-based
forward-backward Kalman while the expectation over X’; follows as a special case.

From (4.19) and (4.25), we can express the first moment of X; as

By o [X] & | PullieX0lQps, (46
b | Bxy [ Xy + Ex, [ X ]
_ [ diag(X:)Qpiy (4.62)
XUi + XLZ’

where the elements of X; are evaluated in (4.34) and where the estimate X u; is obtained
from &; ; just as X, is obtained from ; ; (see (4.20)). The estimate X, can be cal-
culated similarly. Now, let’s evaluate the covariance of Y;k . Starting from the defining

expression (4.25), it is easy to show that

COVXL'*I 7X7l [Y:] = COVXZ' [Q*P+1dlag(x’b>*] + COVXZ',1 7Xi [X;k]
= Qp.1Cov[diag(X;)"]Qp. + Cov[Xy;] + Cov[X,]]

The covariance Cov [diag(X})] is a diagonal matrix whose diagonal elements are simply the

Cov[X;(1)] = E[l%:(D)*) - [E[X: ()] (4.63)

and hence can be calculated from (4.34) and (4.35). The elements of the covariance matrix
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C\ 2 Cov [X;[] are calculated recursively from

CL( k) = CL(G + Lk +1) + Blai (P — j)z;(P — k)] — &7 (P — j)&;(P — k) (4.64)

covariance evaluated in (4.67)
The recursion is run (backward) for j, k = 1,2, -- | P starting from the boundary conditions

CLP+1,1)=C(,P+1)=0, [=1,2,---,P (4.65)

The covariances that appear in (4.64) are the entries of the covariance Cov [z;] and are

collectively calculated from
1 *
Cov [z;] = NQPCOV (X:]Q, (4.66)
1 ., )
= NQPCOV [diag(X;)] Q. (4.67)

where (4.66) follows from the partial IDFT relationship x; = (I/W)Q*PXZ-, and where the
diagonal elements of the covariance Cov [diag(X’;)] of (4.67) have already been calculated in
(4.63). Similarly, we can show that the elements of the covariance C\y 2 Cov [ X)) satisfy

the recursion
Cu(j+1,k+1)=Cu(j, k) + Elzi_ (P —j)z; (P — k)] — Zi_1(P = j)&_,(P — k)
The recursion is kick-started from the initial conditions
Cu(1,l) =Cy(l,1)=0, [=1,2,--- P (4.68)

4.9 APPENDIX C: Derivation of the EM-Based Kalman Fil-

ters

In this appendix, we construct the EM-based Kalman filter. In particular, assume that the

channel satisfies the state-space recursion

h; =Fh, |+ Gu; (4.69)
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with Gaussian distributed initial state hy, ~ N(0,IIy). The channel also satisfies the in-
put/output relationship

Yi=Xih;+N; (4.70)

We obtain the MAP estimate of the IR sequence {@k};{:o by maximizing the pdf of the se-
quence conditioned on the input and output sequences { X k}gzo and {yk}{zo. Alternatively,
we obtain the MAP estimate by maximizing the full pdf p ({hy}1_o, {Xk} 1o {Vr}i_o) - It

is straightforward to show that this pdf can be decomposed into

T T
p ({hk}f:o, {Yk}zz()a {yk}zzo) = H PV Xk, hy) H p(hy|hy_1)p(hy)
k=0 k=1
Using the state-space equations, we can show that the log-likelihood function (excluding

any terms that are independent of h;) is give by
p— — T JR— —_
np ({hytimr {X iz (Vb)) = —lBollf 0 — DYk = Xk

k=1
T
— Yl Fhy )P g (471)

k=1 ou
Since the channel sequence {h;}7_ is Gaussian distributed, the MAP estimate of the chan-
nel sequence given the output sequence {?k};{zo is the same as the MMSE estimate given
the same sequence.The MMSE estimate itself is obtained by the forward-backward filter
described by (4.46)—(4.50), (4.54), and (4.55) ( See problem 10.9 in [47]).

Now since the input symbols Xy, .-, X7, are not available, we invoke the EM algo-
rithm, maximizing the averaged likelihood instead. Specifically, given the initial estimates
&0, e ,ﬁT together with the output symbols Yo, -, Y7, we can estimate hy, - , by it-
eratively using the expectation-maximization operation

(+1

{Ek )}gzo = arg max
{heXi—o

. T T T
E{Xk}fzol{ﬁff) T AV, ({hs} =0 { Xk trm0s { Yk} i=0)



CHAPTER 4. RECEIVER DESIGN FOR SISO OFDM 102

This, together with (4.71), yields

T
{h ]H)}k 0T ME G HhO”H v ZE 195 thk“ a Z Huk”%

hidr=o k=0 oii

= arg max —||ho||n-1—zuyk—Em hys, Znhku e Znuknl

kS k=0 k=0 Un
Ve |
Opx1

where the expectations are taken given the previous estimates ﬁ,(j) and the output of all

data symbols Yo, -+, Y. The averaged likelihood (4.72) function can be obtained from

T

=~ hglE =Y

k=0

Z el %, (4.72)

1 u

E[X)] 3
Cov[X /2 |7

207,

the original one (4.71) by performing the substitutions

X, Enj?”
: Cov[X 12
y, Y ]
Opx1

Thus, the maximizing impulse response values are also obtained by implementing the
forward-backward Kalman filter taking into account the substitutions above. Alternatively,
the impulse response values are obtained by implementing the forward-backward Kalman

on the following state-space model

hiyy, = Fh;+Gu; (4.73)
= h; 4.74
[0P><1] Cov[X, ]1/2]Z+[ n; ] ( )

where n; is virtual noise that is independent of the physical noise N;. This state-space
model in turn motivates the EM-Kalman filter. In other words, the EM-Kalman based

receiver applies the Kalman filter to the state-space model (4.73)—(4.74).



Chapter 5

Receiver Design for MIMO OFDM
Transmission over Time-Variant

Channels

5.1 Introduction

1 This chapter builds on the previous chapter and scales up the receiver design to OFDM
transmission over mutli-input multi-output (MIMO) transmission. OFDM is a technique
that enables high speed transmission over frequency selective channels with simple equaliz-
ers by creating a set of parallel, frequency-flat channels. Moreover, for frequency flat fading
channels, space-time codes provide diversity and coding gain benefits when compared with
single-input single-output (SISO) systems, improving their BER performance [73]. When
MIMO techniques are combined with OFDM, space-time codes for frequency flat channels
can be used per tone, providing the benefit of multiple antennas with simple channel equal-
ization. However, the spacial dimension in turn places a constraint in that the receiver has
to recover the impulse response of the MIMO channel.

This chapter thus considers receiver design for MIMO OFDM transmission over frequency

selective time-variant channels. While the presence of multi-antennas makes the problem

LA major part of this chapter is reproduced, with permission, from T. Y. Al-Naffouri O. Oteri, O. Awoniyi,
and A. Paulraj, “Receiver design for MIMO-OFDM transmission over time-variant channels,” Globecom 2004,
Dallas, Texas, Nov. 2004.
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more challenging, it also adds more (spatial) structure that the receiver can utilize. Specif-
ically, in addition to the constraints we employed for SISO OFDM, the receiver can make
use of the transmit and receive correlation as well as the space-time (ST) code. The chapter
is organized along the same lines of Chapter 4. Specifically, following this introduction, we
provide a system overview in Section 5.2 where we describe the transmitter, the receiver,
and the channel model. In Section 5.3 we derive the |/O equations that are used for channel
estimation and for space-time decoding. The channel estimator and data detector parts of
the receiver are described in Section 5.4 and this is followed by some practical considerations

and simulation results.

5.1.1 Notation

We continue to use the notation of Chapter 4. However, we need to adopt more notational
elements to take care of the additional spatial and temporal dimensions. Thus, given a
sequence of vectors fo; forr, =1---R, and t, = 1---T,, we define the following stack
variables

h,, h,

= : and h = : (5.1)
hl hp.

Zre

Zre

ty
Tz

Moreover, given an R, x T, matrix H, we denote its (ry,t,) entry by hle, its r, row by

h,,, and its t, column by h'*. Thus, we can write

H = [hy]
= hl n2 ... RI:

hq
hy

hgr,

We also use the notation h(™) (h{)) to denote the value of h at the next (previous) time

instant.
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5.2 System Overview

In this section, we give an overview of the communications system: transmitter, channel,

and receiver.

5.2.1 Transmitter

Cyclic

prefix

IFFT Cycf'.'c j
Pilot STBC prefix

>
Insert. encoder 'Y

—> Encoder (| Puncturer [ Interleaver —> Modulator >

. T
\EET Cyclic

prefix

Figure 5.1: Transmitter

A block diagram of the transmitter is shown in Figure 5.1. The bit sequence to be
transmitted passes through a convolutional encoder that serves as an outer code for the
system. The coded output is then punctured to increase the code rate. The punctured
sequence then passes through a random interleaver which rearranges the order of the bits
according to a random permutation. The interleaved bit sequence is mapped to QAM
symbols using gray coding and the QAM symbols are in turn mapped to the OFDM symbols
with space reserved for the pilot symbols (as explained in Subsection 5.2.2). The STBC
encoder uses the OFDM signals to construct the ST block by mapping the various OFDM
symbols to a specific antenna and specific time slot depending on the ST code used. Each
antenna performs an IFFT operation on the OFDM symbols to produce the time-domain

OFDM symbols and adds a cyclic prefix to each prior to transmission.

5.2.2 Pilot Insertion

Pilots are employed to initialize channel estimation. The use of properly placed pilots and
additional channel or data constraints can reduce the actual number of pilots needed. The

first ST block in the transmitted packet uses N, pilots. Subsequent ST blocks can use
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Figure 5.2: Pilot placement in OFDM symbols

a reduced number of pilots or no pilots at all (e.g., as in [24], [58]), relying instead on
additional channel constraints (e.g., time correlation) to perform initial channel estimation.

The pilots are optimally placed at maximum distance away from each other [71]. Within
the same STBC block, the pilots maintain the same position (across time and space) which
prevents interference from non-pilot symbols. As such, no interference cancellation is needed
during initial channel estimation. Since frequency bins close to the pilot positions have a
higher estimation accuracy than those further away, the pilot positions are rotated from

one ST block to the next. Figure 5.2 demonstrates these design guidelines.

5.2.3 Channel Model

In this chapter, we consider MIMO channels that are block fading and frequency selective.

For proper channel modelling, consider the time domain 1/0 relationship

P
y(i) = > _ H(p)z(i — p) + n(i) (5.2)

p=0

where H (p) is the R, x T,, MIMO impulse response (IR) at tap p and where i is the sample
time index. The taps H (p) usually incorporate the effect of the transmit filter and the
effects of the transmit and receive spatial correlation making H (p) correlated across space
and tap. We will assume H (p) here to be iid and relegate the spatially correlated case to
Appendix A. Moreover, we will assume that H (p) remains constant over a single ST block
(and hence over the constituent OFDM symbols).

To model the time variations, we scale up the SISO channel model of Chapter 4 to the
MIMO case. Specifically, we assume that from one ST block to the next, the MIMO taps
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change according to the dynamic equation

H) () = alp) H(p) + /(1 - a2(p) e PU (p) (5.3)

where a(p) is related to the Doppler frequency fp(p) by a(p) = Jo(2nfp(p)T) and T is
the time duration of one ST block, and where U(p) is an iid matrix with entries that are

N(0,1). The variable 8 in (5.3) corresponds to the exponent of the channel delay profile

while the factor v/(1 — a2(p))e~PP ensures that each link maintains the exponential decay
profile (e=7P) for all time.

This channel model pushes the time variation to the limit while avoiding intercarrier
interference and ensuring the proper operation of the space-time code. Using the dynamic
equation in (5.3), we can obtain the state-space model for the impulse response fo; acting

between transmit antenna t, and receive antenna 7,

1D (p) = alp)hlz () + /(1 - a2(p))erulz (p) (5.4)
By stacking (5.4) for p = 0,1,..., P, we obtain the dynamic model
2+ ¢ '
h's = Fh'* + Gu! (5.5)
where

a(0) 1—a?(0)
F = and G = .
a(P) V(1 = a2(P))ePP

By further stacking (5.5) over all transmit and receive antennas, as done in (5.1), we obtain
Y = (Iz,n, ® F)h+ (Ir,r, ® G)u (5.6)

where h, u, and h*) are vectors of size T, R,(P + 1) x 1. Note that while (5.3) and (5.6)
are equivalent, the latter model is in vector form and hence lends itself more to the Kalman
filter operations, which are essential for channel estimation.

Finally, for a complete characterization of this dynamic model, we need to specify the
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covariance of u. It is easy to show that

Eluu*] = Igp, ® E [uy,u; | (5.7)
= Ip, ® (I, ® E [ulzuls*]) (5.8)
= I, ®Ir, ® Ipy1 =I7,R,(Pt1) (5.9)

We can similarly show that the channel covariance at the first time instant is given by
Elh b = I1,, ® GG"

The covariance information is important for employing the Kalman filter to channel esti-

mation. Appendix A considers the the more general spatially correlated case.

5.2.4 Receiver

Initial

Channel
Cyclic Estimator
prefix FFT [
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| h
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STBC Pilot De- De-
™ ™ — Demodulator - 1 | Decoder -
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.
E[x]
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Cyclic
prefix FFT

Channel
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Figure 5.3: OSTBC OFDM receiver

A block diagram of the receiver is shown in Figure 5.3. The receiver uses the pilots to
initialize its operation. The receiver’s core operation is based on the expectation maximiza-
tion (EM) algorithm which performs joint channel and data recovery. The iterative module

is made up of the ST block decoder/data detector and the channel estimator.

STBC Decoder/Data Detector

The STBC decoder/data detector calculates the conditional first and second moments of

the transmitted data (soft estimate) to be used by the channel estimator. This constitutes
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the expectation step of the EM algorithm. At the last iteration of the algorithm, this block
generates hard decisions of the STBC block.

Channel Estimator

The soft estimates of the STBC decoder are used by the channel estimator in the maximiza-
tion step of the EM algorithm. It uses these estimates together with other data/channel
constraints to produce an improved channel estimate.

These two processes (channel estimation and data detection) go on iteratively until
a stopping criterion is satisfied. This could be that the iterative algorithm executes a
maximum number of iterations or that the likelihood function does not change beyond a
certain threshold.

The decoded OSTBC OFDM symbols are stripped of their pilot symbols, passing the
remaining (data) symbols to the QAM demodulator. The demodulated bits subsequently
pass through the de-puncturer, de-interleaver, and finally the Viterbi decoder.

5.3 Input/Output Equations for MIMO OFDM

To derive the I/O equations for a MIMO channel, we first derive the |/O equation for a SISO
link between transmit antenna ¢, and receive antenna r, and subsequently use superposition
to scale up the result to the MIMO case. The SISO 1/0 equations are described in Table 4.2

(Chapter 4), part of which is reproduced here for convenience.

Table 5.1: Input/output relationships for the circular, linear, and total channels between
transmit antenna t, and receive antenna Ty

H CHANNEL H SEQUENCE RELATIONSHIP \ MATRIX RELATIONSHIP H
Linear Y,, = bt rx, 1, Yy, =X, b +n,
Circular y'f‘z = hff;@wtz + nrz yrz = dla‘g (XT‘z) QPJ,»:[E?; + NTCL‘
Yy, =HE © Xy, + N, = X, h* + N,
Total Uy, = Eff; * Ty, + Top, YV, = X, his + N,

5.3.1 Remarks

1. We can now use the I/O equations of Table 5.1, together with the superposition

principle, to derive the corresponding |/O equations for a MIMO system. For example,
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under superposition, the matrix relationship for the linear channel becomes

Ty
y = X, hlr+n, (5.10)
tz=1

2. Alternatively, if we adopt the Einstein notation for summation, ? the following two

expressions become equivalent

Yy

Zre

To
X, b +m, and y =) X, hy+n, (5.11)
tp=1
This in effect means that Table 5.1, as it stands, completely characterizes the 1/0
equations for the MIMO channel.

3. The relationships of Table 5.1 exhibit no time dependence as they apply to any MIMO
OFDM symbol. When time dependence needs to be emphasized, as when the OFDM
symbol is part of a space-time block, we signify it by attaching () to the symbol.

For example, we can rewrite (5.10) to stress the time-dependence as

Ty
y, () =) X, (to)hy +m, (1) (5.12)

te=1

For proper operation of the ST code, we assume that the channel @ff; remains constant

over the duration of the block.

4. While Table 5.1 completely describes the behavior of a MIMO channel, we would like

to write the I/O equation in the succinct form
Y=Ah+N, (5.13)

that incorporates the effect of the space-time code and the effect on all receive
antennas— a form that lends itself to channel estimation. Before doing that, however,

we digress to briefly introduce ST codes and input representation in their presence.

2The Einstein notation allows us to get rid of the summation symbol by invoking the understanding that
summation runs over any subscript or superscript that is repeated in a given monomial. Thus, ¢, appears
twice in the monomial in *x, and so the monomial should be summed over the range of ¢, making the
two expressions in (5.11) equivalent.
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5.3.2 Space-Time Coding for OFDM

For OFDM transmission, STBC can be implemented on the time or frequency symbol.
In time-domain STBC, the code symbols of a given ST block occupy the same frequency
bins of consecutive OFDM symbols. In contrast, the code symbols in frequency-domain
STBC occupy consecutive frequency bins in the same OFDM symbol. While we assume
time-domain STBC in this chapter, the design can be easily extended to frequency-domain
STBC.

To derive the |/O equations for space-time coding, we adopt the approach of [51]. To this
end, consider the set of Ny uncoded OFDM symbols {S(1),...,8(Ns)}. Using ST coding,
we wish to transmit these symbols in one OSTBC block using T, antennas and 7 time
slots. We achieve this using the set of T, x T, matrices {A(1), B(1),...,A(Ns), B(Ny)}
which characterize the ST code used. For example, Alamouti’s code with T, = 2, Ny, = 2

and Ty = 2 is characterized by the matrices

A(l):[1 0 ] A(Q):lo 1], B(1):[1 0], and B(2):[0 _1]

0 -1 10 01 1 0

Following the approach of [51], we can show that the OFDM symbol transmitted from

antenna t, at time slot ¢, is given by
N
X, (ty) = Y ai® (n)RS(ns) + jbi’ (ns) IS (ny) (5.14)
ns=1
where aii is the (t,,tp) element of A(ny), bi‘; is the (s, ) element of B(ns), j = +/—1, and
RS&(ns) is the real part of S(ny) and ZS8(ny) its imaginary part.
The coded symbol X, (t;) is now ready for OFDM transmission. This is done at the
transmitter by performing an IFFT on X, (¢;) to produce the time domain symbol
1 *
xy, (ty) = TNQ Xy, (1) (5.15)
and by appending a cyclic prefix given by

Ly (ty) = \/IN

The time and frequency domain symbols as well as the cyclic prefix can in turn be used to

QLXy, (1) (5.16)
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generate the input matrices X, (t), Xy, (), and X, (t;) that are used in the /O equations

as described in Chapter 4. With these equations at hand, we are now ready to write the

I/O equations in the compact form (5.13).

5.3.3 Input/Output Equations with Space-Time Coding: Channel Esti-

mation Version
Linear Channel

Consider the time-dependent 1/O equation (5.12). Concatenating this equation for ¢, =
1,...,Ty yields

y, (1) X, (1) n, (1)
y (2 X, (2 n, (2
y, (2) _ tf( ) hE I.( )
Ly, (Ty) | | X, (Th) | | n, (1) |
———
grz th HTI

We can write this more compactly as

=T

This represents the 1/0 relationship for the linear channel between transmit antenna ¢, and

receive antenna r,. Using superposition, we can express the effect of T}, such antennas as

hl
y = | X - Xg : +N+, (5.17)
X hy:
- N——
h,

Finally, concatenating this relationship for all receive antennas yields

Y, X hy
Y, X h, n9y

@
=
8
[
|
=
8
|3
=
8
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Using the stack notation (5.1), we can equivalently write this as

y=I®X)h+n

Circular Channel

Along the same lines, we derive the following 1/O equation for the circular channel

Y=(U2X)h+n]| (5.19)
where
X = { X, Xy --Xr }
with _ - _ - -
X+, (1) diag(X'+, (1))@ pi1
X, - thf(Q) _ diag(XtZ.(Q))QPJrl
L X1, (Ty) i L diag(xtac(Tb))QPH i

Total Channel

We can similarly show that the 1/O equation governing the total channel is given by

y=I®X)h+n

where
X=X X, - Xp, |
with
[ X, (1) |
Xy, = th'@) and Xy, (t) = [ X, (ty) ] _ [ diag(Xy, (4))Qp1
: X, () X, (t)
X1, (Ty)
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5.3.4 Input/Output Equations with Space-Time Coding: Data Detection

Version

Signal detection in ST-coded OFDM is done on a tone-by-tone basis, except that the tones
are collected for the whole ST block (for R, receive antennas and over T} time slots).
Consider the frequency domain |/0O equation in Table 5.1. We can extract the following I/O
equation for tone n belonging to the OFDM symbol ¢, (equations (5.20)—(5.26) are valid at

a given tone n but we don’t show this dependence explicitly for brevity)

Xi(tp)
V)= | ML, o HE L | N W) (5.20)
X, (t)

Collecting this relationship for all receive antennas yields

Vi(ty) HE - HI Xy (ty) Ni(ty)
: = @ .. : + : (5.21)
VR, () My - Hp Xr, (ty) Nr, (tp)

Or, more succinctly,
V(ty) = HX (ty) + N () (5.22)

By further concatenating this relationship for ¢, = 1,--- , T}, we can show that the following

relationship holds (see [51] for more details)

RS
=C N 5.23
y s | T (5.23)
where
Y1) S(1)
Yy = : , S= , and C:[Ca Cb}
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with

Cu = [ vec(MAL) - vee(HAN,)) | (5.24)
Cp = | vec(HB(1)) - vec(HB(N,)) | (5.25)

We note that the STBC code is orthogonal if and only if the matrix C' satisfies [51],
RI[C*C| = ||H||*T YH (5.26)

This property is essential to perform data detection. On multiplying both sides of (5.23)
by C* = [ c, C; } , taking the real part, and rearranging terms, we can show that the

following relationship holds

Y(n) = [H(n)|28(n) + N (n) (5.27)

where
Y(n) = R[CL)Cn)Y(n)] + jR[Ci(n)C(n)Y(n)] (5.28)
N(n) = R[Cin)Cn)N(n)] + jR [C;(n)C(n)N (n)] (5.29)

We would like to remind the reader that the developments above apply at a given frequency
tone n as explicitly indicated in (5.27)-(5.29). Since C is orthogonal, the noise N remains

white and 8 can be detected from (5.27) on an element-by-element basis.

5.4 Channel Estimation

Channel estimation is a critical part of the receiver proposed in this chapter. It is a chal-
lenging task because the receiver needs to estimate the channel by utilizing the underlying
channel and data constraints when the input is not available at the receiver. The estima-
tion makes use of the frequency and time correlation, finite delay spread, sparsity, ST code,
cyclic prefix, and the finite alphabet constraints. We start this section by explaining how
to estimate the channel when the data is known at the receiver. We use that as a spring

board to treat the unobserved data case. Throughout this section, we will assume that the
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channel h, satisfies the generic 1/O equation

YVi=Xah;+ Ny (5.30)
and follows the dynamic model
£ _
h,” = Fsh; + Gquy (5.31)

where the subscript d indicates dummy variables.?

5.4.1 Known Data Case

When the input X4 is available, we perform channel estimation by maximizing the log-

likelihood function

hy = arg H;laXp(@d!yd, X ) (5.32)

v,

= argmaxp(hy)p(Ve, Xalha) (5.33)
n,
Here p(h;|Y4, X 4) is the pdf of the channel given the input and output data. Assuming
that the channel is Gaussian distributed (h; = AN(0,II)) and satisfies the 1/0 equation
(5.30), we can show that the MAP estimate is given by

hy = arg tpin 1¥Va = Xahy|l2 2 + |yl (5.34)
where o2 is the variance of the noise. The estimate makes use of the frequency correlation
which manifests itself through the channel covariance matrix IT.

If, in addition to the 1/O equation, the channel satisfies the dynamic model (5.31),
then we can use the previous channel estimate to improve on the current estimate. More
precisely, the dynamic dependence between the present and the past expressed by (5.31)
allows us to use all past input and output data in addition to the present ones. In this case,

the log-likelihood function (5.32) is maximized given all the past and present data and is

3In this section, we describe channel estimation in terms of a generic state-space model and dummy
variables. This allows us to describe channel estimation in general and succinct terms and without having
to carry complicated expressions around (involving the kronecker product, for example).
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achieved efficiently using the Kalman filter [47], described by the equations below

(+1-) II for first time instant
P = (5.35)
FdP(f)FZ + G4G}; otherwise
R. = oI+ X,PYXx3 (5.36)
K; = PHPOIXIR! (5.37)
Egﬂ _ 0 ) for the'ﬁrst time instant (5.38)
- d) ¥a 4, otherwise
(I — K;X4) Fahy+ K Y4, oth
Pt = pH=) K;R.K} (5.39)

5.4.2 Unknown Data Case: The EM Algorithm

The challenge in our algorithm is that the input is not available. Hence, instead of maximiz-
ing the conditional distribution in (5.32), we maximize an averaged form of the distribution,
i.e.

~new iter

h, = argmax Exy g iver 0p(Rg| X g, Va)) (5.40)

where averaging is performed over the unknown input given the output Y4 and the channel
estimate of the previous iteration. This represents the EM algorithm. Each iteration of the
algorithm produces an estimate ﬁd that monotonically increases the likelihood of the channel
h,. This guarantees that the EM algorithm converges to a local maximum of the likelihood
function [66]. Convergence to the global maximum depends on the initial condition from
which the EM iterations are started.

From (5.40), we see that the EM algorithm consists of two steps repeated iteratively:

1. The expectation step where the log-likelihood is averaged over the unknown (input)

variable given the most recent channel estimate. This corresponds to the data detec-

tion part of the receiver.

2. The maximization step where the averaged likelihood is maximized to update the

channel estimate. This corresponds to the channel estimation part of the receiver.

These two steps are repeated until the algorithm converges.

For example, when the data X 4 is unobserved, the MAP estimate of (5.34) is replaced
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by the EM-based estimate
g = argmax Yo = BIX dlhal2 + [all3gs + el (5.41)

where F[X 4] and Cov[X 4] represent the expectation and covariance of X 4, respectively.
Similarly, when the data X 4 is unobserved, we can not employ the Kalman filter (5.35)—

(5.39) to estimate the channel. Instead, the EM-based channel estimate is obtained by

employing the Kalman filter (5.35)—(5.39) to the following state-space model [2]

Y = Fuhy+ Gauy (5.42)
E[X N

Ya | _ [ i]m hy+ | ¢ (5.43)
Opx1 Cov [ X 4] 24

where z, is Gaussian N (0px1,02I) and independent from Ay. In other words, we employ
the Kalman filter (5.35)—(5.39) with the following change of variables

ElXad ] and yd—>[ Yd ] (5.44)

X4 —
Cov [Xd*]1/2 Opx1

5.5 Algorithm Summary
In this section we summarize the steps taken in the algorithm

e Initial channel estimation The first step in the receiver operation is to obtain an
initial estimate of the channel. We achieve this applying the Kalman filter to the
dynamic channel model (5.6) together with the pilot/output equations (5.61), which
are derived in the Appendix B

Y = (In,p, ® F)h+ (I1,p, ® G)u (5.45)
Vi, = IeXp)h+Np, (5.46)

The Kalman filter (5.35)—(5.39) thus provides the initial channel estimate by perform-

ing the substitution

Fy— (It,g,®F) Gq— (IT,r, ® G)

(5.47)
Yi— Vi, Xg— (Ip, ® X1,)
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When time correlation information is not available to the receiver, the initial estimate
can be obtained by solving the LS problem in (5.41) or by setting F' = 0 in (5.47). In
subsequent ST blocks, the final estimate calculated in the previous block is used to

calculate the predicted portion of the channel estimate.

e Expectation step-data recovery The receiver uses the latest channel estimate to
perform the expectation step on the data. Let A = {Al, e ,A|A|} where |A| is the
size of the set A, denote the alphabet set from which the elements of the (uncoded)
OFDM symbol 8(n) take their values. Based on the data detection relationship in
(5.27), we can show that the conditional pdf f(S(ns)|Y(ns)) is given by (S(ns) is the
nth tone of the OFDM symbol 8(ns) with n omitted for brevity)

o[ H[ st ’
~ e 203
f S s y s)) — 5 2 5.48
(S(ns)|Y(ns)) o (5.48)
Silie

where ||H|” is based on the most recent channel estimate and is defined in (5.22).
We can use this to calculate conditional expectation of S(ns) and its second moment

given the output Y(ns)

e
~ ] Az 202
ES(n)|P(n,) = Z=1 e . (5.49)
s M
Sile
‘Al , ‘y( s)*HHH2AL
- Al |4,
B [Plny)] = Ze=lAle (5.50)
s [P
Tl

e Maximization step-channel estimation The receiver now uses the first two mo-
ments of the data to perform the maximization step on the channel. As we argued in

Subsection 5.4.2, the maximization step is carried out by running the Kalman filter
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(5.35)—(5.39) with the following change of variables

Fd—>(ITsz®F) Gd_>(ITZRz®Gd)
y I, % E[X] (5.51)

Yi—
Opy«1 IRx®COV[X*]1/2®IRx

=

When time correlation is unavailable, the channel estimate can be obtained by setting
F =0in (5.51).

e The expectation and maximization steps are alternated until a stopping criterion is
satisfied, at which point the detected QAM-symbols are demodulated, de-punctured
and de-interleaved. The resulting bits are then decoded by a Viterbi decoder.

5.6 Simulation Parameters

The transmitter and receiver illustrated in Figure 5.1 and Figure 5.3 were implemented.
The outer encoder is a rate 1/2 convolutional encoder and the coded bits are mapped to
16-QAM symbols using gray coding. We use the OSTBC commonly known as the Alamouti
code with Ny = 2 and T, = 2 [6]. Our MIMO channel model is simulated using the state-
space model with parameters, o = 0.985, 3 = 0.2, P =7 and U is N(0,I). The number of
receive antennas, R,, is set to 1 or 2.

Three thousand packets were simulated per SNR value. Each packet is comprised of 12
OFDM symbols transmitted over 6 ST blocks. Each OFDM symbol consists of 64 frequency
tones and a cyclic prefix of length 16. 16 pilots are used in the OFDM symbols making up
the first ST block, while the number of pilots in subsequent symbols vary between 2, 6, and
10.

5.7 Results and Discussion

In this section, we discuss the effect of various parameters on the BER performance of the

receiver design.

5.7.1 Bench Marking

We compare our algorithm with an EM-based iterative MMSE receiver such as the one

proposed in [58] and [24]. In contrast to our work, the authors in [58] and [24] take a
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Figure 5.4: Receiver design comparison

data-centric approach, treating the transmitted signal as the desired parameter and the
channel as the unobserved data. This algorithm further confines its pilots to the first ST
block. The pilots are used to produce an initial channel estimate for the first ST block. This
estimate is in turn used to predict the initial channel estimate for the subsequent ST blocks
by employing a time correlation filter [58]. These initial estimates are used to kick-start the
EM algorithm.

In this algorithm, the E-step is calculated by a conditional expectation of the channel
given the received symbol and the current estimate of the transmitted data (i.e., through
MMSE estimation). The maximization step is simply the hard decision, i.e. the ML estimate
of the transmitted data.

In Figure 5.4, we compare both schemes with 16 pilots in the initial ST block and zero
pilots in the subsequent blocks. EM 4 refers to the iterative MMSE scheme while EMp
refers to the Kalman filter based scheme proposed in this chapter. We also implement both
schemes with a total of 26 pilots as shown in Figure 5.4. The EM4 confines the pilots to
the first ST block while in EMp, we place 16 pilots in the first ST block and 2 pilots each
in subsequent blocks. This ensures that both schemes incur the same pilot overhead.

Our algorithm (EMp) outperforms EM4 of [58] in both pilot scenarios. One reason
for this performance improvement is that our algorithm incorporates the time correlation

information and the most recent channel estimate in every iteration of the EM algorithm.
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5.7.2 Sensitivity to Number of Iterations and Spatial Diversity
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Figure 5.5: BER performance with iterations and spatial diversity

In this subsection, we test the sensitivity of our algorithm to the number of EM iterations
used. We demonstrate this for one and two receive antennas. Here we employ 6 pilots per
OFDM symbol (in addition to the 16 pilots per symbol employed in the first ST block).
From Figure 5.5, we see that the first iteration yields substantial improvement over the
pilot-based estimation. However, iterating beyond that yields diminishing returns.

Figure 5.5 also illustrates that by increasing the number of receive antennas (thereby
increasing the spatial receive diversity), the BER performance gets closer to the perfectly
known channel case, indicating that spatial receive diversity provides more tolerance to

channel estimation errors.

5.7.3 Sensitivity to Number of Pilots

Here, we keep the number of pilots in the first ST block fixed at 16 per OFDM symbol and
vary the number of pilot tones in the subsequent ST blocks (we use 2, 6 and 10 pilots per
symbol). The results are shown in Figure 5.6.

We note that the BER performance improves with increasing number of pilots. We also
note that additional EM iterations can have substantial improvement for the low number of

pilots case (e.g. the BER curve for the 2 pilots case is almost similar to that of the 6 pilots
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case).
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Figure 5.6: BER performance with varied number of pilots

5.7.4 Effect of Incorporating Frequency and Time Correlation in the

Channel Estimation

The impact of using both frequency and time correlation in channel estimation is shown in
Figure 5.7 for the 6-pilot scenario. In this figure, solid lines represent the one receive antenna
case (R; = 1) while the dashed lines stand for the two receive antenna case (R; = 2).
P, = 1 refers to channel estimation using frequency correlation information only while
P, = 2 implies the use of both frequency and time correlation in channel estimation (see
Section 5.5 for details).

We observe an error floor when only the frequency correlation information is used in
channel estimation. This error floor remains regardless of the number of iterations. How-
ever, when we incorporate both frequency and time correlation information, we observe a
significant improvement in BER (at a BER = 1072, the error floor drops by more than 10dB
for R, = 1 and R, = 2). We also note that a single EM iteration provides substantial
improvement when compared to the pilot-based estimation case.

We conclude that including time correlation in the channel estimation process (especially

for channels with high time correlation) increases the amount of information that can be
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harnessed by iterating.

10

Figure 5.7: BER performance with frequency and time correlation

5.7.5 Sensitivity to Time Variation
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In this subsection, we test the performance of our receiver against different degrees of time

variation. This is parameterized by « (0 < o < 1) with lower values of « indicating a more

time-variant channel. In Figure 5.8 we show the BER curves for a system that employs
10-pilots per OFDM symbol.

From this figure, we observe that as a decreases (indicating more channel variation),

the BER improves. This comes from increasing time diversity in the channel. Therefore,

with enough number of pilots, we are able to track the channel and capture time diversity.

For comparison, in Figure 5.9, we show the BER curves for a system with fewer pilots
(6-pilots per OFDM symbol) for o = 0.7,0.8 and 0.985. We observe an error-floor as the

channel variation increases. So, in this case, we are unable to capture the time diversity.

More pilots are thus needed to capture diversity and improve performance.
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Figure 5.8: BER performance with varying channel correlation with 10 pilots

5.8 Practical Issues

5.8.1 Convergence and Stopping Criterion

For deterministic channels, i.e. in the absence of any correlation information, the minimum
number of pilots needed for channel identifiability is equal to the number of taps of the
MIMO impulse response [71]. However, when the channel becomes random as is the case in
this chapter, we can decrease the number of pilots and compensate for the decrease with
(frequency and time) correlation information. Quantifying the exact trade-off is beyond the
scope of this chapter.

Each iteration of the EM algorithm produces an estimate of the channel ﬁd that mono-
tonically increases the channel’s likelihood function. This guarantees that the EM algorithm
converges to a local maximum of the likelihood function [66]. Convergence to the global
maximum depends on the initial condition from which the EM iterations are started.

Here, we use simulation results to investigate the effect of SNR and number of iterations
on the convergence of the EM algorithm. We do this by plotting the mean-square error
(MSE) between the channel estimate and the actual channel as a function of SNR. The MSE
is plotted for pilot based estimation and for EM-based estimation with 1 and 4 iterations.
We also plot the Cramer-Rao Bound (CRB) curve obtained when all the symbols are used as

pilots [93]. We note that the pilot-based estimation curve in Figure 5.10 eventually reaches
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Figure 5.9: BER performance with varying channel correlation with 6 pilots

an error floor. From this figure, we also note that with increasing number of iterations and
increasing SNR, the MSE of our estimate approaches that of the CRB.

Since the number of iterations used determines the computational complexity, we would
like to devise a way to stop the iterations without compromising the performance of the EM
algorithm. Thus, we will iterate for a maximum number of n;., iterations as long as the

percentage change in the two most recent channel estimates is greater than some constant

n, i.e.
~iter ~iter—+1 ||2

12 h
thter”Q

>

We stop the algorithm if this condition is violated or if we reach the maximum number of

iterations njter.

5.8.2 Robust Channel Estimation

For the proper operation of the receiver, the channel needs to follow the dynamical model
and the receiver needs to have access to that model, i.e. to F' and G. When either of these

assumptions is not true, the receiver assumes the dynamic model,

(+)
s’ = Fhl* + Gu (5.52)
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when the channel actually varies according to

(+)
t
h,®

—lx

= (F+ AF)hl + (G + AG)u* (5.53)

where AF and AG characterize the uncertainties in the model. To minimize the effect of
these uncertainties, one can implement robust versions of the Kalman filters, as done in
[81].

5.8.3 Complexity

One of the main advantages of OFDM transmission is that it lends itself to simple equal-
ization. 4 Thus, regardless of the OFDM receiver we employ, the major cost in complexity
is incurred in channel estimation. So we will take the complexity of channel estimation as
a bench mark to compare various receivers.

Roughly speaking, we can distinguish between three kinds of receivers: the non-iterative
pilot based receiver, the iterative MMSE receiver (e.g. that of [58]), and the iterative Kalman
filter based receiver we propose in this chapter. All of these methods employ some form of

matrix inversion to solve for the MIMO impulse response, which consists of T, R, (P + 1)

4In fact, we can show that the number of operations required to perform MMSE- or ML-based data
detection of an OFDM symbol is always of the order O(N).
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taps. The cost of one such matrix inversion is thus O(T2R3(P + 1)3) [47]. This inversion is
done once for pilot-based estimation while its done n;t.,, number of times for the iterative
receivers resulting in a complexity of O(ne, TSR3 (P +1)3). Thus, our Kalman based filter
results in a linear increase in complexity as compared to the most basic (pilot-based) receiver

and has comparable complexity to that of iterative MMSE receivers.

5.9 Conclusion

In this chapter, we have proposed a receiver for MIMO OFDM transmission over time-
variant channels. The receiver makes full use of the data constraints (pilots, cyclic prefix,
finite alphabet constraint and space-time code). It also exploits the channel constraints,
particularly the time and frequency correlation. While we assumed the channel to be
constant within the same space-time block, it is allowed to vary from one block to the
next. This allows the receiver to operate in high speed environments. Apart from the outer
code, the receiver also performs channel and data recovery within the same space-time
block and hence avoids the need for data storage making the receiver suitable for real-time
applications. When compared with other MIMO receivers, our receiver makes the most use
of the underlying data and channel constraints.

The receiver employs the EM algorithm to achieve channel and data recovery. Specif-
ically, the data recovery (or the expectation step) is as simple as decoding a space-time
block code. Channel recovery (or the maximization step) is performed using a Kalman fil-
ter. Simulations demonstrated the favorable behavior of our receiver as compared to other
receivers.

We can generalize the algorithm presented to include the effects of the transmit filter
and the channel transmit and receive spatial correlation (see Appendix A). We can also
modify the receiver to take care of (space-time) trellis as opposed to block codes. If storage
and latency are not of concern, we can also modify the algorithm to perform estimation in

the forward and backward direction resulting in better estimates, as done in Chapter 4.
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5.10 APPENDIX A: Channel Model in the Presence of Spa-

tial Correlation

In what follows, we present the transmit correlation case, and then generalize our results

to deal with the general correlation case.

5.10.1 Transmit Correlation

In the transmit correlation case, H(p), the MIMO impulse response at tap p, is given by
H(p) = W(p)T"*(p) (5.54)

where T/?(p) is the transmit correlation matrix (of size T,) at tap p and where W (p)
consists of iid elements. The matrix W (p) remains constant over a single ST block and

varies from one ST block to the next according to

W (p) = a(p)W(p) + /(1 — a2(p) e~ (p) (5.55)

where «a(p), 3, and U (p) are as defined in Subsection 5.2.3.

Just as we did in Subsection 5.2.3, we would like to construct a recursion for the tap
bl (p) and subsequently scale it up for the SISO and MIMO cases. Now since h* (p) is the
(ry,t;) element of H(p), we deduce from (5.54) that it is the inner product of the r, row
of W (p) and the t, column of T2, i.e.

hiz (p) = w, (p)t™ (p) (5.56)

Moreover, from (5.55), we have the following recursion for w,, (p)

wi(p) = alpwr, (p) + /(1 — a2(p))e=Puy, (p)

Post-multiplying both sides by t'=(p) yields

wl (P)E (p) = alp)w,, (D)= (p) + /(1 - a2(p))ePuy, (p)t* (p)
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This means that kL’ (p) satisfies the dynamical equation

1 () = a)lz (0) + /(1 - a2(p))ePutlz (p) (5.57)

where utf is defined by

utyz (p) = ur, (p)t" (p)

Concatenating (5.57) for p = 1,2,..., P yields a dynamic equation for the impulse response
hz (0) w,, (0)t'(0)
hyr = : = i
hyz (P) w,, (P)t'(P)

which is the same as the dynamic equation (see (5.5)) for the spatially uncorrelated case

t§f>
”

x

hl>" = Fhy* + Gut;* (5.58)

The only difference from the uncorrelated case is that utfg; is no more white. Rather, we

have
[, (0)t=(0) ]
E [utizutl:'] 2 E u%(l?ttzm t' = (0)uy, (0) = (Duy, (1) -+ " (P)ur,.(P)
u, (P)t(P) |
[ ttl=(0) ]
- (1) 2 diag(tt!)
I tt;" (P)
where ) o _
t"=*(0)t'=(0) t,. (0)t!=(0)
stle = t”*(l?ttz(l) | e ()
I t”*(PSttZ(P) I tm(P)‘ttm(P) ]

and where the second line follows from the fact that "=*(p) = t,, (p) since TY?(p) is
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conjugate symmetric. In general, we can show that

diag(tti)
diag(ttd)

Elut, ut’ ] =

diag(tt?)
diag(tt3)

i diag(ttngc) diag(tt%x)

diag(ttT*) |
diag(tt;”)

diag(tt%) |

for r, = r/, and is zero otherwise. Alternatively, we can write this as

P
T
Elut, ut* ] = { 20
Tz O
where
) _ [0
1 0
00 0
B = , l: 1
100 0 ]

Y

0
10

(p) ® (lpBTp) for r, =1/,

otherwise

and I =

Collecting (5.58) for all transmit and receive antennas yields

b = (Ir,p, @ F)h+ (Ir,r, ® G)ut

where

Eluu®] = Ig, ® Elut, ut, ]

P
= Y In eT@) e (I'BT)
p=0

131

1

0
0 -
(5.59)
(5.60)

When the channel exhibits both transmit and receive correlation, the IR h continues to

satisfy the dynamical equation (5.59) except that the correlation of the innovation u is now

given by

P

Fluu'| = Z R(p) ® T(p) ® (I"BT")

p=0
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5.11 APPENDIX B: Pilot/Output Equations for MIMO OFDM

Starting from the |/O equations constructed in (5.3), we derive the pilot/output equations
that can be used for initial channel estimation. So let I, denote the index set of pilot loca-
tions within the frequency bins. The pilot/output equations are simply those |/O equations
whose numbers are elements of the index set I,. Thus, from (5.19) and using the pruning
notation of Chapter 4, we can write the pilot/output equations at antenna r, and time
instant ¢, as

Ns
Vipgy (o) = 3 | diag (o)’ (na)R(S1, (ne)) 456" (na)TS1, (na)) -+ disg (it (na)R(S1, (na)) + b (ne)S1, (ns)) |

ng=1

X (I1®Qby1) hyy + Ny p (1)

We now proceed as we did in the full output case collecting the output Y, I, (tp) over

ty =1,...,T, and over all receive antennas. This yields the pilot/output equation
Vi, =T ®X,)h+N7p, (5.61)
where
Ns
X1, = Y [diag(a1(ns) @RS, (ns) +5b1(ns) @IS (ns)) -+ diag (@, (ns) ® RS 1, (ns) + by, (ns) © IS 1, () |

ng=1

X (I®Q},+1)



Chapter 6

Conclusions and Future Work

6.1 Concluding Remarks

This dissertation has considered the analysis and design of adaptive algorithms for wireless
channel estimation. The first part of the dissertation presented a framework for the transient
analysis of adaptive filters with general data and error nonlinearities. The approach relies on
energy conservation arguments. In addition to deriving earlier results in a unified manner,
the approach leads to stability and performance results without restricting the regression
data to being Gaussian or white. The framework also does not require an explicit recursion
for the covariance matrix of the weight-error vector. We may add that extensions to leaky
algorithms and to tracking analysis are possible and are treated in, e.g., [83].

The second part of the dissertation considered receiver design for SISO and MIMO
OFDM transmission over frequency selective block-fading ! channels. The receiver em-
ploys the expectation-maximization (EM) algorithm for joint channel and data recovery. It
makes collective use of the data and channel constraints that characterize the communi-
cation problem. The data constraints include pilots, the cyclic prefix, the finite alphabet
constraint, and space-time block coding. The channel constraints include the finite delay
spread, sparsity, frequency and time correlation, and spacial correlation. The receiver algo-
rithm becomes progressively more sophisticated as more data and channel constraints are
incorporated, with each new version of the algorithm subsuming the previous version as

a special case, culminating in the most general version, the EM-based forward-backward

!By block, we mean an OFDM symbol for SISO transmission and a space-time block for MIMO transmis-
sion.

133
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Kalman filter.

The two parts of the dissertation share the following three themes:

Model-Based Filtering: Both the analysis and design of adaptive algorithms relied on

some a priori models. For example, in performing adaptive filtering analysis, we adopted
the system identification model, which relates the input and output according to (see Sub-
section 2.1.3 and Section 3.2)

d(i) = wyw’ + v(i)

Similarly, in designing the OFDM receiver, we assumed that the channel evolves in time

according to the dynamic model (see Subsections 4.2.5 and 5.2.3)
hi = Fh; + Gu;

Weighted-Norm Based Development: Weighted-norms were heavily used in the anal-

ysis and design of filters. Thus, mean-square analysis of adaptive filters was performed by
carrying out the algebra on the FEuclidean norm’s weight. Similarly, the channel IR was
estimated by minimizing a sum of weighted Euclidean norms (see the weighted-norm in-
terpretation of Table 4.7). The norms involved and their weights depend on the a priori

information about the channel and available information about the data.

State-Space Model: Both the analysis and design of adaptive algorithms are articulated

in terms of state-space models. Thus, answering the questions of convergence and steady-
state error for an adaptive algorithm with data (error) nonlinearity boils down to answering
the same questions for a linear (nonlinear) time-invariant state-space model (see (2.55)
and (3.22)). Similarly, channel estimation of the EM-based OFDM receiver boils down to
applying a Kalman or FB-Kalman filter to some state-space model (see for example (4.73)).

The dissertation managed to answer several important questions related to the analysis
and design of adaptive algorithms for channel estimation. Moreover, the transparency with
which these questions were answered paves the way to ask other questions that can be

pursued as future work, and which we elaborate on in the next section.
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6.2 Future Work

6.2.1 Adaptive Filters with Optimized Behavior

Chapters 2 and 3 presented a unified performance analysis of adaptive filters employing
general error or data nonlinearities. In particular, this general class of filters was charac-
terized in terms of convergence speed and steady-state behavior. A natural question is,
then, what is the optimum data or error nonlinearity that maximizes the convergence speed
for a given steady-state performance, or, alternatively, reduces the steady-state error for
a given convergence speed? Several papers have already attempted to answer this ques-
tion and optimize the choice of data and error nonlinearities (e.g., as in [27, 3, 28, 14]).
The optimum nonlinearities arrived at in these works were obtained by maximizing some
performance measures which were themselves obtained under restrictive assumptions and
approximations. The result is that the corresponding nonlinearities are in turn as good as
or as valid as these assumptions and approximations.

In contrast, the performance analysis detailed in Chapters 2 and 3 is valid under much
more general conditions. Starting from this general performance analysis, we can derive

nonlinearities that are optimum under similarly general conditions.

6.2.2 Relaxing the Independence Assumption

The energy relationship described in Subsection 2.2.1 made it possible to relax many of
the assumptions that are usually invoked in the study of adaptive filters. As a result, the
independence assumption is the only assumption that Chapter 2 relies on for the mean-
square analysis of adaptive filters with data nonlinearity. Moreover, by carefully examining
the development of Chapter 2, we note that disposing of this assumption requires the
manipulation of an infinite product of correlated random matrices [70]. There is significant
literature on random matrices that has been successfully employed for recent advances in
communication theory [96, 25, 67]. The same theory can be used to evaluate products of
random matrices and hence study the performance of adaptive filters without relying on

the independence assumption.

6.2.3 Reducing the Complexity of the OFDM Receiver

The presence of the cyclic prefix in OFDM transmission diagonalizes the communication

channel. This simplifies the equalization part of the receiver because equalization can then
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be carried out on a tone-by-tone basis. The presence of the cyclic prefix can be similarly
helpful in reducing the computational complexity of the channel estimation part of the
receiver. Specifically, from Subsection 4.2.1 we note that the input matrix X; can be

decomposed in the presence of a cyclic prefix as

X; = diag (X;) Qpyy

i.e., as the product of a diagonal matrix and the partial FFT matrix Q py1 (Whose columns
are orthogonal). These facts can be used to simplify the computational complexity of the

Kalman and FB-Kalman filters.

6.2.4 Exchanging the Roles of the Channel and Data in Receiver Design

In receiver design, we need to recover two variables, the channel and the data. Recovering
the two variables jointly is too computationally intensive. The EM algorithm employed in
Chapters 4 and 5 performs the recovery iteratively by taking one unknown (the data) to be
the hidden variable and the other unknown (the channel) to be the desired variable. We
could also swap the roles the data and channel play in the EM algorithm, making the channel
the hidden variable, and the data the desired variable. This approach will also result in a
Kalman filter except that the state-variable will be twice as long. The advantage of this
approach is that it generates the data estimate through maximum-likelihood estimation as

opposed to mean-square estimation (as we do here).

6.2.5 OFDM Receiver Design Under Uncertainty

Chapters 4 and 5 considered receiver design for channels that remain constant during the
transmission of an OFDM symbol and that can change arbitrarily at the OFDM symbol
boundaries. Moreover, the chapters also assumed that the channel evolves according to a
dynamical model

h; ., = Fh; + Gu;

and that the model is perfectly available at the receiver. All these assumption might not
be valid in a real situation. Thus, the channel might change within the OFDM symbol
itself (giving rise to intersymbol interference). Moreover, the state-space model may not
accurately describe the evolution of the channel, and even when it does, the model is not

usually available at the receiver.
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These assumptions manifest themselves in the form of an uncertain state-space model

hiy = (F+AFh+(G+AGu, (6.1)
?i = (Yl + AYZ) hz +n; (6.2)

Deriving an EM-based receiver that is robust to these uncertainties would be a compelling

future work.

6.2.6 Optimal Pilot Placement

The simulations of Chapter 4 demonstrate that pilot-placement heavily affects the perfor-
mance of the Kalman and FB-Kalman receivers. The following questions are thus worthy

of consideration:

1. How many pilots are needed in the first symbol? From a system identification per-
spective, we need as many pilots as channel taps. However, since we are employing
an iterative procedure, how is the number of pilots affected the by number of the EM
iterations and by the fact that the channel has some exponential decay profile (making

the effect of some taps negligible)?

2. What is the best way to distribute a number of P pilots within an OFDM symbol?
Is uniform distribution the best way to go? Does the knowledge of the frequency
correlation among the taps help in placing the pilots optimally within the OFDM
symbol?

3. Given a certain level of time variation (Doppler speed) and given a certain number
of pilots to place in a number of OFDM symbols, what is the best way to distribute
them, assuming causal processing at the receiver (Kalman filtering)? What is the best

pilot distribution, assuming batch-processing (FB-Kalman filtering)?
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