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ABSTRACT

T his work proposes an iterative least-/m ean- squares approach to
channel iienti cation and equalization in OFDM. T his is achieved
by exploiting the natural constraints inm posed by the channel
(sparsity and m axinum delay spread) and those in posed by the
transm itter (pilots, cyclic pre x, and the nite alphabet con-
straint). These constxraints are used to reduce the number of
pilots needed for channel and data recovery and also to perform

this task within one packet. The diagonal nature of the OFDM
channel m akes it possible to perform optim al (nonlinear) m ean-
square detection of the data.

1. NTRODUCTION

There has been creasing nterest in OFDM as i combines
the advantages of high achievable rates and easy in plem en-
tation. This is re ected by the m any standards that con-
sidered and adopted OFDM including those for dgital audio
and video broadcasting, hish speed m odem soverdigital sub-
scriber Tines, and local area w Ireless broadband system s. L]
OFDM divides the com m unication channel into indepen-
dent subchannels by appending a cyclic pre x (CP) to the
data block tranam itted through the channel This tumsout
to be a very convenient structure that kends itself to ex-
phbiting the various constraints in posed by the tranam it-
ter and the channel. As such, many technijues have been
proposed in literature to estin ate and equalize channels for
OFDM transam ission (see, eg., [L], R], B], and the references
therein). In this paper, we propose a m ethod for sem iblind
channel and data recovery. Speci cally, we use the natu-
ral (sparsity) channel constraints and those in posed by the
tranam jtter to perform channeland data recovery w thin the
sam e packet and to reduce the number of packets that are
eventually needed. T hese constraints include
M axinum dely spread and sparsity constraints on
the channel which m ean that there are anly a few
active taps.
R edundancy of the nput in the form of cyclc pre x
which splits the OFDM channel into two subchannels
(redundancy due to the presence of a real code is con-
sdered ;n R]).
'Finite alphabet constraints on the data.
Thearti cialanstraint of pibtswhose num berwe are
abk to reduce by buiding upon the afbrem entioned
Jess super cial constraints.
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1.1. Notation

W edenote scalarsw ith am all-case letters, vectorsw ith am all-
case boldface ktters, and m atrices w ith uppercase boliface
Ftters. Caligraphic notation (eg. X) is reserved for vectors
in the frequency domain. W hen these variables become a
finction of tin e, the tin e Index i appears between paren-
theses for scalars (eg. x (1)) and as a subscrpt for vectors
leg. hi).

Now consier a length-N vectorx;:W e dealw ith three
derivatives associated with this vector. The st two are
cbtained by partitioning #; into an upper (pre x) vector z;
and a wer (usually onger) vector @; : T he third derivative,
T; ; iscreated by concatenating ; w ith a copy of tspre x &, :
T he relation between x; and its derivatives is sum m axized
by the ©llow ing relation

2 3
. m,
_ o .
Ti= 1 =4 g 5 @)
Ti x

=4

' This notatinal convention w ill be extended to m atrices as

well. Thus, amatrix Q with N rows can be partitined as
" # 2 3
Q QL _ 4 QI[ 5 @)
Q - QN L - Q12
The subscrpts stand for the indicator set of the row s in the
partitioned m atrices or for their num ber. They are om ited
whmevertheyareunders:ood.

12. A Note On (R egularized) Least-Squares (LS)

Sihce LS will be heavily used In this paper, t would be
conducive to brie y introduce it here. W e solve the system
of equations Ah = H in the LS sense by perform ing the
m Inin ization _
minkh h K | +kAh HK @)

where h , is the a priori inform atin about h; and 1
(W) is the con dence we have about b , (H). The solu-
tion of (3) and the correspanding estin ation error are given,

respectively, by bl
hy=h ;+(

01=(

1+ AWA) "AW H Ak, @
1+ AwWa) ()



2. ESSENTIAL ELEM ENTS OF OFDM

In OFDM , a data sequence fX (i)g is tranam itted in packets
X; of length N : Each padket undergoes an DFT operation
to produce the transform vector x; :

h, i
zi= QX; where Q= ¥ M (6)

I the underlying sequence £x (i)g is transm itted through a
(ength L+ 1 FR) channelh ; it w illbe subject to ntersym bol
interference S1 To go around this, a guard band in the form

of a CP is mserted between any consecutive packets, ;i 1
and @;: Thus, nstead of transam iting «;; we tranam i the
¥ngth N + L packet T; asde ned in (1). This induces the
sequence X (i)g which in tum produces the sequence £y (i)g
at the channeloutput. M otwvated by the padket soucture of
the input, it is also convenient to dealw ith the output in the
form ofpacketsoflength M = N + L;and further split each
packet nto a length-N packet y; and a pre x associated
wih J‘tyi, ie.

Thispartition isnaturalbecause thepre x Y, takes the bur-
den of nterference between T; ; and Ti; whike the rem ain-
ing part, ¥, ;depends on the ith input packet z; only. These
facts and m ore can be seen from the relationshp

2 3 2 3
Yi 2 ni 2
4 y 5=4 n, 5+ @®)
Y; ni
- 32 3
Vg . Ox 1 Oy Bia
: @i 1
g O. v H° H® O.x z &
. _ @ O
Oy v Oy : H ml

where n is the ocutput no're which we take to be white
G aussian w ith variance 2. Them atrices H ; H® ;and H
are convolution (Toeplitz) m atrices of proper sizes created
from the vector h : B ecause of the redundancy in the input,
the convolutin in (8) can be decom posed into two distinct
constituent convolution operations or subchannels.

2.1. Circular Convolution (Subchannel)

From (8),we can write

2 3
5

Y= H4 @ 5=Fﬁi+ ng 9)

Z;

Thus, ¥, is areated sokly from @; through convolition. M ore-
over, the existence of a cyclic pre x I T; renders this con-

volntion cyclic:
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Y; = =i (7)

where h isa ength-N zero-padded version of h
h -
- h= - - . (11)
O(N L 1) 1
In the frequency dom ain, the cyclic convolution (10) reduces
to the elem ent-by-elem ent cperation

[Vi=H Xi+ Ni| (12)

where H; Xi; and Y; are the DFT's of h; ;; and y;; re-
spectively. In other words, we have

h=Q#; =:=QX;; and y,= QY; 13)
From (11) and (13), we can show , using the uniary nature
of Q; that

Q h-H (14)

—L+ 17
This in tum enables us to write (12) In the tim e-frsquency
form

Vi=diag X1)Q, b AT,| (15)

2.2. M ean-Square E stim ation of D ata

T he diagonal nature of the cyclic subchannel m akes it pos-
sble to perform MM SE equalization wih low complxity.
This has the added advantage of enabling cne to perfom

truly optin al (as opposad to lnear) MM SE. Thus, assum e
that the ssmple X; (1); In the lth bin, takes on tsvalie from

the alphabet A = fA;;Az;::: ;A 5 49; wih equal probabil-
ity. W e can show that the MM SE estin ate of X3 (1); given
Yi(D;is

P. . Fi@ # WAy
]‘JAjAje

AMMSE -y . _ i=1 "
X5 W=E K:iDF:D1= P M AT

pLe MR
T he estin ate is subsequently threshoHed to the nearest al-
phabet

(16)

2 2A,MMSE

Xi=bX c a7

Since joint channel and data recovery is being sought, the
channel estin ate is usually uncertain, ie. mstead of (12),
we should actually have

YiM=HOQ+ HMX:iD+N;(1)

Ifweassum e that the channeluncertainty is zero-m ean G aus-
sian and independent ofthedata and noise, we can show that
the optin al (nonlnear) M M SE estin ate is

F () (A y32

P - 2
J=Rj3 +A 43
gpmse ) =1 Ase Y (18)
i - ¥ () H (VA2
Piansy, FHmT 1,

js 1
Fortunately, the varianoce ﬁ @ <om es as a byproduct of the
channel LS estin ate. M ore speci m]}y, gWen the enor co-
variance m atrix (5) of the estin ate h,we can use (14) to
calulate the covariance m atrix of H

=E[H H]= Q

Covy el

[} 1QL +1 (19)



2 3. Linear Convolution (Subchannel)

Staru'ng from (8), we can show that the underlying pre x
sequences fx (1)g and fy(i)g are related together with the
channel through linear convolition K], ie.

yO=h@ x@+n@d (20)

A tematively, we can w rite

y,=Xh+mn, : (21)
where
3

2 x; (0) x .0 1) Xx; 4 (0)

g x,; (1) x; (0) X 4 (1)
li= . .

4 : : X ,0L 2)°

x @ 1) x @ 2) X, L 1)

3. CHANNEL ESTIM ATION

To perform channel estin ation, we utilize the constraints
in posed by natural (sparse) structure of the channel and
those induced by the tranam itter. In what Pllows, we In-
troduce both of these classes of constraints and explain how
they can be used for channelestin atin.

3.1. Channel Induced C onstraints

M axim um delay spread: This has already been utilized
to transform the system of equations (12) in ‘H into the
overdeterm Ined system (15) -n h. A lthough the channel
frequency response H has N elem ents (or frequency bins),
these elem ents have at most L + 1 degrees of freedom as
re ected by the DFT relationshp (14). Thus, estinating h
from (15) mstead of estin ating ‘H results in an improved
channel estin ate.

Sparsity: In addition to a maxinum delay spread om-
staint, the channel is usually sparse consisting of a few
active taps (indexed by a set L;). Even if the channel is
unknown, the location of these taps can usually be deter-
m fned a priori. ' W e can thus sin ply identify those and set
the rest to zero. In thiscase, (14) takes the alremative form

Q h

puid ]

=H 22)

W ith this in m ind, relatins (15) and (21) can be rew ritten
and augm ented as
. di i f
21)1 B ¥4, h, + N (23)

8
=i

X3 o n;;
where X? is nothing but X, stripped of the colim ns cor-
responding to the zero elem ents of h: This system can be
solved i the LS sense to obtain an estinate of h;, (or h)
@) and the corresponding error covariance (5). In solving
(3),weset W = R, *; the Iverse noise covariance m atrix.

1 low m obility w ireless applications, one expects only a few
active taps which would fade but would not change position as
rapidly.
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3.2. Transm itter Induced C onstraints

The structure of the data tranam itted by the receiver can
be ussd to enhance channel estin ation and data recovery.
This incluides the nite aphabet constraint on the data and
redundancy in the form of pibts, the cyclic pre x, and cod-
ing. W e concentrate here on the fom er three constraints
and relegate the discussion on utilizing the code to &l.

P ilots for initial channel estim ation : P ibts are neces-
sary to lmitialize the estin ation process. Fortunately, pibts
are sent as part of the OFDM packet and are an integral
part of several standarnds as they are needed for tine and
frequency recovery in addition to channel estin ation. Since
there are L active taps anly, they could be pinned down by
sending a sin ibr num ber of pibts. However, by capializ-
ing on other natural constraints, we can reduce the num ber
of pibts necessary to initialize the estin ation process. Let
Ip = £i;%;::: ;4,9 denote the index set of the pibt bins.
The pibts, albng wih the ocation of the channel active
taps, are the only inform atin niially avaikble. Now from
(23), we have the subsystem of equatins

Vi, = @dg X)), Q h; + Ny 24)

8 —IH

Thiscan notbe solved uniquely orh forh; )whenLp < Lg:
However, by soving (23) orh , = 0and ‘= I;?we
cbtan the solition h; of m ninum nom . The weight W

is set to the noise hverse covarnce matrix Ry | :
P

Finite alphabet constraint: W hen the channel is exactly
known, we can use the MM SE to perform soft detection of
the data as done In (16) and (18). The =oft values are then
rounded to the nearest alphabet point. However, In the case
of lncom plete channel nform ation, we can use the nie al-
phabet constramnt on the data to enhance the channel esti-
m ate. Speci cally, given an initial channelestin ate ‘H ; we
obtain the (soft) MM SE estin ate of the data (see (16) and

(18)) which is then thresholded to the nearest data point
@amn.

. If the SNR and the channel estim ate are decent encugh,
X; willbe aln ost correct in spite of the channel estin ation
errors. The estin ate .7?1 can now be considered as a vec-
tor of pibts which can be used for in proved LS estin ation
(from (23)). This procedure could be repeated a num ber of
tim esuntil  converges. T his approach is sin lar to decision-
directed or blind equalization which capializes on the nite
alphabet constraint on the data to enhance channel estin a-
tion. The nite alphabet property was actually used i [7)
to perform blind channel denti cation.

R edundancy of the cyclic pre x: The hpuﬁe}dub:itsxe—
dundancy in the form ofa CP .A swe have seen, this decom -
poses the OFDM channel into two: Ilnear and cyclic. This

2W e m ake these choices forh , and 1 because we have
no further a priori know ledge about h. The regularization term
khk? , I (3) now simply ensures that the resulting solution is

unique.



tranam itter nduced constrait was put into use by em ploy-
ing both subchannels for channel estin ation (see (23)).

4. SEM IBLIND ALGORITHM FOR CHANNEL
-AND DATA RECOVERY

T he above represents various ekm ents of what constitutes
an algorithm for sem iblnd channelestin ation and data re-
covery. Tablke 1 isa cohesive sum m ary of thisalgorithm . W e
stress the tterative nature of the aljorithm ; an in provem ent
n the quality of the data estin ate Jeads to a corresponding
in provem ent in the channel estin ate which, In tum, leads
to an in proved data estin ate, and so on.

Table 1: Sem i-blind aborithm for channel dentd cation
and equalization
A prior nfom ation

Noise covariance Ry , pibt catins (ndexed by L),
and sparsity nform ation (ndexed by Is)

Thital channel estin ation
Solve (24) in the LS sense to cbtan an hitial channel
estin ate h, (4) and the error covariance ' (5)
{h,=0; 1= I, W=R,*
Terative re nam ent oféﬂ:m ates: A s bng as the data keeps
changing, perform :
MM SE data detectin

{ Obtain # (14) and its covariance Covy  (19)

2 MMSE
{ Perform MM SE detectin X; M

(18))
{ Round to the nearest aphabet point X'; (17)

fuse (16) or

LS channel estin ation

{ solve (23) in the LS sense to obtan h, (4) and
the enror covariance ! (5). Forthisseth , =

0; 1=0; W=R,*

5. SMULATIONS

W e consider an O FDM binary transm ission with N = 128
and L = 16 through an FR channel with 15 taps. The
output SNR is 11 dB. The padket contains 8 pibts only,
which are used to ddentify a channelw ith no a priori sparsity
nform ation n Fiy. 1 (convergence is achieved at the 5th
iteration). In Fig. 2, we use the pibts to dentify a channel
with 8 active taps only whose bcation is known a priori
The algorithm converges, w ithin three frerations only, to a
Iower steady-state enxor.
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Fiure 1: Leaming cuwves fr the M SE and selected taps
no sparsity inform ation)

Learning curves for selected taps
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Iteration iteration

Fiure 2: Leaming curves for the M SE and selected taps
(with a priori sparsity inform ation).
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