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Example 4-1   Find the Fourier Transform for the following function

2
aa( ) ( ) j ftX f x t e dtπ

∞
−

−∞

= ∫
1

2

1

j fte dtπ−

−

=∫
12

1
2

j fte
j f

π

π

−

−

=
−

(1) ( 12 )2

2

j f j fe e
j f

π π

π

−− −−=
−

2 21
2

j f j fe e
f j

π π

π

−−=
1 sin(2 )f
f

π
π

=

sin(22 )
2

f
f
π

π
= 22sin ( )c f=



1
2

1
2− 11−

2

f

a( )X f

a  ( ) 2sin (2 )X f c f=⇔



a  ( ) 2sin (2 )X f c f=⇔

aa
( )| ( )|( )  j fXX eff θ=

f

1
2

1
2−

1

1− 0

( )fθ

π

π−f
1
2

1
2− 11−

2

0

a| ( )|X f
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4.3 Energy Spectral Density
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Example 4-6

From Example 4-1 a  ( ) 2sin (2 )X f c f=⇔
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(4)  Duality     ازدواجية    

( )  ( )x t X f⇔If then ( ) ( )tX x f⇔ −

Example 4-7  Find the F.T  of

1
2W

1
2W−

2W

t

2 sinc(2 )W Wt

{ }2 sinc(2 )   W Wt



( )  ( )tX x f⇔ −

1
2W

1
2W−

2W

t

2 sinc(2 ) W Wt

1
τ

τ

t

sinc( )t tτ

1
τ−

from Known transform from the F.T TableStep 1

Step 2

2Wτ =

t f= −

2
τ0

1

t

t
τ
⎛ ⎞Π⎜ ⎟
⎝ ⎠

2
τ

−

W
0

1

t

2
f

W
−⎛ ⎞Π⎜ ⎟

⎝ ⎠

W−

2
f
W

⎛ ⎞= Π⎜ ⎟
⎝ ⎠

Even Function



(4)  Frequency  Translation Theorem     

Let ( )  ( )x t X f⇔ Then 0
0

2( )e  ( )j tfx t X f fπ −⇔

Proof

{ }0
0

2 2 2( )e ( )e
j t j t j ft

f fF x t x t e dt
π π π

∞
−

−∞

= ∫
02 ( )( )e j f tfx t dtπ

∞
− −

−∞

= ∫
Change of variable 0

' fff = −

{ } '02
2( )e ( )

fj t
tfjF x t x t e dt

π
π

∞
−

−∞

= ∫
'( )X f= 0( )X f f= −



Example 4-8   Find the Fourier Transform of the function

( ) cos(20 )
2
tx t tπ⎛ ⎞=Π⎜ ⎟

⎝ ⎠
0

co s (2 t )  fπ

t
0

 
2
t⎛ ⎞Π⎜ ⎟

⎝ ⎠

t
11−

0

X
0

( ) co s (2 t )  
2
tx t fπ⎛ ⎞=Π⎜ ⎟

⎝ ⎠

t
11− 0



0
( ) c o s (2 t )  

2
tx t fπ⎛ ⎞=Π⎜ ⎟

⎝ ⎠

t1
2

1
2− 0

0
( ) c o s (2 t )  

2
tx t fπ⎛ ⎞=Π⎜ ⎟

⎝ ⎠

0 0
2 t 2 t

  
2 2

f f
t e e

π π−⎧ ⎫
−⎛ ⎞⎪ ⎪= Π ⎨ ⎬⎜ ⎟

⎝ ⎠⎪ ⎪
⎩ ⎭

0 0
2 21 1( )    

2 22 2
f t f tt tx t e eπ π−⎛ ⎞ ⎛ ⎞= Π − Π⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

0
0

2( )e ) (j tfx t X f fπ± ⇔ ∓  2sinc(2 )
2
t f⎛ ⎞Π⎜ ⎟

⎝ ⎠
⇔Since and

0 00
( ) c o s (2 t )

2
 s (inc(2 ) s inc(2 )) ( )tx ft f ff fπ⎛ ⎞=Π⎜ ⎟

⎝ ⎠
− + +⇔

Therefore



(5)  Differentiation and Integration Theorem    

2( ) ( ) j ftdx t dx t
dt dt

F e dtπ

∞

−

−∞

⎡ ⎤=⎢ ⎥
⎣ ⎦ ∫

Using integration by parts

2j ftu e π−= ) ( )(  dx t
dtdv dt dx t= =2  2 j ftdu j fe ππ −= −

( )v x t=

 
b b

b

a
a a

udv uv vdu= −∫ ∫

2
2( ) ( )  + 2 ( )  

j ft
j ftdx t

dt
F x t e j f x t e dt

π
ππ

∞∞−
−

−∞
−∞

⎡ ⎤=⎢ ⎥
⎣ ⎦ ∫

Differentiation



2
2( )  ( )  + 2 ( )  

j ft
j ftdx t

dt
F x t e j f x t e dt

π
ππ

∞∞−
−

−∞
−∞

⎡ ⎤=⎢ ⎥
⎣ ⎦ ∫

( )   x t dt
∞

−∞

< ∞∫Since x(t) is absolutely integrable

2 ( ) 2 ( ) 2 ( ) ( )  + 2 ( )  j f j f j ftx e x e j f x t e dtπ π ππ⎧

∞

− ∞ − −∞ ⎫
⎨ ⎬
⎩

−

∞

⎭

−

= ∞ − −∞ ∫
( ) 0      
( ) 0

x
x
∞ →
−∞ →

2 ( ) 2 ( )
 ( ) ( )  0j f j fx e x eπ π⎧ ⎫

⎨ ⎬
⎩

∞

⎭

− − −∞∞ − −∞ →
2( )  2 ( )  j ftdx t

dt
F j f x t e dtππ

∞

−

−∞

⎡ ⎤=⎢ ⎥
⎣ ⎦ ∫  2  ( )j f X fπ=

( )     2  ( )dx t
dt

j f X fπ⇔ ( )    ( 2 )  ( )n

n

n
d x t

dt
j f X fπ⇔



Integration

'
' 1 1( )  ( )  (0) ( )

2
 

2

t

x t dt X f X f
j f

δ
π

−∞

+⇔∫
Example Find the Fourier Transform of the unit step function  u(t)

'
'( ) = ( )  

t

u t t dtδ
−∞
∫ 0

1 1  (1) (1) ( )
2 2

 
f

f
j f

δ
π =

+⇔

( ) 1tδ ⇔

1 1( )   ( )
2

  
2

u t f
j f

δ
π

+⇔



(6)  The convolution Theorem     

2 21 1( ) ( ) ( (  )  )x t fx X Xt f⇔∗

Multiplication  in Frequency   Convolution  in Time 

Proof 

1 21 2( ) ( ) = ( ) ( ) x t x t x x t dλ λ λ
∞

−∞

∗ −∫
2

22( ) ( ) j ftx t X f e dfπ
∞

−∞

= ∫ 2 ( )
22( ) ( ) j f tx t X f e dfπ λλ

∞
−

−∞

−⇒ = ∫
2 2

2( ) j ft j fX f e e dfπ π λ
∞

−

−∞

= ∫



1 21 2( ) ( ) = ( ) ( ) x t x t x x t dλ λ λ
∞

−∞

∗ −∫

2
22( ) ( ) j ftx t X f e dfπ

∞

−∞

= ∫
2 2

2( ) j ft j fX f e e dfπ π λ
∞

−

−∞

= ∫
Now substitute    x2(t)  ( as the inverse Fourier Transform)
in the convolution integral

2 2
1 21 2( ) ( ) = ( ) ( ) 

j ft j f
x t x t x f e e df dX

π π λ
λ λ

∞∞
−

−∞−∞

⎧ ⎫
⎨ ⎬
⎩ ⎭

∗ ∫∫



2 2
1 21 2( ) ( ) = ( ) ( ) 

j ft j f
x t x t x f e e df dX

π π λ
λ λ

∞∞
−

−∞−∞

⎧ ⎫
⎨ ⎬
⎩ ⎭

∗ ∫∫
Exchanging the order of integration , we have

2
2

2 11 2 ( ) ( ) = ( ) ( )  
j f

j ftx t x t X f x e dd e f
λπ

πλ λ
∞∞

−

−∞−∞

⎧ ⎫

⎭
∗ ⎨ ⎬

⎩
∫∫

                                       

1

                

( )X f
2

1 21 2( ) ( ) = ( )    ( ) j ftx t x t X f X f e dfπ
∞

−∞

∗ ∫
                                                       

Inverse Fourier Transform

2 21 1( ) ( ) ( ( )  )x t fx X Xt f⇔∗



t t
τ τ
⎛ ⎞ ⎛ ⎞Π ∗Π⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

Example 4-13 Find the Fourier Transform of following

Solution 

Since t
τ
⎛ ⎞Π⎜ ⎟
⎝ ⎠

t

2
τ

2
τ− 0

∗
t
τ
⎛ ⎞Π⎜ ⎟
⎝ ⎠

t

2
τ

2
τ− 0

 tτ
τ
⎛ ⎞Λ⎜ ⎟
⎝ ⎠

t
ττ− 0

τ=

FT t t
τ τ

⎧ ⎫
⎪ ⎪⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪⎩ ⎭

⎛ ⎞ ⎛ ⎞Π ∗Π⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

  = FT FTt t
τ τ

•

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪
⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭

⎛ ⎞ ⎛ ⎞Π Π⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

sin ( )  sin ( )c f c fτ τ τ τ= i 2 2sinc ( )fτ τ=



(7)  The multiplication Theorem    

2 21 1  ( ) ( ))  ( ) (x t x t X f X f∗⇔

Proof 

Similar to the convolution theorem , left as an exercise  

Example 4-15



4-6  System Analysis with Fourier Transform    

= ( ) ( ) x h t dλ λ λ
∞

−∞

−∫
 ( )x t

 ( )h t
y(t) = ( ( ) )x t h t∗

 ( )X f  ( )H f  ( )Y f )( ) (X f H f=

( ) ( ) ( )Y f X f H f=y(t) = (  ( ) )x t h t∗



 ( )x t
( )h t

y(t) = ( ( ) )x t h t∗

 ( )X f  ( )H f ( ) ( ) ( )Y f X f H f=

( )( )  
( )

Y fH f
X f

= Transfer Fun nctio

( ) (Impulse Response)    ( ) ( Transfer Func tion)h t H f⇔



 ( )x t ( )h t y(t) = ( ( ) )x t h t∗

 ( )X f ( )H f ( ) ( ) ( )Y f X f H f=

Since  h(t) is real  

( )   ( ) | |  |  Ev en  |  H f H f= −
( ) (       ) Odd H f H f− −=

( )( )  (| |)  e  j H fH f H f=



Example 4-16  Find the Transfer Function for the following RC circuit    

( )x t

+

−

( )y t

+

−

 
( )  ( ) ( )    dy tRC y t x t tdt + = −∞< <∞

( )tδ

+

−

( )h t

+

−

 
( ) ( )  ( )dh tRC h t tdt δ+ =

1( ) ( )
t

R Ch t e u t
R C

−
=

From Example 2-10 (Chapter 2) we can find h(t) by solving differential 
equation as follows

Method 1



( )x t

+

−

( )y t

+

−

 
( ) ( )  ( )dy tRC y t x tdt + =

 
( )FT  ( )   FT ( )    dy tRC y t x tdt

⎡ ⎤
⎡ ⎤⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦

+ =

 ( 2 ) (f )  (f )  (f )   RC j f Y Y Xπ + =

 ( 2 )  1 (f )  (f )   j fRC Y Xπ⎡ ⎤⎣ ⎦+ =

( )( )  
( )

 Y fH f
X f

= 1
( 2 )  1j fRCπ= +

We will find h(t) using Fourier Transform Method rather than solving 
differential equation as follows

Method 2



( )x t

+

−

( )y t

+

−

 
( ) ( )  ( )dy tRC y t x tdt + =

( )( )  
( )

 Y fH f
X f

= 1
( 2 )  1j fRCπ= +

(1/ )
( 2 )  (1/ )

RC
j f RCπ= +

 >  0
1( ) ( )    
2

 tx t e u t
j f

α
α

α π
−

+
⇔=

1( ) ( )
t

R Ch t e u t
R C

−
=

From Table 4-2



Method 3

RV ( )t
+

−
RV ( ) ( )t Ri t=

RV ( )f
+

−

RV ( ) ( )f RI f=

LV ( )t
+

−

L
( )V ( ) di tt L

dt
=

LV ( )f
+

−

LV ( ) ( 2 ) ( )f L j f I fπ=

CV ( )t
+

−

( )( ) CdV ti t C
dt

=
CV ( )f

+

−

C( ) ( 2 )V ( )I f C j f fπ=

C
1V ( ) ( )

( 2 )
f I f

j fCπ
=

( 2 ) ( )j fL I fπ=

In this method we are going to transform the circuit to the 
Fourier domain . However we first  see the FT on Basic
elements



Method 3

( )i t

( )v t
+

−

( )I f

( )V f
+

−

( )Z f

Resistor
( ) 2 Inductor

1 Capacitor
2

R
Z f j fL

j fC

π

π

⎧
⎪
⎪

= ⎨
⎪
⎪
⎩



( )x t

+

−

( )y t

+

−

Method 3

( )X f

+

−

( )Y f

+

−

1
2j fCπ

Fourier Transform

1
2( ) ( )1

2

j fCY f X f
R

j fC

π

π

=
+

1 ( )
2 1

X f
j fRCπ

=
+

( ) 1 ( )
( ) 2 1

Y f H f
X f j fRCπ

= =
+

1( ) ( )
t

R Ch t e u t
R C

−
=



( )x t

+

−

( )y t

+

−

 
( ) ( )  ( )dy tRC y t x tdt + =

( )( )  
( )

Y fH f
X f

=
1

1 ( 2 ) j fRCπ= +

1( )

 1  1
2

H f
fj

RCπ

=
⎛ ⎞
⎜ ⎟+⎜ ⎟
⎜ ⎟
⎝ ⎠

3

1

1  fj f

=
⎛ ⎞

+⎜ ⎟
⎜ ⎟
⎝ ⎠

3
1were 

2
f

RCπ
=

3
1

RC
ω =

3
at  =f f

3

3

3

1( )

 1   

H f
f

j f

=
⎛ ⎞
⎜ ⎟+
⎜ ⎟
⎝ ⎠

1
1  j= + 3

1( )
2

| |=H f 0.707=

1( ) tan (1)H f −=- 4
π=



( )x t

+

−

( )y t

+

−
3

1( )

 1  

H f
fj f

=
⎛ ⎞

+⎜ ⎟
⎜ ⎟
⎝ ⎠

2

3

1( )

  1  

| |  H f
f
f

=
⎛ ⎞

+⎜ ⎟
⎜ ⎟
⎝ ⎠

1

3
( ) tan fH f

f
− ⎛ ⎞
⎜ ⎟
⎝ ⎠

=-

3
f

3
f−

/4π

/4π−



( )x t

+

−

( )y t

+

−

Find y(t) if the input x(t) is 

( ) ( )tx t A e u tα−=

Solution 1

Using the time domain ( convolution method , Chapter 2) 

y( ) = ( )  ) (t x t h t∗
1( ) ( )

t
R Ch t e u t

R C

−
=Find h(t) as was done before



( )x t

+

−

( )y t

+

−

( ) ( )tx t A e u tα−=

Solution 2 Using the Frequency domain (Chapter 4) 

( ) ( ) ( )Y f X f H f=y(t) = (  ( ) )x t h t∗

1(  )
2

X f
j fα π

=
+

(1/ )( ) ( 2 )  (1/ )
RCH f j f RCπ= +

/( )  ( 2 )(1/ 2 )
A RCY f j f RC j fα π π= + +

1( ) ( )
t

R Ch t e u t
R C

−
=



( )x t

+

−

( )y t

+

−

Find y(t) if the input x(t) is 

( ) ( )tx t A e u tα−=

/
( 2 )(1/ 2 )

A RC
j f RC j fα π π= + +

For   1RCα ≠

1 1( )  1/ 2  21
AY f RC j f j fRC π α πα

⎡ ⎤
⎢ ⎥
⎢ ⎥⎣ ⎦

= −+ +−

Using partial fraction expansion 

From Table 4-2

 /( ) ( )
1

t RC tAy t e e u t
RC

α
α

⎡ ⎤
⎢ ⎥
⎢ ⎥⎣ ⎦

− −= −
−

1(  )
2

X f
j fα π

=
+

1( ) ( )
t

R Ch t e u t
R C

−
= (1/ )( ) ( 2 )  (1/ )

RCH f j f RCπ= +

( ) ( ) ( )Y f X f H f=



( )x t

+

−

( )y t

+

−

( ) ( )tx t A e u tα−=

/  For   1   ( ) ( )
1

t RC tARC y t e e u t
RC

αα
α

− −⎡ ⎤
⎢ ⎥
⎢ ⎥⎣ ⎦

≠ = −
−

For   1RCα =
1

lim ( )
RC

y t
α →

0
0=1

lim ( )
RC

y t
α→

= / /
1 1

t RC RCA e e α− −⎡ ⎤
⎢ ⎥
⎢ ⎥⎣ ⎦

= −
−

                

( )
( ) 0Using L'Hôpital's rule lim lim0( ) ( )

 
x x

df x
f x dx
g x dg x

dx
α α→ →

= ⇒

1 1
   

/

 ( ) (t)
( 1)

lim lim
RC RC

t RC td e edy t A ud RCd
α α

α
α

αα
→ →

⎡ ⎤
⎢ ⎥⎣ ⎦

− −−
=

−
1

   
(lim ) (t)

RC

tt eA uRCα

α

→

−− −=

 / (t)t t RCA RC e u⎛ ⎞
⎜ ⎟
⎝ ⎠

−=

/( ) ( 2 )(1/ 2 )
A RCY f j f RC j fα π π= + +



2 2( ) ( ) E x t dt X f df
∞

−∞

∞

−∞

=∫ ∫
Recall Parseval’s Theorem for Fourier Transform

2(( ) )XG ffwere

( )dG f f
∞

−∞

= ∫
Is an energy density ( J/Hz )

( )H f
( ) ( ) ( )Y f X f H f=( )X f

( )E dfG f
xx

∞

−∞

= ∫ ( )E dfG f
yy

∞

−∞

= ∫ 2( )Y f df
∞

−∞

= ∫
2( ) ( )X f H f df

∞

−∞

= ∫ 2 2( ) ( )X f H f df
∞

−∞

= ∫
2 2= ( )( )  ) (G f X f H f

y
2 ( ) ( )HG

x
ff=

Energy input output relation



 ( )x t ( )h t y(t) = ( ( ) )x t h t∗

 ( )X f ( )H f ( ) ( ) ( )Y f X f H f=

( )G f
x

2( )  ( ) ( )G f G
y

Hf f
x

=



 ( )x t ( )h t y(t) = ( ( ) )x t h t∗

 ( )X f ( )H f ( ) ( ) ( )Y f X f H f=

( )( )  ( )  e| |  j H fH f H f=( )( ) ( | |)  e  j X fX f X f=

( ) ( )( ) ( )  ( )| |e | | j X f H fY f X f H f +=

4-7   Steady-state system Response to Sinusoidal Inputs by Means 
of  Fourier Transform



 
( )  ( ) ( )    dy tRC y t x t tdt + = −∞< <∞

1 F 40π

2 Ω

 

( )x t

+

−

( )y t

+

−

 

( )x t

+

−

( )y t

+

−

C

R

if  ( ) cos(20 )       find y(t) for the circuit shown ?x t tπ=

1( )
1 2

H f
j fRCπ

=
+



Method 1 Phasor method

1  F 40π

 2 Ω

 

          

( ) cos(20 )

          

x t tπ

+

=

−

( )y t

+

−

2  j− Ω

2 Ω

          

5 0

          

o

+

=

−

X

+

−

Y

Phasor 
Transformation

Voltage Division

2=  5 0
2 2

oj
j

−
−

Y 5=  45 V
2

 o−

5y(t)= cos(20 45 ) V
2

otπ −



Method 2 Fourier Transform method

1  F 40π

 2 Ω

 

          

( ) cos(20 )

          

x t tπ

+

=

−

( )y t

+

−

 
( )  ( ) ( )    dy tRC y t x t tdt + = −∞< <∞

1( )
1 2

H f
j fRCπ

=
+

(2) 1
40

1( )
1 2

H f
j f

π
π

=
⎛ ⎞
⎜ ⎟
⎝ ⎠

+

10
10 jf

=
+

 
5 5( ) ( ) +10 10( )
2 2

X f f fδ δ= − +

( ) ( ) ( )Y f X f H f=   
5 5 10( ) + ( )
2 2

0 1
1

1 0f f
jf

δ δ
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎣ ⎦

= − +
+

 
25 25( ) + ( )

10 10
10 10f f

jf jf
δ δ= − +

+ +



 
25 25( ) ( ) + ( )

10 1
1

0
0 10Y f f f

jf jf
δ δ= − +

+ +

 
25 25( ) + ( )

10 10
10 10

(10) ( 10)
f f

j j
δ δ= +

−
−

+ +

( ) ( )
 

25 25( ) + ( )
10 2 45 10 2 45

10 10
o o

f fδ δ= − +
−

 
5 5( ) + ( )

2 2 45 2 2 45
10 10

o o
f fδ δ= − +

−

45 45  
5 5( ) +10 10( )

2 2 2 2

o o
j je f e fδ δ−= − +

2  j− Ω

 2 Ω

 

          

5 0

          

o

+

=

−

X

+

−

Y



45 45  
5 5( )    ( )10 10+   ( )

2 2 2 2

o o
j jY f e f e fδ δ−= − +

2  j− Ω

 2 Ω

 

          

5 0

          

o

+

=

−

X

+

−

Y

4 (10)5 2 4 (15 0 )2 
5 5( )    +  

2 2 2 2

o o
j j t j j ty t e e e eπ π−−=

constants with 
respect to  f

(20 45 ) (20 45 )  
5 5( )    +

2 2 2 2

o o
j t j ty t e eπ π− − −=

5= cos(20 4
2

V5 )otπ −



 ( )x t ( )h t y(t) = ( ( ) )x t h t∗

 ( )X f ( )H f ( ) ( ) ( )Y f X f H f=

( )( )  ( )  e| |  j H fH f H f=

  | | e nX
n n

jX X=02( ) n
j nf t

n
x t eX π∞

=−∞

= ∑

0( ) ( )
n

nX f fX nfδ
∞

=−∞

= −∑02( ) n
j nf t

n
x t eX π∞

=−∞

= ∑

Fourier Transform
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Let x(t) be a periodical signal
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Constant with respect to 
Fourier Transform
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4-8 Ideal Filters   ( ( مرشح

Filters are devices that is used in many applications to pass and block
Some elements such as

Water Filter , Air Filter and others

In signals, filters are used to pass some frequencies of the signal and 
Block other frequencies

We are going to use the ideal filters



Three types of ideal filters that we will consider

Ideal Low pass Filter
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Non Causal

Ideal Low pass Filter
is non causal

Ideal Low pass Filter
non realizable
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Ideal Band pass Filter
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Ideal High pass Filter
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