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Problem #1   (20)  
The following information is known about two jointly Gaussian random variables 
X  and  Y : 
 

    2 20, 1, 4, 9, and 4XYE X E Y E X E Y R            
   

Two new random variables W and U  are defined as 

  
3

2

W X Y

U X Y

 
  

 

 

a) Find   E W ,  E U , 
2E W   ,  and 

2E U   .   

b) Find the variances 
2
X , 

2
Y , 

2
U  and 

2
W    

c)  Find the correlation WUR         

d) Are W and U  uncorrelated? Justify your answer.   
e) Determine the joint pdf of  W and U . 

 
Solution 

2 2 2 2 2 2
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( ) E[W] = E[3X +Y ]=3E[X] + E[Y] = 3(0) +( 1)= 1

      E[U] = E[ X 2Y ]= E[X] 2E[Y] = 0 2( 1) 2

      E[W ] = E[(3X +Y) ]=E[9X +6XY+Y ] E[9X ] + 6E[XY] + E[Y ] 9(4)+6( 4)+9 21

      E[U ]  = E[( X 
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2Y) ]=E[X +4XY+4Y ] E[X ] + 4E[XY] + 4E[Y ] 4 + 4( 4)+ 4(9) 24

( ) E[X ]  (E[X])  = 4  (0) 4

     E[Y ]  (E[Y])  = 9  ( 1) 8

     E[U ]  (E[U])  = 24  (2) 20

     E[W ]  (E[W])  

b 







   

   

    

   

 



WU

WU

WU

2

2 2

?

= 21  ( 1) 20

( )  R = E[WU] = E[(3X +Y)( X 2Y)]= E[(3X +Y)(X +2Y)]= 3E[X ] 7E[XY] 2E[Y ]

              = 3(4)  7( 4)  2(9) = 2

        

( )  R = E[WU] =  E[W]E[U]

       R = E[WU]= 2      E[

c

d

  

     

    

 W] = 1    E[U] = 2  E[WU] = E[W]E[U]  W and U  are uncorrelated  
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R E[W]E[U] 0
Since  W  and U are uncorrelated =  = 0 
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Another Solution 
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Problem #2   (20) 

 A random variable X that is exponentially distributed with pdf 
 

  , 0

0, elsewhere

x

X

e x
f x

 
 


 

 

is transformed into another random variable Y using the transformation
       

                      
22( 2) 6Y X      

 Find the pdf of the random variable  Y , that is ( )Yf y . ? 

 
Solution 
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x = x 2 3 x = x 2 3
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x = x 2 3
2x = x 2 3
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For   6  2  we have two roots   x   and  x     

x = x 2 3 x = x 2 3 
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Problem #3  (30) 

  
 Let  X  and Y  be two random variables with joint probability density  

          

 
as shown below

  ,
( , )

X Y
f x y

function 

 

,

24       0   0    1   

( , )   

0  
X Y

xy x y x y

f x y

else where

   
 



 

  
(a) Are the random variables X and Y  independent  ?  Explain ?     
(b)  Are the random variables X and Y  correlated  ?  Explain ?  
(c)  Are the random variables X and Y  orthogonal  ?  Explain ?  
(d) Find ]5.0|[ YXE .  

(e) Find the probability   ?
2

Y
P X Y   
 

      

Solution 
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( ) ( , ) ( ) ( )   for independence

y
   ( ) ( , ) 24  24x 12 (1 )      0 < x < 1
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 Since  ( , ) ( ) ( )      X and Y  are not independent
X Y X Y

f x y f x f y
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( ) E[XY] =   E[X]E[Y]  for correlation uncorrelation  

   E[XY]= ( , )  24  24   

y
              = 24  8 (1 x)
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8 ( 3x +3x x ) 0.1333
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2
E[X] ( ) 12 (1 ) 12 (1 2 ) = 0.4  

5

2
E[Y] ( ) 12 (1 ) 12 (1 2 ) = 0.4  

5

Since  E[XY] E[X]E[Y]    X and
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 Y  are correlated

2
(c)  E[XY] =   0   for orthognal ,  Since  E[XY] = 0   X and Y are not orthognal

15

(d)  E[X|Y=0.5] = ( | 0.5)

( , ) 24 2
( | )      0 x 1 y

( ) 12 (1 ) (1 )
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  = P(A) + P(B)
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Problem #4   (10) 

 
Let  X  and  Y  be two jointly Gaussian random variables , and  

   
let   W and U  be two new random variables  defined as 
 

W X aY

U X aY

 
 

                             

 
Find  a  in terms of  the moments of  X  and  Y  such that W  and  U  are  orthogonal ? 
 
Solution 
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E[WU]=E[(X+aY)(X a )] E[X aXY aXY a Y ] E[X a Y ]

          E[X ] a E[Y ] 0

E[X ] E[X ]
 a     a = 

E[Y ] E[Y ]

Y      

  

   

 


