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Lecture Objectives

To study block diagrams, their components, and their underlying
mathematics.

To obtain transfer function of systems through block diagram
manipulation and reduction.

To introduce state space representation from ordinary differential
equation model

Introduce the relation between state space and transfer function
representation.

To introduce the signal-flow graphs.

To establish a parallel between block diagrams & signal-flow graphs.
To use Mason’s gain formula for finding transfer function of systems.
To introduce state diagrams.

To demonstrate the MATLAB tools using case studies.



Applications
Spring-mass-damper- Coulomb and viscous
damper cases
RLC circuit, and concept of analogous variables
Solution of spring-mass-damper (viscous case)

DC motor- Field current and armature current
controlled cases

Block diagrams of the above DC-motor problems
Feedback System Transfer
functions and Signal flow graphs



Block Diagram Reduction

Combining blocks in a cascade

Moving a summing point ahead of a block
Moving summing point behind a block
Moving splitting point ahead of a block
Moving splitting point behind a block
Elimination of a feedback loop

Y(s)




Block Diagram Models
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Block diagram of dc motor.
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General block representation of two-input, two-output system.



Block Diagram Models

[nputs Outputs

>

System
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General block representation of two-input, two-output system.

Block diagram of interconnected system.



Block Diagram Models

Original Diagram Equivalent Diagram
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Block Diagram Models

Original Diagram Equivalent Diagram
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Block Diagram Models

Original Diagram Equivalent Diagram
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Block Diagram Models

Example 5
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Block Diagram Models

Example 6
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Block Diagram Models

Example 7
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SIGNAL-FLOW GRAPHS (SFGs)

For complex systems, the block diagram method can become difficult to
complete. By using the signal-flow graph model, the reduction procedure
(used in the block diagram method) is not necessary to determine the
relationship between system variables.

Input Node (Source): An input node is a node that has only outgoing branches

(112
O > O

Y1 Y2
Output Node (Sink): An output node is a node that has only incoming branches:




SIGNAL-FLOW GRAPHS (SFGs)

TABLE 3-1 Block diagrams and their SFG equivalent representations

Block Diagram Signal Flow Diagram
Simple Transfer Functi
imple Transfer Function U Y6) G
—» G —> 9 S §.>
Y(s) _ ) | 2
Uis)
» G (s)
Gy (5)
Parallel Feedback p i
+ > >
G2 (S‘) Y1 Y2
G(s)
¥(s)
G(s) >
y(#) I G(s)
TN e Y
Hes) |4 -H(s)

B(s)




SIGNAL-FLOW GRAPHS (SFGs)

SFG applies only to linear systems.

The equations for which an SFG is drawn must be algebraic equations in the form
of cause-and-effect.

Nodes are used to represent variables. Normally, the nodes are arranged from left
to right, from the Input to the output, following a succession of cause-and-effect
relations through the system.

Signals travel along branches only in the direction described by the arrows of the
branches.

The branch directing from node y; to y; represents the dependence of y; upon y;
but not the reverse.

A signal yy traveling along a branch between y, and y; 1s multiplied by the gain of
the branch ay;, so a signal ag;yy 1s delivered at y;.



RLC network. (a) Block diagram (b) Signal-flow graph. .
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Signal-Flow Graph Models

Example 10

Ggg (5)

Signal-flow graph of interconnected system.

Y1(s) = G11(8)-Ry(s) + Gya(s)-Ry(s)

Ya(s) = Gy1(8)-Ry(s) + Ga(s)-Ry(s)



Signal-Flow Graph Models

Signal-flow graph of two algebraic equations.
Example 11
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State space design
From Lab Manual

Mass-Spring System Model
Consider the following Mass-Spring system shown in the figure. Where F.(x) 1s the spring force.
Fg1i) is the friction coefficient, x(t) is the displacement and Fa(t) is the applied force:

A ﬁ—» x(t)
A
Ry < .
~
A M —* F(t) M Fa(t)
] ‘
“1 Fe( v) F( v)
A TR O @)
1‘.?5.-’11;51'e|
_dv(p) dZx(t) o ; .
= dt = dt = is g accelera I.Gﬂ.
dx(t]l
i is the speed,
and

x(t) is the displacement.
According to the laws of physies
Ma + Fp(v) + F(x) = Fa(t) (1)

In the case where:
dx(t)
dt

Fe(v) =Bv =B

F(x) = Kx(t)
The differential equation for the above Mass-Spring system can then be written as follows

d2x(t)
dt?

dx(t]

MEED | p 2O | gx(6) = Fa(l) 2)

B is called the friction coefficient and K is called the spring constant.



State space design

Mass-Spring System Example:

Assume the spring force F,(x) = Kx"(t). The mass-spring damper is now equivalent to

Ex(t)  dx(0)
a2z P ar

The second order differential equation has to be decomposed in a set of first order differential
equations as follows

M

+ KX"(1) = Fy(£)

Variables New variable | Differential equation
x(t) )¢ ﬁ ¥
dt _
dx(t)/dt Xa % _ —%Xz B %Xlr{jt) N Fa(t)
dx,
In vector form. let X = Iil ; % = % then the system can be written as
dt

dx X2

o=

B K E, (1)
—_ X, ——X.T(t) + 2
M er:) M

What are X1 and X2 ?

Sections 3.3 to 3.6 from Dorf Text




State space design

From Differential Equations to State Diagrams

d"y(t) d"1y(t) dy(t)
F+ﬂnw—_l+“‘+627+61y(f) :P‘(I) (10—24)
O O @] O (@]
R 0% il 4 prey sY Y

(@)

= 200 2D BB it (10-25)

--Xo]
v—
~0O

State-diagram representation of the differential equation



State space design

State equation
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X TR U R T | I B b
LA il
i Yol (8 dxn- day || X2 . o !
dr| B BN
e h
| Xn_ | Ol gz e || Xy | ! o L Hn

output Eqnaﬁr;n




State space design

First order scalar ODE
Example 12

Consider the first-order differential equation
& = ax + bu, (3.20

Taking the Laplace transform of Equation (3.20), we have

sX(s) = x(0) = aX(s) + bU(s):

therefore,

L x(0) b o "
X(s) = = i + - ”UU}. (321

The inverse Laplace transform of Equation (3.21) can be shown to be

x(r) = ¢"x(0) + / e (1) dr (3.22

Ll



State space design
First order n-dimension system of ODEs

e-‘“=¢xp[m:|—']+m+?+----I K LI (

I_.IJ
" |
']

which converges for all finite r and any A |2]. Then the solution of the state differential
equation is found to be

x(r) = exp{As)x(0) + [l explAli — 7)]|Bul7) dr. (3.24)
40

Equation (3.24) may be verified by taking the Laplace transform of Equation (3.16)
and rearranging to obtain

X(s) = [s1 — A 'x(0) + [sI — A]"'BU(s). (3.25)

term on the right-hand side involves the product @(s)BU(s). we oblain Equation
(3.24). The matnx exponential function describes the unforced response of the sys-
tem and is called the fundamental or state transition matrix ©(r). Thus, Equation
(3.24) can be wrilten as

x{t) = ®(x(0) + frliﬁ[r — 7)Bu(7) d¥. (3.26)

{

The solution to the unforced system (that is, when u = 0) is simply

o] [éu) o bl |[ (o)

,rj_{:]l t.th:l_':fj {i:_:J_,.{E} 'rf_[u:l (3.27)

._-’l'.u':'r}_ _‘i’all{f} Y tf.!,,,,{!:] B _.T,,{U}_



State space design

CONVERTING FROM STATE SPACE TO A
TRANSFER FUNCTION

Given the state and output equations
x = AXx + Bu
vy = Cx + Du
take the Laplace transform assuming zero initial conditions:®
sX(5) = AX(5) + BU(5)
Yis) = CXis) + DU[s)
Solving for Xi(s) in Eq. (3.69a),
(s — A)X([s) = BU(s)
or

Xis) = (s — A) IBL'[_I.']

| 3.68a)

(3.68b)

(3.60a)

[3.69b)

(3.700

(3.71)



State space design

sX(5) = AX(s) + BU(s)
Yis) = CX(s) + DU(s)
Solving for X(s) in Eq. (3.6%a),
(s — A)X(s) = BU(s)
or
X(s) = (s1 — A} 'BU(s)

where I is the identity matrix,
Substituting Eg. {3.71) into Eq. (3.695) yvields

Yis) = CisT — A} 'BU(s) + DU(s) = [C(sT — A)"'B + D|U(s)

{3.60a)

(3.69b)

(3.70)

(3.71)

{3.72)

We call the matrix [C(s1 — A}~ 'B + D] the transfer function matrix, since it relates the
output vector, Y{#). to the input vector, Uis). However, if U(s) = /(5] and Y (5] = ¥is)

are scalars, we can find the transfer function,

Yis) ... ,
L= F — C i I o -I'l H D_ |
Uy~ AL R |

\T(s) =

(3.73)



State space design

CHARACTERISTIC EQUATIONS, EIGENVALUES, AND EIGENVECTORS

Characteristic Equation from a Differential Equation

Consider that a linear time-invariant system is described by the differential equation

d"y(t vy dy(t

(;,E ) +y—1 T E ) -+ ay ?"—QD})(I)
Q bufe) | (0 e

d™ult t dul(t

= by T —I—bm_l g1 -+ by T—I—Z’)DL{(I)
where n > m. By defining the operator s as
dk
ko _ .

B e k=1,2,...,n (10-144)

Eq. (10-143) is written

(5" + ap 15N+ +ars +ag)y(t) = (bns™ + by18" 7 + -+ + bys + bo) u(f)

(10-145)
The characteristic equation of the system is defined as

S a8 - taps +ap =0 (10-146)
which is obtained by setting the homogeneous part of Eq. (10-145) to zero.



How to solve High Order ODE

How do solve second order ODE?
x+3x+6x=1

How do solve high order ODE?



The general approach to solve ODEs

Example 13

oo lomn | e | on

X+3x+6x=1
x(0)=Lx(0)=4

CISE301_Topic 8 (c) Khoukhi 2010 32




State space design
Example 14

Converting a transfer function with constant term in numerator

Problem: Find the state-space representation in phase-variable form for the transter
function shown in Figure 3.10(a).

SOLUTION:
Step 1 Find the associated differential equation. Since

Cls) 24
R(s) (s + 9% 4 265 + 24)

(3.24)

I
i

His) 24

&+ 05 + s + 24

1)



Example 14 State space design

cross-multiplying vields

(5 +95° + 265 + 24)C(5) = 24R(5) (3.55)

The corresponding differential equation is found by taking the inverse Laplace
transform. assuming zero initial conditions:

¢ + 9¢ + 2b¢ 4+ 24¢ = 24r (3.56)

step 2 Select the state varables.
Choosing the state variables as successive derivatives, we get

Xy =rc (3.57a)
Xz = ¢ (3.57b)
Xy =4¢& (3.57¢)

Differentiating both sides and making wse of Egs. (3.57) to find 1) and x2, and
Eq. (3.56) to find ¢ = 13, we obtain the state equations. Since the output is ¢ = xj, the
combined state and output equations are

S — Xa {353&}
Xy = X3 {3.58b)
X3 = —24x; — 26x3 — 9x3 + 24r (3.58¢)

V= =X] (3.58d)



EXAMPLE State space design

In vector-matrix form,

.-i'| () | 0 X1 0
|l =1| 0 [ | |+ [0 |r (3.5%9a)
X3 24 =26 =0 | |x 24
X
y=[1 0 0]fa {3.59h)
x3

Notice that the third row of the system matrix has the same coefficients as the
denominator of the transfer function but negative and in reverse order,



Example 15 State space design

State-space representation to transfer function

Problem: Given the system defined by Egs. (3.74), find the transfer function,
Tis) = ¥is)/U(s]). where U(s) is the input and ¥(s) is the output,

1 1 0 10
X = 0 0 1 [x 4+ 0w (3.74a)
-1 -2 =3 L}

v=[ 1 0 0]x (3. 74h)

SOLUTION:  The solution revolves around finding the term (s — A) ' in

Eq. (3.73).7 All other terms are already defined. Hence, first find (sI — A):

s 00 0 1 0 s =1 0
s1—A)= [0 5 O — o o0 1l=[0 5 =1 (3.75)
0o 0 s -1 -2 -3 1 2 x4+ 3

MNow form (51 — P.}_].'

(s +354+2) 543 |
1 sls4+3) 5§
1 adi(sT — A} —5 (25 4+ 1) s
WI=AN = (sT — A 352 425 +1 (3.76)
Subsututing (=1 — a’ﬂ_] B, C,and DY into Eg. (3.73), where
110
B=|0
0
C=|1 0 0]
D=0
we obtain the final result for the transfer function:
10(s% + 35 + 2
7(s) = s +3s+2) (3.77)

#4382 + 2041



State space design
Example 16

Consider the differential equation
IR
dt? dt
Equating the highest-ordered term of the last equation to the rest of the terms, we have
RN

—t= 322 i)+l (10-27)

+29(1) = r(d) (10-26)

Following the procedure just outlined, the state diagram of the system 1s drawn as shown in
Fig. 10-6. The state variables x; and x, are assigned as shown.

i
% (1) y(tp)
N S
O O

\ A \ B

Figure 10-6 State diagram for Eq. (10-26).



State space design

From State Diagrams to Transfer Functions

EXAMPLE
Consider the state diagram of Fig. 10-6. The transfer function between R(s) and ¥{s) is obtained by
applying the gain formula between these two nodes and setting the 1mitial states to zero. We have

Y t) Wto)

S h)
o o
\ A \ A
—1 =
1 § 15 s % 1
o > Q > O > o P O
R s2Y sY 14 Y
-3
)

State diagram

Y{s) L
R(s) s243s+2

Transfer Function:




State space design
Example 17

Fig. 10-7 shows the state diagram of Fig. 10-6 with the integrator branches and the initial states
eliminated. Using dx(#)/dt and dx,(¢)/ dt as the output nodes and x,(2), x»(#), and #(¢) as input nodes,
and applying the gain formula between these nodes, the state equations are obtained as

dx] (I) B )
10— ) (10-31)
dx;f) — 2wy (1) — Bxa(t) +rlt) (10-32)

Applying the gain formula with x,(¢), x-,(¢), and r{¢) as input nodes and y(¢) as the output
node, the output equation 1s written

(1) = x1 (1) (10-33)

Figure 10-7 State diagram of Fig. 10-6 with the initial states and the integrator branches left out.



From State Diagrams to State and Output Equations
State equation:

B iy b (10-29)
dt
Output equation:
Y(t) = ex(t) + dr(r) (10-30)

where x(f) is the state variable; r(¢) is the input; y(z) is the output; and a, b, ¢, and d are
constant coefficlents. Based on the general form of the state and output equations, the
following procedure of deriving the state and output equations from the state diagram are
outlined:

1. Delete the initial states and the integrator branches with gains s~ from the state
diagram, since the state and output equations do not contain the Laplace operator s
or the initial states.

2. For the state equations, regard the nodes that represent the derivatives of the state
variables as output nodes, since these variables appear on the left-hand side of the
state equations. The output y(#) in the output equation is naturally an output node
variable.

3. Regard the state variables and the inputs as input variables on the state diagram, since
these variables are found on the right-hand side of the state and output equations.

4. Apply the SFG gain formula to the state diagram.



Model for G(s) of Equation (3.45). (a) Signal-flow

Example 18 graph. (b) Block diagram.
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(lz <
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Model for G(s) of Equation (3.46) in the phase variable

format. (a) Signal-flow graph. (b) Block diagram.
Example 19

(b)



(a) Phase variable flow graph state model for T{(s).
(b) Block diagram for the phase variable
Example 21 :
canonical form.

(b)



Single-loop control system.
Example 22

+ 2(s + (s + 3)
" _’_Q_' =+ as+an [ | W




A block diagram model of an open-loop DC motor

control with velocity as the output.

Example 23

Controller Motor and load
Field Field .
Velocity
5(s + 1) voltage I current 6 ,
R(s) = G/ s)= > ‘ B : > }/(5)
s+ 5 U(s) s+ 2 1(s) s+ 3




(a) The physical state variable signal-flow graph for the
block diagram of Figure 3.17. (b) Physical state block
Example 24

diagram.
> 5
/\’\‘@lu L BRI i \ UG JLQ IR EONEN —J;Q—b & Y(s)
i s b § X, B o X
- S A

(b)




Example 25

(a) The decoupled state variable flow graph model for the system
shown in block diagram form in Figure 3.17. (b) The decoupled
state variable block diagram model.

20

il
T

30

I %+ | i+ | ,i:i_
h 4
(8] o

(a) (b)



Model for the spread of an epidemic disease. (a) Signal-flow
graph. (b) Block diagram model.

Example 26

X3

(b)



Mason’s Gain Formula for SFG

Given an SFG with N forward paths and K loops, the gain between the input node v;,
and output node yyy 1s [3]

N
M. A
M:youtzj: pIAYS (3-54)
Yin A
k=1

where
Vi, = mput-node variable
Vo = Output-node variable
M = gain between y;, and v,
N = total number of forward paths between y;, and v,

M;. = gain of the kth forward paths between y;, and v,
&ZI—ZLﬂ-I—ZLﬂ_ZLkS T (3-33)
i i k

Ly = gain product of the mth (m =1, j,k, ...) possible combination of r non-
touching loops (1 < r < K).

or

A = 1— (sum of the gains of all individual loops) + (sum of products of gains of all
possible combinations of two nontouching loops) — (sum of products of gains of
all possible combinations of three nontouching loops) + - - -

Aj; = the A for that part of the SFG that is nontouching with the kth forward path.



Mason’s Gain Formula for SFG

The gain formula in Eq. (3-54) may seem formidable to use at first glance. However, A
and A, are the only terms in the formula that could be complicated if the SFG has a large
number of loops and nontouching loops.

Care must be taken when applying the gain formula to ensure that it is applied between
an input node and an output node.



Mason’s Gain Formula for SFG

1 G(s) 1
O = Q > O >
R(s) E(SW(S)
Example 27 f_gs(_fz)

Consider that the closed-loop transfer function ¥{s}/R(s) of the SFG in Fig. 3-32 is to be determined
by use of the gain formula, Eq. (3-54). The following results are obtained by inspection of the SFG:

1. There is only one forward path between R(s) and ¥{s), and the forward-path gain is
My = G{s) (3-36;
2. There is only one loop; the loop gain is
Ly = —Gls)H(s) (3-57;

3. There are no nontouching loops since there is only one loop. Furthermore, the forward path
is in touch with the only loop. Thus, A; = 1, and

A=1—=Ly =1+ G(s)H(s) (3-58)

Using Eq. (3-54), the closed-loop transfer function 1s written

Y(s) MiA Gls)

R{s) A 1+ Gs)H(s)
which agrees with Eq. (3-12).

(3-59;




Mason’s Gain Formula for SFG

Consider the SFG shown in Fig. 3-25(d). Let us first determine the gain between y; and ys using the
gain formula.

The three forward paths between y; and y; and the forward-path gains are a3

My = appepyawuays Porwardpath: y1 —y2 —y3 — ¥z — s
My = aypas Forward path:  y1 — 2 — ¥5 O
M3 = ayaasaass Forwardpath: y1 —v2 —ya —¥s

v
o)
o)

(@) yp = ayoy) + a3
The four loops of the SFG are shown in Fig. 3-28. The loop gains are

Liy = anasy Loy = mqaqs L3y = apagazy Ly = aq sz a3
There is only one pair of nontouching loops; that is, the two loops are

\ 49
@]

yi—ys—yr and yq—ys o > ‘ : » :
Thus, the product of the gains of the two nontouching loops is 1 2 Y3 Y s
Laz = aszazadas (3-60) (b) yo =apy; +aznys y3=dpy; +dgy,
All the loops are in touch with forward paths M, and M5. Thus, A} = Ay = 1. Two of the loops are not . - "
in touch with forward path M,. These loops are y3 — y4 — y2 and y4 — ya. Thus, e > !
Ay = 1 — aznaqy — auy (3-61)
C @]
Substituting these quantities into Eq. (3-54), we have N Ys
ys _ MiAy + MaAg + M3As
a A
N (3.62)
_ {anaysanags) + (a1nass )(1 — asaaqs — aua) + anpanass
1 — {@azamo + asgass + araamays + aa) + ayaxnass
where o ”_':
A:I*(L]]+L2]+L3] +L41)+L12 3-63) ¥y
=1 — {anaxn + auas + aparas + asa) + apazraay
The reader should verify that choosing y, as the output,
2 _ a12(l — a3q043 — aza) (3.64) (d) Complete signal-flow graph

By A

fig_03_25

where A is given in Eq. (3-63).



Mason’s Gain Formula for SFG

Consider the SFG in Fig. 3-33. The following input—output relations are obtained by use of the gain

formula:
Example 28 o e (i S (3-65)
Y1 A
G1GH{1 + H
va _ G1Go(l + Hy) (3-66)
y1 A
G1 GGG (G1G5(1 + G H
Yo _y1 _ G1GaG3G4 + G1Gs(l + G3Hy) (3-67)
Y1y A
where
A=1+GiH + GsHy + G1GaGz3Hs + Hay + Gy GsH 1 Hy (3-68)
LG H - GalsHy 4 GGG Hy - Gy Gyl H
|
o >

-H,
Figure 3-33 Signal-flow graph for Example 3-2-4.



Mason’s Gain Formula for SFG

Example 29 Y(s) _ GiG:Ga+ GiGy
Application of the Gain Formula to Block Diagrams R(s) A

A=14+G1GrH1 + G2GsHr + G1G2Gs + GaHa 4 Gi1Gy
Forvward Path Gains: 1. G,GyGy: 2. GG

Loop Gains: 1. =G1GyHy; 1. —GysHly; 3. =Gi(nGy; 4. —GuHy; 5. -1y Els) = L+ GiCath ~+ Galstlp + Gl
R(s) A
Y(S) B G1G2Gs + G1Gy
> G, Els) 1+ G1GHi +GyG3Hy + G4H>

s P " Y

H,

T\

(a)

A

\ A=
<0

(b)
Figure 3-34 (a) Block diagram of a control system. (b) Equivalent signal-flow graph.



Mason’s Gain Formula for SFG

Simplified Gain Formula

From Example 3-2-6, we can see that all loops and forward paths are touching in this case.
As a general rule, if there are no nontouching loops and forward paths {e.g., v — v3 — ¥
and y4 — y4 In Example 3-2-3) in the block diagram or SFG of the system, then Eq. (3-34)
takes a far simpler look, as shown next.

M =

Your Z Forward Path Gains (3-76)

Yin 1 — Loop Gains
Redo Examples 3-2-2 through 3-2-6 to confirm the validity of Eq. (3-76).



Mason’s Gain Formula for SFG

Example 30

Two-path interacting system.

Y(s) [G1:GyG3Gy(1-L3—Ly)| +[G5GgGrGy(1-L; - L,

R(s) 1-L;-L,-L3;—Ly+L;Ly+L;Ly+L,Ls+L,L,



