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Problem #1  (20) 
    Let X be a random variable with a cumulative distribution function as 
shown below 
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(a) What is the sample space of  X ?  (2.5)     
     (b) Write a mathematical expression for the cumulative distribution function 

X
F (x) ? (5)   

 (c) Find and plot the probability density function 
X

f (x)  ?  (2.5) 

 (d) Find the probability P( 1 < X ≤ 3 )  ?   (5) 
 (e) Find the expected value E[X] ?   (5) 
 

X

X

(a)  S { 1,0,1,2,3}
(b)  P(X= 1)  0.1     P(X=0)  0.4 0.1 0.3   P(X=1)  0.6 0.2 0.2
       P(X=2)  0.75 0.6 0.15      P(X=3)  1 0.75 0.25
       F (x)= 0.1u(x +1) + 0.3u(x ) + 0.2u(x 1) + 0.15

= −
− = = − = = − =
= − = = − =

⇒ −

Solution

u(x 2 ) + 0.25u(x 3 )
      

− −

 
 
 
 
 
 
 
 



X
X

dF (x)(c)  f (x) = 0.1δ(x +1) + 0.3δ(x ) + 0.2δ (x 1) + 0.15δ(x 2 ) + 0.25δ(x 3 )
dx

= − − −
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(d)  P(1 < X 3) = F (3) F (1) = 1  0.6 = 0.4

      OR  

     P(1 < X 3) = P(X 3) +P(X 2) = 0.25 + 0.15 = 0.4 

    E[X] = x ( x )

             = ( 1)(0.1) +(0)(0.3) +(1)(0.2) + (2)(0.15) + (3)(0.25) 

P X

≤ − −

≤ = =

=

−
∑

= 1.15

 

 



 
Problem #2   (20)  

                   
Assume that capacitors made by a manufacturer have a probability of 0.4 
of being defective when new. A radio engineer purchases five capacitors 
for building an electronic circuit. 
 
(a) Plot the probability density function for a random variable “the   
     number of defective capacitors.”    (12) 
 
(b) What is the probability that exactly one capacitor is defective of the   
      five?    (2) 
 
(c) What is the probability that all five capacitors are functional?    (2) 
 
(d) Determine the probability that one or more capacitors are defective ?   (4) 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

0 5

1 4

2 3

3 2

4 1

Solution
5

(a)  P(X=0)  0.4 0.6 0.0778 
0

5
      P(X=1)  0.4 0.6  0.2592

1

5
      P(X=2)  0.4 0.6  0.3456

2

5
      P(X=3)  0.4 0.6  0.2304

3

5
      P(X=4)  0.4 0.6  0.0768

4

   

 
= = 

 
 

= = 
 
 

= = 
 
 

= = 
 
 

= = 
 

( ) ( )5 05
   P(X=5)  0.4 0.6  0.0102

5

(b)  P(X=1)   0.2592
(c)  P(X=0)   0.0778
(d)  P(X 1)   1 P(X=0) 1 0.0778=0.9222
       OR  P(X 1) P(X 1) P(X 2) P(X 3) P(X 4) P(X 5)
                            = 0.259

 
= = 

 

=
=

≥ = − = −
≥ = = + = + = + = + =

2 + 0.3456 + 0.2304 + 0.0768 + 0.0102 = 0.9222
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Problem #3   (20) 
 
 A box contains numbered balls with equal probability of selecting any 
ball . If the sample space is  

 
  S = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}   

 
Let the events A, B and C as follows: 

 
A = { 0, 1, 2, 3, 4}  
B = { 3, 4, 5, 6, 7} 
C = { 3, 4, 5, 6, 7, 8} 

 
(a) Find the probability P(A U B ) ?  (5)  
(b) Find the probability P(A | B ) ?   (5) 
(c) Are the events A and B independent , explain ?   (5) 
(d) Are the events A and C independent , explain ?   (5) 
  

5 5 2 8 2(a)  P(A U B) = P(A ) + P( B) P(A B) = 
12 12 12 12 3

2
P(A B) 212(b)  P(A | B)  5P( B) 5

12
2 5(c) A  and B  are not independent , since P(A | B) P(A )
5 12

(d) A  and C  are not independent ,

− + − = =

= = =

= ≠ =

Solution

2
P(A C) 1 512 since P(A | C) P(A )6P( C) 3 12

12
      

= = = ≠ =



Problem #4  (20) 
A random variable X  has a propbabilty density function (pdf) defined by: 
 

( ) ( )41 , 1 1,

0, elsewhere
X

c x x
f x

 − − ≤ ≤= 


 

 
(a)  Find c  such that ( )Xf x is a valid pdf  ?  (4) 
(b)  Find ( )XF x and sketch it  ?   (6) 

(c)  Find 1| |
2

P X <  
 ?   (5) 

(d)  Find [ ]0.5 | 0 1P X X> < <  ?   (5) 

( ) ( )

( )

( )

1
4 4

X

1

1 15
4

11

X
x

4 5
X X

1 1

(a) f (x)dx 1 c 1 x dx c 1 x dx

1 1 1 5 c = =  = =8 8x11 x dx 55

(b)  F (x) = 0     X <  1

5 5 1 1      F (x)= f (ε)dε = 1 ε dε  x x  +
8 8 8 2

 
      

x

∞ ∞

−∞ −∞ −

−−

− −

= = − = −

⇒
 
−−  

 

−

− = −

∫ ∫ ∫

∫

∫ ∫

Solution

 

01− 1

1

1
2

( )XF x

 



( )

( ) ( )
( )

( )
( )

( )

1
2

4

1
2

1
4

1
2

1 1 1 5 79(c) P X  P  X  1 x dx 0.6172
2 2 2 8 128

P  X  0.5 0  X  1 P  0.5  X  1
(d) P  X  0.5  0  X  1

P  0  X  1 P  0  X  1

5 1 x dx
8

                                              
5 1
8

−

   < = − < < = − = =   
   

> < < < <
> < < = =

< < < <

−

=

∫

∫



( )
1

4

0

49
49256

1 128
x dx 2

 
      

= =

−∫

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


