Tests for Matrix Definiteness
These tests apply only to symmetric matrices.

1) Eigenvalues Test:
The eigenvalues of the matrix Q are calculated by solving|Q — M| =0. The values of A

are called the eigenvalues.
e If all the eigenvalues are positive, then Q is positive definite.
e [fsome are positive and some are zero, Q is positive semidefinite.
e [fsome are positive and some are negative, Q is indefinite.

2) Product Test
This test is based on value of the product X' Qx for some specific values of X # 0.

e If the productx' Qx > 0, Q is positive definite.
e If x'Qx>0, Q is positive semidefinite.

e If x"Qx can be positive and negative, Q is indefinite.

3) Determinant Test
This test relies on the computation of the determinants of the leading principal minors

of Q.
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positive definite.
e [fthe determinants of some of the principal minors are positive and the rest are
zero, Q is positive semidefinite.
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negative definite.
e If, in addition to the last condition above, the determinants of some of the
principal minors are zero, Q is negative semidefinite.

e If none of the above conditions apply, Q is indefinite.

Properties of Definite Matrices

1) If Q is positive (semi) definite, then —Q is negative (semi) definite.
2) If Q is positive (semi) definite, then Qlis positive (semi) definite.
3) If Q and A are positive definite, then Q+A is positive definite.



Example of Matrix Definiteness

4 =10
TestQ:{ 10 2}

(1) Product Test

Xl
=[4x,—10x, —10x, +2x, ]
X

=4x,” —10X,X, —10X,X, +2X,’

= 4%, —20%,X, +2X,’

1
For X:[J , X'Qx=-14<0

-1
Fm'x:[l} , X'Qx=26>0
Hence, Q is indefinite.

(2) Eigenvalues Test

IQ—MF4_X ~10
=10 2-A

13.05>0
-7.05<0
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Hence, Q is indefinite.

3) Determinant Test

|4=4>0

4  -10
=8-100=-92<0

-10 2

Hence, Q is indefinite.



Exercises:

Determine the definiteness of the following matrices:

[ 3 1.9 -0.6
1. |19 4 5
—06 5 11
(6 -5 2
2. |-5 46 -9
L2 -9 7
1 2 3
3. 12 4 6
3 6 9




