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Abstract
The wideband elliptical model is used for bad urban channels.
The clustered scatterers are assumed to have bi-variate
Gaussian distributions. Propagation models are used to derive
AOA distributions are derived. The resulting spatial
correlations are computed. The effect of these correlations on
the performance of 2-D Rake receivers is investigated
analytically and by simulations for different antenna spacing
and channel power delay profiles.

I. INTRODUCTION

The need for larger user capacity and higher data rates
services in wireless communications has initiated the trend
towards the use of antenna arrays (as in 2-D RAKE
receivers) [1]. However, the spatial diversity gain of such
receivers is strongly affected by the spatial correlations at
the antenna array elements. The spatial correlation is
dependent on the Angle of Arrival (AoA) statistics and the
mean angle of arrival. In [2], a raised cosine distribution for
the AoA’s was used to compute the spatial correlations at
the BS for both the broadside and end fire cases. In [3], the
AoA’s were assumed to be uniformly distributed over the
angular range [-Ä, Ä] and the spatial correlations were
computed for different values of Ä. In this paper, a three-
path wideband elliptical model for bad urban Nakagami
faded channels is introduced with the appropriate scatterers
distributions, Then, this geometrically-based model is used
to derive the AoA distribution and compute the spatial
correlation matrix for each path are computed.

II.       CHANNEL MODEL

A.    Channel Geometry and Scatterers Distributions.

The proposed channel geometry for bad urban channels is
shown in Fig. 1. In this model, the scatterers are assumed to
be characterized by the existence of a mixture of open areas
and densely built-up zones with a large variety of different
building heights. The equivalent model of the scattering
and propagation mechanisms in a bad urban environment
has a geometry that is similar to the wideband elliptical
model, each path is assumed to be due to a cluster of
scatterers, which lie within the first ellipse or in between
the concentric ellipses with foci at the BS and the MS,
respectively.

Figure 1 A geometrical model of BU channels.

The scatterers around the MS (with a radius R1) generate
the first arriving multi-path component at the BS receiver;
the second cluster of scatterers (within the second ellipse
and with a radius R2) generates the second path and so on
for the other paths. In the context here, a three-path model
is considered. Clearly, this model can be extended to any
number of paths. The scatterer’s probability density
functions (pdf’s), assuming that the scatterers (in the three
clusters) have the (bi-variate Gaussian) distribution, can be
expressed as,
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where rb denotes the distance as measured from the BS to a
scatterer ‘S’ and ó is the variance of the cluster's scatterers
and is an environment dependent parameter, D2  and D3

denote the distances between the BS and the centers of the
clusters as shown in Fig. 1. The distances D2 and D3 can be
calculated for the set of the mean AoA’s (φ2 and φ3) using
the equations of the ellipses that correspond to the average
delay of each path as
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where a2 and a3 are given as
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B.    Angle of Arrival Statistics

The AoA statistics of the first path in LOS BU micro-cells
can be modeled using the concept of mixed distributions,
where the pdf can be expressed as the sum of two
parameterized pdf's
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(6)
where m is the Nakagami fading parameter and θLOS is the
AoA of the LOS component. The term pd(θ) stands for the
pdf of the diffused component The AoA pdf of the other
multi-path components can be determined using the
following modified pdf
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where θSPC denotes the AoA of a possibly a specular
component contained in that path.

It has been shown in [4] that the AoA pdfs of the diffused
components of the three paths are given as in (8) where
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The values parameters R1, R2, and R3 can be determined
from the geometry in Fig. 1. The values of the radii are
determined by the resolution of the W-CDMA channel
(t�1/W). For example, the resulting path resolution for a
3.844 MHz transmission rate is 260 ìs.  Thus, if the first
path arrives with an average delay of t0, the second path is
expected to arrive with an average delay of t0+260 ìs,
which corresponds to a path length difference of 78 meters.
Furthermore, the difference between the second and third
ellipses will be 78 meters and hence the radii of the circles.
Fig. 2 shows the plots of the pdf‘s of the AoA’s of the three
paths. Clearly, BU environments do generate multi-paths in
both the spatial and temporal domains. Wideband impulse
response measurements in such environments in [5] have
recorded the occurrence of strong peaks in the impulse
responses, which are due to the separate clusters of
scatterers.
C.    Spatial Correlations
One of the main concerns in the analysis of the
performance of antenna arrays systems in multi-path fading
channels is the spatial correlation between the signals
received at the ith and the kth antenna elements. The spatial
correlation is defined as a measure of the correlation
between the amplitudes of multi-path components that
arrive with the same excess delay at the ULA (uniform

linear array). Using the geometrical model of an ULA, with
element spacing, d, and mean of direction of arrival, φ0 , the
normalized spatial correlation coefficient between a multi-
path component received at the element “k” and its replica
at the element “l” can be expressed as [3].
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where  Rxx and Rxy denote the spatial correlations among
real and imaginary components of the faded signals (at
elements k  and l). Using a similar procedure to the one
given in [3], Rxx and Rxy can be computed. The plots of the
envelope spatial correlation coefficients of the signals
corresponding to the first path, the second path and third
paths are shown in Fig. 3 for different values of the
standard deviation of the clustered scatterers. The results
show that the paths are highly correlated due the small
spread (variance) of scatterers (σ1=30 m, σ2=20 m and
σ3=15 m).

III.  BER ANALYSIS
A.   PDF of the signal to interference ratio (SINR)
The SINR at the output of a 2-D RAKE receiver, that
performs maximal ratio combining in both time and space,
can be expressed as [6]
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where L denotes the number of the 2-RAKE temporal
fingers and M is the number of antenna array elements,

il ,γ are the instantaneous SINR on the lth RAKE branch

and on the ith array element, respectively. In Nakagami
fading environments, using the reasonable assumption of
ml,1= …= ml,M =ml and Ωl,1=...,....= Ωl,,M =Ωl,  since the
same path is received instantaneously at all the ULA
elements,



each γl,i is gamma-distributed random variable with a pdf
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where lΓ is the average received SINR of the lth path.

Putting Ël = lΓ /ml, the characteristic function of γ l is given

as [7]
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where I is M×M identity matrix and 
l

sR̂ is the normalized

spatial correlation matrix of the signals received at the lth

RAKE branch and il,λ are the eigenvalues of 
l

sR̂ [3]. If

there is no correlation between the faded signals in the
diversity branches, then the eigenvalues must be equal to
o unity. For correlated branches, (15) indicates that γl has
the same distribution as a linear combination of
independent and identically distributed gamma variables as
[6]
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Now the distribution of γl can be approximated to a gamma
distribution with the first two moments identical to those of

the exact distribution of lγ . Thus, the two parameters
d

lΓ and 
d

lm can be derived, respectively, as [6]
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The distribution of sγ , assuming that the 2-D RAKE

temporal branches are uncorrelated, using results in [8], can
be expressed as
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B.    Average Probability of Error
The average probability of error is calculated from the
conditional BER by averaging Pe(ãs) over the pdf of ãs. So,
using the alternative form of the conditional BER
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where s is the random component of the SINR [9]
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where 0Ω is the average power of the first path and }a{ n

is the path coefficient, and 0σ  is the deterministic

component is given as

 

1

0

0
0

1),(

3

),()1(2
−









Ω
+

−
+

⋅−⋅
=

bMEN

Lq

N

LqK ηδδ
σ (23)

where K denotes the number of users, N is the processing

gain, 0η  is the AWGN power spectral density, bE is the

energy per bit and
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where δ is the decay exponent of the exponential power
delay profile.

The average BER, using [9], can be expressed as given in
(25).
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In general, the integral in (25) can be computed
numerically. For example, Gaussian quadrature method of
order 15 to 20 gives accurate results.

IV.     RESULTS
In DS-CDMA systems, the capacity is measured in terms
of the number of users per cell or sector that can be
accommodated up to a certain performance level. For voice
communication purposes, the performance level is up to a
raw (un-coded) average BER of 0.01. The average
theoretical and simulated BER of a 2-D RAKE receiver,
with a spatio-temporal diversity order 2×2 with m1=2, m2=1
and an inter-element spacing of 9λ /2, at an average SNR
of 10dB, versus the number of users K are shown in Fig. 4.
The results show that 38 users can be supported up to
uncoded BER of approximately .01 for δ=0
As shown in Fig. 4, the capacity of the 2-D RAKE receiver
is approximately twice that of the  1-D RAKE receiver for
δ= 0. The 1-D RAKE can support only 20 users. Fig 5
shows the average BER of the same 2×2 2-D RAKE
receiver for inter-element spacing of 5λ/2 at 10dB and δ=0
and δ= 0.4, respectively. Comparing the results in Fig. 4
and 5, we note that reducing the spacing from 9λ�/2 to 5λ�/2
reduces the theoretical capacity from 38 to 35 users.
The average BER of the 1×2 1–D RAKE and the 2×2 2-D
RAKE receivers for a Rayleigh (N-LOS) channel (both of
the two paths are Rayleigh faded, m1=m2=1) is shown in
Fig. 6. The corresponding average BER for a LOS channel
(m1=3 and m2=1) is shown in Fig. 7. Comparing the two
figures shows the significant difference in the spatial
diversity gain between N-LOS and LOS channels. For the
NLOS case, the spatial diversity increases the capacity
from 10 users only for the 1-D RAKE receiver to 35 users
for the 2-D RAKE receiver. For the LOS case (m1=3), the
spatial diversity increases the capacity from approximately
23 users for the 1-D RAKE receiver to 40 users for the 2-D
RAKE receiver, which corresponds to a capacity gain
factor that less than two as compared to a capacity gain
factor of 3.5 for the NLOS case

V.     CONCLUSIONS
Bad urban environments are expected to generate spatio-
temporal impulse responses with temporally and spatially
distinct paths (each path has a distinct average delay and a
distinct mean AoA).
The received paths at the BS in a wideband bad urban
channel have high spatial correlations due to their small
angular spread.
2-D RAKE receivers significantly outperform 1-D RAKE
receivers for both single-user and multi-user cases even in
LOS channels where the high spatial correlations degrade
the spatial diversity gain. The capacity of 2-D RAKE
receivers with a diversity order of two in both time and
space was found to be as twice as the capacity of the

corresponding 1-D RAKE receiver in LOS channels (with a
Nakagami parameter m=3 for the first path) and 3.5 times
the capacity of the corresponding 1-D RAKE receiver in
NLOS channels.
The increase of the inter-element spacing of the ULA does
not significantly improve the 2-D RAKE performance in
LOS channels due to the small improvement in the spatial
diversity gain.
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Figure 2: The AoA pdf ‘s of the first, second and
                  third paths for σ1=30 m, σ2=20 m and

�σ3=15m.



Figure 3: The spatial correlation coefficients of the
                    three paths with σ1=30 m, σ2=20 m

             and σ3=15 m.
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Figure 4:  The average BER versus the number of users for the
                 (1×2) 1-D RAKE and the (2×2) 2-D RAKE receivers

            for  m1=2,m2=1,  d=9λ/2 and δ=0.
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Figure 5:  The average BER versus the number of users for
                 the (2×2) 2-D RAKE receivers for d=5�/2

           for m1=2, m2=1, δ=0 and δ=0.4.

Figure 6: The average BER versus the number of users for the
                 (1×2) 1-D RAKE and the (2×2) 2-D RAKE receivers

                  for d=9λ/2, m1=1 and m2=1.
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Figure 7: The average BER versus the number of users for the
                  (1×2) 1-D RAKE and the (2×2) 2-D RAKE receivers
                             for d=9λ/2 , m1=3 and m2=1.
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