Second order filter functions

* The general second-order (biquadratic or biquad) filter transfer function is expressed as:
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(Standard form)

* Where 
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and Q are called the pole-frequency (corner-frequency) and quality factor, respectively. 

* The poles of T(s) can be found from:
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· * The higher the value of Q, the more selective the filter response with maximally flat (Butterworth) response is obtained by setting 
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≈0.71
* The numerator coefficients of T(s) determine the type of the filter as follows:
1. Lowpass Filter (LPF) function is obtained when a2=a1=0 yielding:
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This suggests that the filter has two zeros at infinity and dc gain of a0/ωo. For developing approximate plot of the magnitude response of the LPF, there are two different cases needed to be considered. First, when Q is more than 0.71 the filter exhibits picking at ωmax as shown in Fig. 1. The values for ωmax and the T(s) at that frequency are given by:
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Fig. 1: Magnitude response of second-order LPF

After ωmax the filter response will decrease at a rate of -40dB/decade approaching zero at infinity. Second, when Q=0.71, a flat passband gain as shown in Fig. 2 is obtained which decrease by 3dB lower than the dc gain at ωo and goes to zero as frequency increases.
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Fig. 2: Magnitude response of second-order LPF with Q=0.71

2. Highpass Filter (HPF) is obtained when a1=a0=0. Therefore, the function becomes:
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This function has two zeroes at dc frequency and high pass gain of a2. A typical magnitude response is shown in Fig. 3 for Q more than 0.71. For the HPF, it can be shown that:
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Fig. 3: Magnitude response of second-order HPF

3. A second-order BPF has only s term in the numerator of the transfer function as follows:
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The plot of the BPF’s magnitude response is shown in Fig. 4.  The filter is characterized by:

1. Center frequency ωo where the response is at its maximum value 

2. Center frequency gain a1Q/ ωo
3.
ωo/Q= ω2 – ω1 or the bandwidth (BW) which is the difference in frequency between the high and low 3dB frequencies. Also, it can shown easily that 
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Another important parameter is the quality factor Q which decides how sharp the response is. Q can be obtained from center frequency and bandwidth as Q= ωo/BW. Therefore, for a fixed ωo as Q is increased, BW decreases resulting in sharper response.
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Fig. 4: Magnitude response of second-order BPF

4. Second-order Notch Filter
The transfer function of the second-order notch is given by:
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The numerator of the T(s) contains both 
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and dc terms. This results in a pair of complex zeros at ±jωo. The notch filter has a complement plot as that of BPF as shown in Fig. 5.
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Fig. 5: Magnitude response of second-order Notch filter

At low frequencies the dc terms of the numerator and denominator will be dominant. Hence at dc frequency or s=0, 
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 will ideally decrease to zero at ωo. Then 
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 will increase heading towards 
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 again for high frequencies. The notch filter has 3dB stopping bandwidth of ωo /Q.
* Other types of notch filter can be obtained when the zeroes of the notch are different from ωo. Mathematically: 
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The plots for 
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are shown in Fig 6(a) and Fig. 6(b), respectively. 
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(b)
5. All pass filter (APF)

This filter has the following transfer function:
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The numerator has almost the same terms as those of denominator with the exception of the minus sign of the s coefficient. 

Example 1: Draw the magnitude and phase of T(s) for allpass filter.

Solution: 
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can be shown to be constant for all frequencies and equal to
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 as follows:
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The phase T(s) is given by:
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 Thus this phase response changes from zero at dc to -180 at ωo. Then, it decreased approaching -360 as the frequency increases as shown in Fig. 7.
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Fig. 7: Response of second-order allpass filter (a) magnitude (b) phase
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