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Abstract—Random beamforming (RBF) exploits multiuser di-
versity to increase the sum-rate capacity of MIMO broadcast
channels. However, in the presence of spatial correlation between
the downlink channels, multiuser diversity can not be exploited
and the sum-rate suffers a signal to noise (SNR) hit. In this paper,
we explore precoding techniques that minimize this hit. Basically,
we derive an optimum and an approximate precoding matrix that
minimizes the sum-rate hit of RBF. As a by product, we introduce
a technique that evaluates the cumulative distribution function
(CDF) of weighted norms of Gaussian random variables.

I. INTRODUCTION

Multiple antennas in multiuser systems have been intro-
duced as an effective means to boost wireless system capacity.
While dirty paper coding (DPC) is known for achieving the ca-
pacity region in a broadcast scenario, it requires full feedback
and it is computationally expensive [1]. Other less expensive
techniques like random beamforming were able to capture
most of the DPC capacity with less feedback requirements
[2]. In a large user regime, the sumrate of RBF and DPC
coincide at

P
R= Mloglogn—i—logM +0(1)

where P is the transmitted power, M is the number of transmit
antennas and n is the number of users. In the presence of
spatial correlation between the users’ channels, the sum-rate
capacity experiences a hit and becomes,

P
R = Mloglogn—l—logM +loge+0(1)

where log ¢ represents the hit and ¢ < 1.

In this paper, we investigate different precoding techniques
that minimize the sum-rate hit in the presence of spatial
correlation. The paper is organized as follows. After the
introduction in section I, we introduce the channel model in
section II. Random beamforming with precoding techniques
are reviewed in section III and in section IV we show our
simulations results followed by our conclusions in section V.

II. CHANNEL MODEL

We consider a multi-antenna Gaussian broadcast channel
with n receivers equipped with one antenna and a transmitter
with M antennas. The received signal at the kth user is
expressed as

Yi(t) = VPHRS(t) + Wy, k=1,.. (1)
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where k denotes a user index. S(t) denotes transmitted symbol
and satisfies the power constraint £{S*S} < P. The channel
matrix H; consists of complex Gaussian random variables
CN(0,R) and W}, is the additive complex Gaussian noise
with CN(0,1). The covariance matrix R is a measure of

the spatial correlation and is assumed to be non-singular with
tr(R) = M.

III. RANDOM BEAMFORMING WITH PRECODING

In the presence of spatial correlation, we can precode the
transmitted symbol with a general matrix A before beamform-
ing, i.e.transmit «wAS(t). The parameter « satisfies the power
constraint (o = %) and the sum-rate eventually becomes

P
Rprec = MlOg 10gn + MlOg M — Rprec

with a hit of

tr(AA

hpree = M log T) + MEIlog (¢mll 1) -

(@)
It should be noted that A is constructed from the eigenvalues
of R and the effective channel gain is H; = AHj. Finding the
optimum precoding matrix A,y is challenging, but one can
show that the optimum precoding matrix takes the following
form

Aopl = QAoptDAopt

where (QQaop: is orthonormal and D 4., is a diagonal matrix
with positive entries !. The proof of the above expression
is straight forward and for brevity we omit it here. Finding
Q Aopt and D 4, is not easy. An intuitive choice would be to
set Qaopt = Qr and optimize over D 4,p:. In the following
sections, we examine various choices of the diagonal matrix.

A. Random Beamforming with Zero Forcing

A natural choice of the precoding matrix is one which
cancels the effect of the correlation, i.e.

N|=

Azr = QrAR

From (2), this choice would results in the following hit

tr(R™1)

M

hz]: = MlOg

'Tt is shown in [6]that this intuitive choice is actually optimum



B. Random Beamforming with MMSE Precoding

The zero-forcing solution did not optimizes the sum-rate
as it invested most of the input power to take care of the
minimum eigenvalue. In this subsection, we consider the
MMSE precoding matrix to be

Ammse = Qr(A + 51)7%

where [ is a constant that we optimize to get the minimum
hit. The hit in this case is given by

-1
g A

+ MElog (1+ 8[®ml3-10B)

hMMSE =

To find the optimum (3, we differentiate (3) with respect to
[ and get the following equation

Tr(A + B*1)2 1
P 4
Tr(A+p*1)~1 Bt o @

To solve this implicit equation, we need to find the expectation

in (4) and hence the CDF of W In the Appendix, we
miA—1
evaluate the CDF of the more general form Z = HszB By
(e}

setting B = I and C = A~!, we get the desired CDF which

M—1
turns out to be G(xz) =1 -, n; (%—/\i) u(l— )\i),

Hﬁ’ Av(Aar > -+ > Ap > 0) are the
YY)

i

eigenvalues of R and u(x) is the unit step function. Thus, the
expectation in (4) is given by

where 7; =

1 1 A (o)
E = —|—/ ——G(x)dx
G+ 7”(1%11”?\71 14+ Ay Y (ﬂ + :C)Q

C. Random Beamforming with Diagonal Precoding

We can try to improve MMSE precoding by using a more
general precoding where we optimize over M unknowns
instead of just one unknown ((3). As shown in [6], this will
yield the optimum precoding matrix. Specifically, we set

Apiag = QrD?=

where D is a diagonal matrix with positive entries to be
determined. This will result in the following hit

hoiag = Mlog "7 + Elog ]34,

Thus, we have a set of M parameters, di,ds, ..., dys that we
need to optimize. By taking the derivative with respect to the
ith diagonal d; element and setting it to zero, we obtain

1 - ¢(i)|2] 1

dixi
o = s)
di [llolB-1y- |  tr(D)
To solve for d;, we need to find the expectation that appears in
(5). This can be deduced from the CDF that is derived in the

Appendix by setting B = diag(0, ..., 7-,...,0) and C =
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D~'A~1. This allows us to evaluate the expression in (5) in
closed form directly from the CDF as shown below:

1
E[Zl] :/0 (1 _FZ1 (21))d2’1

D. An approximate Precoding Matrix
As proved in [6], the matrix Apjg = QRD% is the
optimum precoding matrix but this requires solving M non-
linear equations. In this section we derive a simple and an
approximate precoding matrix that avoids this. To this end,
note that the difficult part in minimizing the hit is the term
that depends on ¢,,. So we rewrite the hit as
tr(A*A)
M

= Mlogw + Mlogtr((A*RA)™)

h(t) M log

+ME10gH¢”%A*RA)*1

+ MElOg”QSHQgA*RA)*] (6)

tr(A*RA)—1
We now minimize the sum of the first two terms of the hit and
ignore the 3rd term. There are two justifications for doing so
1) The first two terms constitute an upper bound on the hit.
To see this, note that

IOgH(b”Q(A*RA)*l = E10g||¢|‘2(7x)*1
tr(A*RA)— L tr(A—1)
tr(A—1

< loglelP i) g
tr(A—1)

where A is the diagonal matrix of eigenvalues of A* RA.

2) Another justification is to consider the term ||| ;, _,

X tr(A—1)
as the squared dot product of two unit norm vectors
1

_ diag(A)”2
¢ and ¢ = 7\/m
be approximated as the squared dot product of two

uniformly distributed unit norm vectors v which has a

. This squared dot product can

CDF [5]
Flo)y=1—-(1-v)"1  wvelo1]
Hence, we can approximate the expectation in (6) as
Blog|lgll*s)-r =~ Ellogv] @)
e M—1

1
- -2y 0®
m
m=1
Figure (1) plots the two sides of (7) for various values
of the correlation coefficient o and shows that they are
almost the same.
Thus up to an almost constant term, the hit is given by

tr(A*A)

h(t) = M log( +tr((A*RA)™Y))

To minimize the hit we take the first derivative with respect
to A, equate it to zero and use the eigenvalue decomposition,

R = QrArQF, to get

AAppx = C)RAEU4
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Fig. 1. Comparison between the exact and approximate terms in Equ. (7).
Fig. 2. Sum-rate versus the number of users in a system with M = 2, P =
10 and a = 0.5.

The resulting hit for this choice of A is given by

_1
happx = Mlog 57 + Mlog |92

—1
2
IV. SIMULATION RESULTS |
We consider a base station having M/ = 2 and M = 3 anten- |
nas. The downlink channels exhibit the following correlations g R
respectively 0 < o < 1 &
£
1 o 1 a o @ |
R2 = R3 = (0% 1 (0% —-— sum rate diag loading
(0% 1 2 1 —+— sum rate mmse
« « 3.5H sum rate approx precoding
. . . . — — — sum rate pure rbf
Figures 2 - 4 show the scaling for the different precoding —o— sum rate zero forcing
techniques. As seen, diagonal precoding achieved the best % o1 02 03 04 05 06 07 08 09

correlation factor (alpha)

sum-rate capacity with minimum hit. This is closely followed
by the MMSE a}nd t_he approximate precodlng. Note also that Fig. 3.  Sum-rate loss versus correlation factor for a system with M = 2,
zero forcing is inferior to pure RBF. P=10 and n = 400.

V. CONCLUSION

In this paper we suggested precoding techniques that
counter the effect of correlation on the sum-rate of RBF.

Specifically, we showed that in the presence of spatial correla- ~=—__

tion, RBF incurs a hit. We also showed that RBF with MMSE o S~

and diagonal loading reduced the SNR hit and improved the | S |

sum-rate capacity as compared to pure RBF and RBF with zero 4l N \\\X |

forcing was inferior to pure RBF. Furthermore, we introduced = S \\\

a rather simple, direct and an approximate precoding technique § 15} B \*\ 1

that matched the performance of MMSE precoding. H 1N |
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Fig. 4. Sum-rate loss versus correlation factor for a system with M = 3,
P=10 and n = 100.
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VI. APPENDIX
In this section, we evaluate the CDF of a general quantity

_ Lol
EB

where B and C' are diagonal matrices. To this end, note that
the inequality Z < x can be written as ||¢,||2-_5 > 0. The
CDF is then given by

VA

P{Z <2} / p(6)ddb
H¢m“§c—BZO

[r@ionlic s
where p(¢) is the pdf of ¢ defined in (4) and wu(z) is the
step function. This integral is difficult to calculate due the

inequality constraint (the unit step function) and due to the
delta function. To go around this, we use the following unit

step representation [4]
/Oo ew(jwl"l‘ﬁl)
—00 jwl + 6

which is valid for any 3; > 0. We can thus write

©)

1

T o

u(z)

1

21

dwl

9 0 e(H¢mHich)(jwl+ﬁ1)
u(lémlPop) = /

Jjwi + B

We can also replace the delta function with a similar integral

representation
oo 2
/ edo(I912-1) g
— 00

We thus have the following integral representation of the CDF
of Z

oo

(M) 1
o™ 2

p(¢) =

(M)
Pir<a} = 5535 %
d d —Jw2
/—oo Wijl + b1 /—oo e

/ dpe—?" (B=2C)(ur+51)—jws o
By inspecting the inner integral, we note that it is similar to
the Gaussian density integral. Specifically, we have
1 . . ,
— —¢"(B—zC)(jwi+p1)—jwa )¢ _
7TM /d¢6 Jwi 1)—Jjw2 —

1
det (B — zC)(jw1 + 1) — jwaI)

This allows us to write

Ty 1
Pz =t = 4 M+2 /dw1 Jwi + B
e—jwz
/ o e (Gon + BB = 20) = jnl) (10)

We now turn our attention to the integral with respect to ws.
To evaluate this integral, we use partial fraction expansion to
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represent the determinant as
1
det ((jwl + 61)(3 - IC) — ngf)
1

cir)(jwi + f1) — jwa)

M
=1

[Ti= (b =

1
 (Jur o+ Br)MT 8
M .

((bi = ciw)(jwr + B1) — jwa)

i=1

R 1 . . . .
where 7; = T2 (G50 —(er ey This expansion is valid
assuming that (by, — b;)% + (cx — ¢;)? # 0. We can now residue
theory to evaluate the integral with respect to ws as

1

2

e~ Jw2

)(B —zC) — jwal)

/ W2 Gt (Gaon +

M
Z me(bifcz'z)(jwﬂrﬁl)u(bi — )
i=1

write

}

We can thus
(M)
ArM+2

° 1
dw]————
/700 Ywr + /)M

M
Z nie(ai*biz)(ﬂ'wﬁrﬁl)u(ai _ bﬂ?)
=1

P{Z <

We can now use residue theory to show that

M
> niulbs — cir)

=1
e(jw1+B1)(bi—ciz)

G + )M

(M)

AgrM+2

3

P{Z <z}

o0

oo

ni(bi — cix)M (b — c;x)u(b; — cix)

=

1
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