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Chapter 5 The Laplace Transform

Consider the following RC circuit ( System) 



Fourier Transform provided an alternative approach
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Unfortunately , there are many signals of interest that arise in system 
analysis for which the Fourier Transform does not exists

A more general transform is  needed
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5-2 Examples of Evaluating Laplace Transform
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5-3 Some Laplace Transform Theorems

Theorem 1: Linearity
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Theorem 2: Transform of Derivatives
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Theorem 3: Laplace Transform of an Integral
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Example  5-5 Let xsq(t) be the square wave beginning at t = t0
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Theorem 6: Convolution
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Theorem 8: Initial Value Theorem  ( i.e x(0) ) 
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+'
t  0

( )   = ( )   + (0 ) ( (0 )   t[ ) ]dx t x t x xdt δ−

≠
−

0

( )   ( )  (0 ) stdx t e dt sX xt sd

∞
− −⎡ ⎤ −⎢ ⎥⎣ ⎦

=∫

0 t

( )x t
(0 )x +

(0 )x −

0

( )lim     lim ( ) (0 )  s

s s

t s sdx t e dt X xdt

∞
− −

→∞ →∞

⎡ ⎤ −⎢ ⎥⎣ ⎦
=∫

t  0

+'

0

lim ( )  (0 ) (t) [  ](0 )+ s

s

tx t x x e dtδ
∞

− −

→∞ ≠
−⎡ ⎤

⎣ ⎦∫Left side

t  0

+'

00

 lim ( )   li [  m (0 ) (0 ) t)] (+s s

s

t t

s
x t e dt x x e dtδ

∞∞
−− −

→∞ →∞≠
− ∫∫



+'
t  0

( )   = ( )   + (0 ) ( (0 )   t[ ) ]dx t x t x xdt δ−

≠
−

0 t

( )x t
(0 )x +

(0 )x −

+'

00
t  0

( ) ( ( ) lim   lim (0 ) (0 ) t) [  ]+s s

s s

t tx t e dt x x e dtδ
∞∞

−− −

→≠ ∞ →∞
− ∫∫

t 

+'

0
 0

 [  ] ( ) 0   lim (0 ) (0 ) 1)) (( +
s

x t dt x x
≠

∞
−

→∞
−∫

Left side

+(0 ) (0 )x x −= −

+(0 ) (0 )    lim ( ) (0 ) 
s

s sx x X x− −

→∞
− = −

lim ( ) (0 ) 
s

s sX x +

→∞
=



Example 5-6



Theorem 9: Final Value Theorem

( )If  ( )    and     are Laplace Transformbledx tx t dt

then, 

 
 0

lim ( )  lim ( )  
t s

sx st X
→∞ →

=

     Provided that lim ( )  exists or   X( )  has no poles 

on the j  axis or in the Right Half  Plane
t

x t s s

ω
→∞

Proof: Not shown



Example 5-7



Theorem 10: Scaling

If    ( ) ( )x t X s⇔

1Then    ( )    > 0   x at a X aa
s⇔ ⎛ ⎞

⎜ ⎟
⎝ ⎠

Note a > 0 because , if a < 0 , then x(at) will be reflected on the negative
Part which Laplace Transform ignore



Example

[ ] 1L ( ) =   (1 )x st
+

33

0

 L ( ) =[   ] t stte u t e e dt
∞

− −− ∫

Let  ( ) ( )tx t e u t−=

3Now  (3 ) (3 )tx t e u t−= 3 ( )te u t−=

(3 )

0

=  s te dt
∞

− +

∫
(3 )

0
(3 )

ts

s
e

∞− +

=
− +

1
(3 )s=
+

1  (3 ) 33
 x t X s⎛⇔ ⎞

⎜ ⎟
⎝ ⎠

1 1=    
3 1+ 3

s⎛ ⎞
⎜ ⎟
⎝ ⎠

1=   (1 )s+



5.4  Inversion of Rational Function ( Inverse Laplace Transform)

Let Y(s) be Laplace Transform of some function  y(t) .

We want to find  y(t) without using the inversion formula .

We want to find  y(t) using the Laplace Transform known table 
and properties

Objective : Put  Y(s) in a form or a sum of forms that we know it is
in the Laplace Transform Table

Y(s) in general is a ratio of two polynomials Rational Function

2

3 2

2 Example  ( ) =  2 2 5 3
s ss s sY s
−

− + +



When the degree of the numerator of  rational function is less the
Degree of the dominator 

Proper Rational Function

2

3 2

2 Example  ( ) =  2  2 5 3
s ss s sY s
−

− + +

Highest Degree is 2

Highest Degree is 3



Examples of  proper rational Functions

1  1( ) = 1Y s s +
2

22 2

2 6 6( ) =( 2)( 2 2)
ss s sY s

s
+ +

+ + +

Examples of  not proper rational Functions

3
2( ) = 1Y ss s

+
+

However we can obtain a proper rational Function through long division

3
2( ) = 1Y ss s

+
+

1= 1 + 1s +



We will discuss different techniques of factoring  Y(s) into simple
known forms

Example  5-9 Simple Factors

2 2

10Let ( ) =( 2 2)s s sY
+ +

If we check the Table , we see there is no form similar to Y(s)

However if we expand Y(s) in partial fractions:

2 2

10
( 2 2)s s+ +

  ( 2) ( 8)s s
A B= +
+ +

  and  ( 2) ( 8)
A B

s s+ +
Are available on the Table

Next we develop Techniques of finding A and B



(1)  Common Denominator

2

10( ) ( 10 16)Y s s s=
+ +

Techniques for Partial Fraction Expansion

  ( 2) ( 8)s s
A B= +
+ +

10
( 2)( 8)s s=
+ +

( 8) ( 2)
( 2)( 8)
s s
s s

A B+ + +=
+ +2

10( ) ( 10 16)Y s s s=
+ +

10 ( 8) ( 2)A Bs s= + + + ( ) (8 2 )sA B A B= + + +

0A B+ =
8 2 10A B+ =

⎫
⎪
⎬
⎪
⎭

Solve 5 5 and   
3 3

A B= =−



2

10( ) ( 10 16)Y s s s=
+ +

5/3 5/3  ( 2) ( 8)s s= −
+ +

2 85 5(t) = ( ) ( )
3 3

t ty e u t e u t− −− 2 85= ( )
3

t te e u t⎛ ⎞−
⎜ ⎟

⎠

−

⎝
−



(2)  Substituting Specific values of  s

2

10 10( )        ( 10 16) ( 2)( 8) ( 2) ( 8)s s s s s s s
A BY = = = +

+ + + + + +

 0 s = 10   (2)(8)⇒  2 8
A B= + 5 4A B⇒ + =

 2 s = 10   (4)(10)⇒  4 10
A B= + 2 5 5A B+ =⇒

⎫
⎪
⎪
⎪
⎬
⎪
⎪
⎪⎭

Solve

5
3

A =

5 
3

B =−



(3)  Heavisdie’s Expansion Theorem

2

10 10( )        ( 10 16) ( 2)( 8) ( 2) ( 8)s s s s s s s
A BY = = = +

+ + + + + +

Multiply both side by (s+2)  and set s = −2

22  2 

10 ( 2)  ( 2) ( 2)( 2)( 8) ( 2) (X X 8)X
ss s

s s ss s s s
A B

= −= − = −

+ = + + +
+ + + +

10 ( 2)  ( 8) 2(
2

82 )
BA −

− −
+= +

+ +
10  0(6) A= + 5 3A =



2

10 10( )        ( 10 16) ( 2)( 8) ( 2) ( 8)s s s s s s s
A BY = = = +

+ + + + + +

Multiply both side by (s+8)  and set s = −8

88  8 

10 ( 8)  ( 8) ( 8)( 2)( 8) ( 2) (X X 8)X
ss s

s s ss s s s
A B

= −= − = −

+ = + + +
+ + + +

10  0( 28 ) B=
+−

+

10  ( 6) B=
−

5 3B =−



2

2 2

(15 25 20)Let ( ) ( 1)( 10 16)
s ss s s sY + +

=
+ + +

Example 5-10  ( Imaginary Roots)

2(15 25 20)
( )( )( 2)( 8)j

s s
s js s s

+ +
=

+ − + +

 1  2  3  4

( ) ( ) ( 2) ( 8)s s s
A A A A

j sj= + + +
+ − + +

Using Heavisdie’s Expansions, by multiplying the left hand side and
Right hand side by the factors 

( ) , ( ) , ( 2) , ( 8)s sj s sj+ − + +
,  , 2 , 8s s s sj j=− = =− =−and substitute  respectively

We obtain  1  2  3  4
1 1(1 ) ,  (1 ) ,  1 , 2
2 2

A j A j A A= + = − = =−



(1/2)(1 ) (1/2)(1 ) 1 2( ) ( ) ( ) ( 2) ( 8)s s
j jY j sjs s

+ −= + + −
+ − + +

2 ( )te u t− 8 ( )te u t−

From Table

(1/2)(1 ) (1/2)(1 )  and  ( ) ( )
j j

j js s
+ −

+ −
Can be inverted in  two methods:

(a)
(1/2)(1 )

( )
j

s j
+

+
(1/2)(1 ) ( )jtj e u t−⇒ +

(1/2)(1 )
( )

j
s j

−
−

(1/2)(1 ) ( )jtj e u t⇒ −



(1/2)(1 )
( )

j
s j

+
+

(1/2)(1 ) ( )jtj e u t−⇒ +

(1/2)(1 )
( )

j
s j

−
−

(1/2)(1 ) ( )jtj e u t⇒ −

⎫
⎪
⎪
⎪
⎬
⎪
⎪
⎪⎭

combine

(1/2)(1 ) (1/2)(1 )
( ) ( )

j
s s

j
j j
+ −+

+ −
1 1(1 ) ( ) (1 ) ( )
2 2

jt jtj e u t j e u t−⇒ + + −

1( ) ( ) ( ) ( )
2 2

jt jt jt jtje e u t e e u t− −= + + −

cos( ) ( ) sin( ) ( )t u t t u t= +

1 1( ) ( ) ( ) ( )
2 2

jt jt jt jte e u t e e u t
j

− −= + + −



(1/2)(1 ) (1/2)(1 )  and  ( ) ( )
j j

j js s
+ −

+ −
Can be combined as

(1/2)(1 ) (1/2)(1 )  +  ( ) ( )
j j

j js s
+ −

+ −

(1/2)(1 )( ) (1/2)(1 )( )
( )( )
s s
s

j j j j
j js

+ − + − +=
+ −

2

1
1

s
s
+=
+ 2 2

1  1 1
s

s s= +
+ +

(b)

cos( ) ( ) sin( ) ( )t u t t u t+⇒



(1/2)(1 ) (1/2)(1 ) 1 2( ) ( ) ( ) ( 2) ( 8)s s
j jY j sjs s

+ −= + + −
+ − + +

2 ( )te u t− 8 ( )te u t−cos( ) ( ) sin( ) ( )t u t t u t+

                                                                      

2 8( ) cos( ) ( ) sin( ) ( ) ( ) ( )t ty t t u t t u t e u t e u t− −= + + +

2 8( ) cos( ) sin( ) ( )t ty t t t e e u t− −⎛ ⎞
⎜ ⎟
⎝ ⎠

= + + +



Repeated Linear Factor

( )( )  
( ) ( )n

ss
s

P
s

Y
Qα

=
+

If

Then its partial fraction

 1  2  2  n
2 3

( )( )  +  +  + ( ) ( )( ) ( ) ( )n
ss s ss s s

A A A A RY Qα α α α
= + +

+ + + +

Were
( )

 m ( )
 

1   ( ) ( )
( )!

n m n

n m
s

s sdA Y
n m ds α

α
−

−
=−

⎡ ⎤
⎥⎦

=
⎢⎣

+
−

2

10 ( )  
( 2) (

exam
)

e
8

pl ss
s s

Y
⎧ ⎫
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎩ ⎭

=
+ +



Example 5-11  Repeated Linear Factor

2

10( )
( 2) ( 8)

ss
s

Y
s

=
+ +Let

 1  2
2( ) ( 2) ( 8)( 2)

A A BY s s ss
= + +

+ ++
Then

(2 1) 2

 1 2(2 1)

2

101   ( 2)
(2 1)! ( 2) ( 8) s

s
sd

s s s
A

d

−

−

=−

= +⎡ ⎤
⎢ ⎥
⎣ ⎦− + +  2

10
 ( 8)

s
s

d
sd

s

=−

⎡ ⎤
⎢ ⎥
⎣ ⎦

= +

2

 2

10( 8) 10
( 8) s

s s
s

=−

+ −
=

+
⎡ ⎤
⎢ ⎥
⎣ ⎦

2

2 210( 8) 10( )
( 8)2

−⎡ −
−

⎤
⎢ ⎥
⎣

+ −
=

⎦+

80
36
⎡= ⎤
⎢ ⎥
⎣ ⎦

20
9=



(2 2) 2

 2 2(2 2)

2

101   ( 2)
(2 2)! ( 2) ( 8) s

s
sd

s s s
A

d

−

−

=−

= +⎡ ⎤
⎢ ⎥
⎣ ⎦− + +  2

10
 ( 8)

s

s
s

=−

⎡ ⎤
⎢ ⎥
⎣ ⎦

= +

2
2

10( )
( 8)= +

−
−

⎡ ⎤
⎢ ⎥
⎣ ⎦

10
3=−

20
6

⎡−= ⎤
⎢ ⎥
⎣ ⎦

 1  2
2( ) ( 2) ( 8)( 2)

A A BY s s ss
= + +

+ ++

20
9

10
3−



 1  2
2( ) ( 2) ( 8)( 2)

A A BY s s ss
= + +

+ ++

20
9

10
3−

To find B , we use Heaviside

 1 2
2

 

 
2

888 8   

10( 8) ( 8) ( 8) ( 8)( 2) ( 8)( 2) ( 8) (
X

2)
X X

sss s

ss s s ss
A A

s s
B

ss =−=−=− =−

+ = + + + + +
+ ++ + +

0 0

20  
9

B =−⇒

20
9

−

2

(20/9) (10/3) (20/9)( )     ( 2) ( 8)( 2)
s s ss

Y = − −
+ ++

⇒

2

20 1 1 (3/2)( )     ( 8) ( 2)9 ( 2)
s sY s s

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

= − + −
+ + +

8 2 220 3( )  ( )
9 2

t t ty t e e te u t
⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟

−

⎠

− −

⎝

= − + −



Example 5-12  Repeated Linear Factor

3

10( )
( 2) ( 8)

ss
s

Y
s

=
+ +Let

 1  2  3
2 3( ) ( 2) ( 8)( 2) ( 2)

s s ss s
A A A BY = + + +
+ ++ +

Then

Can be found using Heaviside’s expansion 

 8
( 8) ( )

s
sB s Y

= −
= + 10

27
= 3

 3
2

( 2)  ( )
s

sA Ys
= −

= + 10
3

=−

(3 2) 3

 2 (3 2)
 2

1   ( 2) ( )
(3 2)! s

s
s

dA Y
d

s
−

−
=−

= +⎡ ⎤
⎢ ⎥⎣ ⎦−  2

10 ( 8)
s

s
d
sd

s

=−

⎡ ⎤
⎢ ⎥
⎣ ⎦

= +
20
9

=



 1  2  3
2 3( ) ( 2) ( 8)( 2) ( 2)

s s ss s
A A A BY = + + +
+ ++ +

20
9

10
3− 10

27

A1 Can be found using Heaviside differentiation techniques  
(3 1) 3

 1 (3 1)
 2

1   ( 2) ( )
(3 1)! s

s
s

dA Y
d

s
−

−
=−

= +⎡ ⎤
⎢ ⎥⎣ ⎦−

2

2

 2

101  ( 8)2 s

s
sds

d

=−

= +
⎡ ⎤
⎢ ⎥
⎣ ⎦

 

3

2

1601 
( 8)2 ss

=−

⎡ ⎤
⎢ ⎥
⎣ ⎦

−
=

+
20
27

=−

20
27−

2 3

1 110 20 101 1( ) ( 8) ( 2)27 9 3( 2) ( 2)
s s sY

s s
⎡ ⎤
⎢ ⎥
⎣

= − + −+ + + +⎦
8 2 210 5 4

27 3 3
( ) ( )t t tt ty t e e e u t

⎛ ⎞
⎜ ⎟⎛ ⎞

⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎜ ⎟
⎝ ⎠

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢

− −
−

⎣ ⎦

−

⎥
= − −⇒



2

2

2 6 6( ) ( 2)( 2 2)
s ss s s sY + +

=
+ + + 2

22 6 6
( 2) ( 1) 1

s s
s s⎡ ⎤

⎢ ⎥
⎢ ⎥⎣ ⎦

+ +
=

+ + +
22 6 6

( 2)( 1 )( 1 )j j
s s

s s s
+ +

=
+ + + + −

Using Heaviside Expansion   1  2  3( ) ( 2) ( 1 ) ( 1 )j j
A A

sY s s
As = + +

+ + + + −

Example 5-13  Complex Conjugate Factors

We can find    1  2  3 ,  , A A A

However it is easier to keep both of the complex-conjugate factors 
together

2
( )   2 2 2

A B CY ss s s s
+= +

+ + +



 1  2  3( ) ( 2) ( 1 ) ( 1 )j j
A A

sY s s
As = + +

+ + + + −

However it is easier to keep both of the complex-conjugate factors 
together

2
( )   2 2 2

A B CY ss s s s
+= +

+ + +

This allows the inverse Laplace Transform to be found easily with 
the help of pairs

( )
  1

( ) 1
!  

n t

n
t e u

s
t

n
α

α
−

++
⇔

( )
  0 2 2

0

cos( ) ( )  t

s
e t u t sα αω

α ω
− +

+
⇔

+

( )
0  0 2 2

0

sin( ) ( )  t

s
e t u tα ωω

α ω
−

+ +
⇔



2
( )   2 2 2

A B CY ss s s s
+= +

+ + +

A Can be found using Heaviside

2
( 2) ( )

s
sA s Y

= −
= + 1=

2

2
 2

2 6 6
2 2

s

s s
s s

= −

+ +
=

+ +

1

B and C can be found using substitution of  s  or the common denominator

 0 s = 2
(0)0 0 0 (0

 ( )   2 2 ) 2
A B CY += +
+

⇒
+ +

 2 2
A C= +

 (02 )C Y A⇒ = − 2(6) 1
(4)

= − 2=

2



2

22

2 6 6 1 2( )      2 2 2( 2)( 2 2)
s s ss s s ss s s

BY + + += = +
+ + ++ + +

To find B, we multiply both sides of Y(s) by s and let s →∞

2 2

22

2 6 6 2lim lim    2 2 2( 2)( 2 2)s s

s Bs s s ss s s ss s s
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦→∞ →∞

+ + += +
+ + ++ + +

3 2 2

23 2

2 6 6 2lim lim   lim 2 2 2( 4 6 4)s s s

s s s s s s
s s ss s s

B
→∞ →∞ →∞

+ + += +
+ + ++ + +

2

2 3 2

2 6(1/ ) 6(1/ ) 1 2(1/ )lim lim  lim (1 4(1/ ) 6(1/ ) (4/ )) 1 (2/ ) 1 (2/ ) (2/ )s s s

Bs s s
s s s s s s→∞ →∞ →∞

+ + += +
+ + + + + +

2 6(0) 6(0) 1 2(0)  (1 4(0) 6(0) (0)) 1 (0) 1 (0) (0)
B+ + += +

+ + + + + +
2 1   1 1 1

B= + 1B =

1



2

22

2 6 6 1 2( )      2 2 2( 2)( 2 2)
s s ss s s ss s s

BY + + += = +
+ + ++ + +

We also can find B by selecting any value of s
2

2 2
1 1 11 11 1 1

2( ) 6( ) 6 1 ( ) 2( )      ( ) 2(( ) 2)(( ) 2( ) 2) ( ) 2(1 21 )
BY + + += = +

++ + + + +

14 1 2    515 3
B += +

14  5  3 6B= + +

 1B =



2

22

2 6 6 1 2( )      2 2 2( 2)( 2 2)
s s ss s s ss s sY + + += = +

+ + ++ + +

2
1 2    2 ( 1) 1

s
s s

+= +
+ + +

2
1 ( 1) 1    2 ( 1) 1

s
s s

+ += +
+ + +

2 2
1 ( 1) 1      2 ( 1) 1 ( 1) 1

s
s s s

+= + +
+ + + + +

2( ) ( ) cos( ) ( ) sin( ) ( )t t ty t e u t e t u t e t u t− − −= +⇒ +
2( ) cos( ) sin( ) ( )t t ty t e e t e t u t⎡ ⎤

⎢ ⎥⎣

− −

⎦

−= + +⇒


