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Instructions: 

1. This is a closed-books/notes exam. 
2. The duration of this exam is one and half hours. 
3. Read the questions carefully.  Plan which question to start with. 
4. CLEARLY LABEL ALL SIGNIFICANT VALUES ON BOTH AXIES OF ANY   

SKETCH 
5. Work in your own and show the steps. 
6. Strictly no mobile phones are allowed. 

 

Good luck 
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Problem 1: (12 points) 
 

The joint pdf of random variables ܺ & ܻ is given by ௑݂,௒ሺݔ, ሻݕ ൌ ቄ݇ 0 ൑ ݕ ൑ ݔ ൑ 1
0 ݁ݏ݅ݓݎ݄݁ݐ݋

  

Hint: carefully notice the region on which the joint pdf is non-zero  

a. What is the value of k such that ௑݂,௒ሺݔ,  .ሻ is a valid joint pdfݕ
 
 
Solution next page 
 
 
 
 
 

b. Find ௑݂ሺݔሻ and ௒݂ሺݕሻ. 
 
 
 
 
 
 
 
 
 

c. Find ܲ ቀ0 ൏ ݔ ൏ ଵ

ଶ
, 0 ൏ ݕ ൏ ଵ

ଶ
ቁ. 

 
 
 
 
 
 
 
 
 

d. Find the conditional probability ௑݂ሺݕ|ݔሻ and ௒݂ሺݔ|ݕሻ. 
 
 
 
 
 
 
 
 
 
 

e. Find the expected value, ܧሾܻ|ܺሿ, and the variance , ܸܽݎሾܻ|ܺሿ.  







Problem 2: (6+2= 8 points) 

ܺ and  ܻare jointly Gaussian random variables, with joint pdf:  ௑݂,௒ሺݔ, ሻݕ ൌ
ଵ

ଶగඥଵିఘమ
݁
ି	ሺೣ

మషమഐೣ೤శ೤మሻ
మ൫భషഐమ൯ 	 

 
They are transformed to two new random variables M and N according to 

ܯ  ൌ ଵ

√ଶ
ሺܻ ൅ ܺሻ  ,  ܰ ൌ ଵ

√ଶ
ሺܻ െ ܺሻ 

We would like to know if the new random variables are independent or not. Show your work. 

 

By comparing the given joint pdf and the general form . Both ܺ and ܻ have zero mean and unit variance 

ሿܰܯሾܧ ൌ ܧ ൤
1

√2
ሺܻ ൅ ܺሻ

1

√2
ሺܻ െ ܺሻ൨ ൌ

1
2
ሾܺଶܧ െ ܻଶሿ ൌ 0 

Uncorrelated Gaussian means independent. 

 

 

 

 

 

Consider two jointly Gaussian random variables ܺ and ܻ with zero mean and covariance matrix 

൤
1 1/2
1/2 2 ൨, compute the correlation coefficient. 

࣋ ൌ ࢅࢄ࡯
ࢅ࣌ࢄ࣌

ൌ
૚
૛

√૚√૛
ൌ ૚

૛√૛
  



Problem 3: (5+5=10 points) 

Consider a random variable ܺ with k  as a parameter and a moment generating function (MGF) 
given by  

ሻݒ௑ሺܯ ൌ ሺ1 െ ሻିݒ2
௞
ଶ 

Find the variance of X in terms of k. 
 

݉௡ ൌ
݀௡ܯ௑ሺݒሻ

௡ݒ݀
| ௩ୀ଴	 

 
݉ଵ ൌ ݇ 

 
݉ଶ ൌ ݇ଶ ൅ 2݇ 

 
Variance=݉ଶ െ݉ଵ

ଶ ൌ ݇ଶ ൅ 2݇ െ ሺ݇ሻଶ ൌ 2݇ 
 

The probability density function (pdf) of a random variable ܺ is shown in the figure. Find ௒݂ሺݕሻ 
where ൌ 1 െ ܺଶ . 
 
 
 
 

  

ݔ

௑݂ሺݔሻ 

+1‐1	
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