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Summary of Important Concepts : Discrete
Time Signals and Systems (Ch9)

» f(&) = f(nTs) = f(Ole=nt, = flnl # f(®)le=n

» Unit Step & Unit Impulse Functions

o 1 n > O xn) = &(n)
» uln| = — :
. {O n
-1 1 n=0 2 1 0 1 2 3
» 5 _n_ _ {0 n i O fa) Unit sample (Unit impuilse)
» r[n] = nuln] 1 e
» O|n] = un] —u[n — 1] — I L L

fe) Ukt ramp
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Equivalent Operations in Discrete Domain

b f_toox(r)dr

> % x(t) X
» x(0)6(t) = x(0)6(t) x|
 8() = 28 5

yu(t) = [1_8(@dr  uln

he—oo X[k

n| —x[n—1]

n]&[n] = x[0]5[0]
n| =ul[n] —u[n-1j
n] = Xk=—o 6[K]
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Similar Time and Amplitude Operations like
Continuous Time Signals

x|—n]
x|an]

x[n —mny]
—x|n] 3,
|Alx[n]

x|n] + B

vV Vv Vv VvV Vv Vv

» Example: Sketch y[n] given 5
that x|n] is shown in the
figure
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Common Discrete Time Signals

4 X[TL] = Can x[n] x[n] = Ca”

 Case I C and a are real -rr%m [, e, T

x[n] = Ca" . x[n] = Ca" x[n] = Ca"
~

o TL T, "TTTT,
amia ELLT THE TILL

. -
a<—1 -1<a<0 a=-1

» Case ll: C and a are complex, a unity magnitude

» Case lll: € and a are complex

-~
-~
~ -
\.-’ -
-~ -
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Discrete Time System Properties

» One of the important blocks in discrete systems is ideal
delay.
» Properties of Discrete Time Signals .., .5 . x[n 1]
Memroy :
— \n—-1

e.g. yInl = 5x[n], yln| = Xk="c, x[k]
No memory (static) , memory (Dynamic)
Invertiblility
e.g. yI[n] = |x[n]|, non invertible
Causality
Stability
Time Invariance
Linearity
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Introduction to LTI Discrete Systems
(Ch10)

» Comparing Discrete System with Continuous
Time Systems

Easier to analyze and design

Solving difference equations is easier than solving
differential equations.

Characteristics are periodic in Frequency
» Why LTI ?

Many physical Systems can be modeled as LTI
Easier To solve

Available resources
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Introduction to LTI Discrete Systems

» Example of a system representation by block

diagram

yln] = T, (x[n]) + T5(T1 (x[n]) + T2 (x[n]))

» Recall that for time invariant

x[n] = y[n]
x[n — no| > y[n — ne]

» For linearity
xX[n] =y, [n]

x2[n] = y,[n]

x[n|

y2[n]

y3ln]

ya[n]

a; x1[n] + a; x1[n] - a1y, In] + ayy,[n]
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Impulse Representation of Discrete Time
signals

» We can represent signals as sum of scaled delta

» &[n] unit sample function / unit impulse function
x_1|n] = x[n]é|n + 1] = x|-1]6[n + 1]
xo[n] = x[n]6[n] = x[0]6]n]

> x[.?’.l.]. =+ x_q|n] + xo[n] + x1[n] + -+

» x[n] = X2 , x[k]S[n — k]

||||||||||||
----------------

Dr.Ali Mugqaibel



Convolution for Discrete-Time Systems

» For a discrete LTI system

x[n] = y[n]

x[n = no] = y[n — ne]

x|k]6[n — ng] = x|k]h[n — ng]

» Since the input can be represented as sum of deltas
x[n] = T2 x[K15[n — k]

» then
yIn] = X2l x[k]h[n — k]

» since x[n] * h|n] = h[n] * x[n] we can also write
yIn] = XiZleo x[n — k]h[k]
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v Vv Vv WV

y[0] = -+ x[—2]h[2] + x[-1]h[1] + x[0]R[O] + x[1]h[—1] + x[2]R[-2] + -

Sum of indices in each term equal to the sample of interest

In general

yln] = -+ x[-2]h[n + 2] + x[-1]h[n + 1] + x[0]h[n] + x[1]h[n — 1]
+ x[2]h[n = 2] + -

Recall the following properties,

5[n] * h[n — ny] = h[n — ngy]

5[n —ngyl * h[n] = h[n — ny]

Do not confuse multiplication with convolution
§[nlgln —ngl = gl-n,lé[n]

§[n — nolgln] = glneld[n — ny]
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Properties of Convolution

» Commutative property |l
x|n] * h|n] = h|n] * x[n] 1 }*

» Associative property
g (f[n] * gn) * h[n] = —> mnl+hyn]
fln] * (g__n__ x h|n]) =
(hn]  f[n]) * g[n]

2 —»|  hy[n] »  hy[n] |—

» Distributive property

» x[n] * hy[n] + x|n] * L bkl s
hy[n] = x[n] * (hq|n] +
ha[n])
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Example: System Response by Convolution

use table to perform discrete

convolution! ‘ ‘ ‘ ‘ ‘ ‘ T T e T T T
http://www.jhu.edu/signals/discretec st 03
onv2/index.html . ol
Total number of points = sum —1 | Wl
Matlab Code 3f
n=0:6; il oer
x=[0 3 4.5 6 0]; o1
h=[1/3 1/3 1/3]; T 7 os
)’=C0nV(X,h) 0 0.r5 1 1.’5 2 2."5 3 3.’5 4 00 O.r2 0.r4 0.r6 O.rB 1 1.r2 1.r4 1?5 1.r8 2
stem(n,y, fill')
N X KON [ N El
/3 1/3 1/3 “r
3.5 ®
6 45 3 0 0 3
6 45 3 0 I er ?
24
6 45 3 0 2.5 15
6 45 3 4.5 hi [
0.5+
45 35
0 1 2 3 4 5
6 2
0
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Example II: Calculation of the impulse
response of a discrete system

» yln] =

» To find the impulse response we make
5[n], then y[n| = h[n]

—1]+6[0] =a(0)+1 =1
0] + 6]
1]
2]

RS EENE

» h[n]

={“

ay[n — 1] + x[n]

ah
ah
ah
ah

n

+ 6
+ 6

+ 6]

1]
2]
3]

n=0
0 n<0

yin—1]

=a(l)+0=a ayln=1]
= a(a) + 0 = a?
=a(a®)+0=ad?

= a"u[n]

» The unit impulse response consists of an
unbounded number of terms; this system is
called an infinite impulse response (lIR) system.
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Continue the example Solution

» In the previous example, the impulse response
contained a finite number of nonzero terms. This
kind of system is called finite impulse response (FIR)
systems.

» The impulse response is seldom used directly,
instead we give the z-transform (to be introduced)

» The alternatives for representing a system are:
Impulse response
Difference equation
Block diagram

z-transform
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Example III: Step response of a discrete
system

» Let a = 0.6, for the above system the impulse resp

h[n] = (0.6)"u[n], Find the step response ACTM 2

» We can write the output as =l
» y[n] = Xl x[n — klh[k] = X3 _o uln — k] (0.6)“u[k] = X_,(0.6)"
» Using Appendix C
n k1o gt
' k=0 ¢ 1—a

» If a = 1 then the summation is n + 1 for a = 1 (we cannot use
the formula above), otherwise

n _ 1-0.6"" n+1
» y[n] = Bioo(0.6)F = =2 = 2.5[1 - (0.6)**1], n20
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Continue example 3

<
<

v

The calculation of y yields

y[0] =1
y[1] = 1.6
y[2] = 1.96
yloo] = 2.5
Matlab Code

n=-1:10;
y=2.5%(1-(0.6.A(n+1)));
stem(n,y, fill')

2.5

1.5

0.5
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3 Properties of Discrete-Time LTI System

» The input-output relation for LTI systems

yIn] = Y=o x[k]h[n — k] = 2pZ_o x[n — k]hlk]
» Memory
yln] = ---+ x[n + 2]h[-2] + x[n + 1]h[-1] + x[R]R[O]
+ x[n — 1]h[1] + ---.= h[0]x[n]
For a memoryless system h|n]| = ké[n]
A memoryless LTI system is then a pure gain.

» Invertibility
hln] * hi[n] = &[n]

z-transform (to be discussed) is one way to find the inverse

system.

Example: If the system is sin[Z—n] which is zero for n even, then

the system us not invertible.
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Continue properties

» Causality

A signal that is zero for n < 0 is called a causal signal
For a causal system

hin] =0 forn<0

We can write the convolution equation as

ylnl = Xg-_o xlklh[n — k] = XyZo x[n — k]h[K]
» Stability

A system is BIBO stable if

Yke—ool K] < o0

For an LTI casual system, this condition reduces to

Yi=olhlk]] < o
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Example: Stability of LTI discrete systems

» Study the memory, causality, and stability characteristics of the following :

hin] = (1)" uln]

2

hn] = (2)"u[n]
hin] = (l)nu[n +1)

2
» a) has memory (dynamic) since h[n] # Ké&[n]
Causal h[n] =0 forn <0
Stable (Appendix C)

5 lhlnll =% (2) =2 =2

1_
» b) is similar but unstable
Yn=—oolhn]| =20z ()" =14+2+4+8+ -
» ¢) The system has memory , not causal h[ 1]1=2+0

1 n
The system is stable =2+).°_, (E) =2+ : =4
2
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Unit Step Response

» The unit step response is denoted
s[n] = Lg=_c uln — klhlk] = Y- _o h[k]
This is because uln — k] =0 for(n—k) <O0or fork >n
» Also we can form a difference equation
sinl = sln — 11 = X, h{k] — X322, hlk] = h[n]
» The unit step response completely describes the input
output characteristics of a system

4
» See examples 10.6 & Example 10.7
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Example: Step response from the impulse
response

» The system h[n] = 0.6™"u|n] is dynamic , causal , and stable

» The step response is s[n] = X1Z . h[k] = X, 0.6"
s[n] = XR_,0.6% = 1_(i6n6+1u[n] = 2.5(1 — 0.6™"VHu[n]

ul[n] is necessary, because s[n] = 0 for n < 0 (causal)

» To verify
hin] = s[n] —s[n—1] =
2.5(1 —0.6"YHu[n] — 2.5(1 — 0.6Mu[n — 1]
Forn =0,h|0] =2.5(1 —-0.6) =1 (First term only)

For
n>1h[n] =2501-06""1—-1+0.6") =2.500.6™)(1—0.6)
= 0.6™

h|n] = 0.6™"u[n]
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Difference Equation Model

)

LTl discrete-time systems are usually modeled by a linear
difference equation with constant coefficients.

Digital filters are important example

Note the difference between the system model and the
physical system

apyln] +ayln —1]+ -+ ay_1y[In—N+ 1] +
ayy[n —NJ =

box[n| + byx[n—1] 4+ -+ by_1x[n—M + 1] +
byx[n — M]

Y=o ay[n — k] = Yo byx[n — k], ag #0

Nt" order equation : the max shift of the dependent variable.

Example: y|n] = 0.6y[n — 1] + x[n], first order

x[n]+x[n—1]+x[n-2]
3

Example: y|n] = ,zeros order
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