Objectives of the topic:
 Present the simplex method in matrix form.
 See chapter 7 in the textbook
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Before a linear programming problem can be solved
using the simplex method, the problem has to be written
In a from acceptable to the simplex method.

The acceptable form is

— The constraints are all ‘equal to’ type,

— All the variables are greater than or equal to zero,
— All slack starting solution.
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e Take this LP problem

Maximize Z =5X, +4x,
subject to 6x, +4x, <24

X, +2X. <06
1\1 1 1_1\2_\.1
—X +X, <1
X, <2

X, X, 20

e This problem has all ‘less than or equal to’ constraints,
which provide easily an all-slack starting solution.
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 The revised problem that can be started with in the
simplex method is

Maximize Z =5X, +4X, +0s,+0s, +0s, +0s,

subject to 6X, +4X, +5, =24
X, +2X, +S, =06
—X; + X, +S, =1
X, +s, =2

X X5,5,,S,,55,S, =0

 The problem can be conveniently presented in a table
from, called the tableau.
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e The problem put in the tableau is

z 5 -4 0 0 0 0 0
s, 6 4 1 0 0 0 24
. 1 2 0 1 0 0 6
s, -1 1 0 0 1 0 1
5, 0 1 0 0 0 1 2

 The number of rows in the tableau is equal to the
number constraints, plus one row for the objective
function.

 The entries In the first row are the coefficients in the
objective function with opposite signs.
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* The starting solution is

X; =0
X, =0
s, =24
S,=6
S;=1
S, =2
z =0
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The columns under the starting basic variables form
what is called the inverse, B

(1 0 0 0
L l01 00
B =

0010

0 0 0 1,

The inverse Is so special that every entry in the tableau
can be calculated using the inverse.
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* Define
Xg : the set of basic variables
Cy : the set of the cost coefficients of the basic
variables
c; : cost coefficient of x;

P, : the column of x,
b : the column of the right hand side of the constraints

« The simplex tableau column associated with variable x;
can be found as

2 CgB P, - ¢, CgB1b

Xg BP, Bb
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e For the previous LP model, assume that during the
simplex method, the inverse is

(14 -1/2 0 0)
a_|"U8 34 0 0
318 11 1 0
L 1/8 -3/4 0 1,

and the basic variables are x,, X,, S5, and s,, in this order.
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* To construct the corresponding tableau, calculate the
reduced costs and columns of the non basic variables:

(14 -1/2 0 0)1

B /8 314 0 0|0 3

Cs :CBB |:)1_C1:(5’4’0’0) -0=—

1 38 -1 1 00| 4
1/8 -3/4 0 1)0)
(1/4 -1/2 0 0Y0)

B 18 34 0 0|1 1

Cs :CBB P2_02:(514’O’O) -0=—

: 318 -11 1 0]0 2
18 -3/4 0 1)0,
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0Y1) ( 1/4)
-1/8 3/4 0 00| |-1/8
38 -12 1 00| | 3/8

(1/4 -1/2 0
0
1
. 1/8 -3/4 0 100) \ 1/8,
0
0
1
0

columnof s, =B™P, =

(14 -1/2 0)0) (-1/2)
-1/8  3/4 01 3/4
38 -1+ 010 -1+
. 1/8 -3/4 1\0) \-3/4,

columnof s, =B~P, =
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 The solution column is calculated as

(1/4 -1/2 0 0Y24) ( 3

. -1/8 3/4 0 O 6 1%
"= g s 1 0] 1|7 2
4 2
(1/4 -1/2 0 0)24)
-1/8 3/4 0 0O 6
CBB_lb = (5,4,0,0) =21
3/8 -1% 1 0| 1
. 1/8 -3/4 0 1)\2)
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e The tableau now is
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Treatment of new constraints in the simplex method

» Take the LP model:

min z = 3X, + 2X, + X,
S.t. 3X, + X, + X523
N\, | NDv R VA A
TOA TOA, T A3 Z0

x>0

 The LP in the simplex form:
min z = 3x, + 2X, + X, +100R, +100R,
S.t. 3X + X, +X -5, +R, =3
—3X% +3X,+X;—S,+R, =6
X,$,R=>0
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e The optimal tableau is

Basic X4 X, X3 S, S, R, R, [Solution
z -3 0 0 -0.5 -0.5 | 995 | 995 | 45
X3 6 0 1 -1.5 0.5 1.5 -0.5 1.5
X, -3 1 0 0.5 -0.5 -0.5 0.5 1.5

e Assume that a new constraint iIs added to the model:

X + X, + X, £3
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* First, write the new constraint in the equation form by
adding a slack:

X, + X, + X3 +S, =3

 Then, it is added to the optimal tableau in a new row:

Basic Xy X, X3 S, S, S, Solution
Z -3 0 0 -0.5 -0.5 0 4.5
X3 6 0 1 -1.5 0.5 0 1.5
X, -3 1 0 0.5 -0.5 0 1.5
5 1 1 1 0 0 1 3
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This tableau is not optimal because the column of x; has
two elements of 1; same thing for x, column.

Hence, row operations have to be applied to make the
tableau optimal:

Basic x1 X2 x3 sl s2 s3 Solution
z -3 0 0 -0.5 -0.5 0 4.5
X3 6 0 1 -1.5 0.5 0 1.5
X2 -3 1 0 0.5 -0.5 0 1.5
s3 -2 0 0 1 0 1 0

This tableau is optimal.

The addition of the new constraint did not change the

optimal solution.

Dr Muhammad Al-Salamah, Industrial Engineering, KFUPM




Another example of adding a new constraint

» Take the LP model:

Maximize z = 2x, + 3X,
subject to

e The LP model in simplex form:
Maximize z = 2x, + 3X,
subject to
2% +X,+S, =4
X,5>0
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e The optimal tableau is

Basic X, X, S, Solution
Z 4 0 3 12
X, 2 1 1 4

 We want to add the following constraint to the original LP
model:

X, +2X, <5
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 The LP model now becomes
Maximize z = 2x, + 3X,
subject to
2% +X,+S, =4
X, +2X, +S, =95
X,5>0
« Adding a new constraint is equivalent to adding a new
row to the simplex tableau.

* Instead of solving the model from the beginning, we can
start from the last optimal tableau and apply the dual
simplex if the addition of the new constraint leads to an
Infeasible solution.
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« The last optimal tableau with the addition of the new
constraint is

Basic

=

=

N

Solution

z

o

w

12

= (NP

n

S,

N [

o [k

— O O

 The tableau is not optimal because the column of the

basic variable x, has two elements that are different from
Zero.
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Apply row operations to convert the tableau to optimal:

Basic Xy X5 “i 5 Solution
z 4 0 3 0 12
X, 2 1 0 4
5 -3 0 -2 1

This solution is optimal but not feasible.
Hence, the dual simplex has to be applied.

First, the leaving basic variable is the one that has a
negative value, which is in this tableau s..

Then, we divide the reduced costs by the absolute
values of the negative row coefficients of the leaving
basic variable.

Dr Muhammad Al-Salamah, Industrial Engineering, KFUPM



From this tableau, the rations are

4 3
32

Therefore, the entering variable is the one that
corresponds to the minimum ratio:

.4 3 4
min : =—
{—3 —2} 3

Hence, x; becomes basic in the next tableau.

Dr Muhammad Al-Salamah, Industrial Engineering, KFUPM



o After applying row operations, the tableau becomes

Basic

X

1 X, 1 S, Solution
z 0 0 2 1% 8
X, 0 1 N2 % 2
Xy 1 0 %4 - 1

 The tableau is optimal.
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