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REDUCTION IDENTITY:
asinx +bcosx =+/a’ +b’sin(x +a)

where a and b are nonzero real numbers. « is determined by the equations

COSx = a and sina = b
Va2 +b? vJa?+b?

Note that a is the coefficient of sine and b is the coefficient of cosine.

The function given by f (x) =asinx +b cosx can be written in the formf (x) =+/a” +b” sin(x + ).

This form of the function is useful in graphing and engineering applications because the amplitude,
period, and phase shift can be readily calculated.
Let P(a,b) be a point on a coordinate plane, and let « represent an angle in standard position

We show that asinx +b cosx =+a’+b?sin(x +a): N
a” +

T k P(a,b)
asinx +b cosx =a—+b(asinx +bcosx)
Ja® +b?

b

:\/a2+b2(L Lcosx} S
va’ +b? val +b?

=+a’+b?(cosasinx +sina cosx ) by the Figure

a
=+a’ +b?(sinx cosa +cosx sin«)

. a .
=+/a’ +b’sin(x +«) , where cosa =———, sina =

b
a’+b? Ja?+b?

Exercise 1: Rewrite the function f (x ) =3sinx —~/3cosx as a single sine function.
Solution: f (x)=3sinx —+/3cosx = a=3 , b=—3

k =+a? +b? =\/(3)2+(—\/§)2 =J9+3=412=2\3

sinx +

sina = b _—\/§__£
\/a2+b2 2\/§ 2 aelV
- o 1lm o T
COSo = = = I
Ja?+b? 243 243 3 2

f (x)=3sinx —v/3cosx =~a’+b?sin(x +a):2\/§sin(x +%J:2\/§sin(x +330°)
Or

f (x)=3sinx —/3cosx =+a2+b?sin(x +a)=2\/§sin(x —%jzzﬁsin(x ~30°)
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Exercise 2: Given the function f (x) = 25|n§—2\/§cos§

(a): Rewrite f (x) inthe form f (x) =k sin(bx + «)

(b): Find the amplitude, the phase shift, the period, and the range for the graph of f (x).

(c): Sketch the graph of the function f (x) = 23inX§— 2\/§cosX§ over two periods.

Solution: (a): f (x):asin%+bcosX§=ksin(%ﬂz)

a=2,b=-23 = (2,—2\/§) Is in Quadrant IV,
k =va?+b? =422+ (-24/3)? =/4+12=4
_b_-23_ 8

4 2 — ¢ isin Quadrant IV and az—% OR a:5—7[

3

sina

Tk

a 2 1
cosa——=—=—
4 2

f(x)= 4S|n(———j OR f(x)=4sin(%+5§j

T
(b): Amplitude =4 Phase shift = —T?’ = 7 units to the right.
3
OR  Phase shift = —517[723 =57 |57 units to the left.
Period = 2r =6rx Range =[-4,4]

1/3
(c): Graphof f (x)= 4S|n(3 +5?J is:  Graph of f (x):4sin(%—%} is:

Beginning key point = Phase shift =z OR beginning key point = Pha shift = —

First quarter key point= phase shift +%period = 7r+%(67r) = 7r+37=57ﬁ
The key points are 7r:2—7z : o7 : 8_7:24” : iz , 14—7[:77z
2 2 2 2 2
The key points are -5z —57z+1Per|od =57 +3—”:—7—7[ : 4z : T
4 2 2 2 2
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Additional Exercises:

Exercise 3:  Rewrite the function f (x)=-3sin2x ++/3cos2x asa single sine function.

Solution: f(x)——35|n2x +\/—0052x = a=-3 , b=43
k =+a?+b? =,/(-3 =J9+3=+12=23
sina =
Ja? +b2 2\/— 2 el
a 3 -3 3 3 e =150° °=57 o a=-210° o__Ir
Cosa = 6 6

Jai+b? 23 233 2
f (x)=—3sin2x +/3c0s2x =+a’+b?sin(2x +a) = 2\/§sin(2x +%Tj= 2\/§sin(2x +150°)

or f(x)=-3sin2x ++/3c0s2x =+a? +b? sin(2x + @) = 2\/_sm£2x —%) 2\/—sm(2x—2100)

Exercise 4: If sinx +cosx is written as k sin(x + «) then find k and the measure

of o
Solution: Here a=1 , b=1

Ja?+b? = (1) + (1) =vI+1=+2

. 1 2
SIna = = = ael
Ja?+b? N2 2 . E
T 7Z'
a=45"== or ¢ =-315"=
CoSc = 1 ﬁ 4

a
Jaitb? V2 2
sinX + cosXx =x/msin(x +a)=\/§sin(x +45°)=\/§sin(x +%j
J2sin(x +45° —360°) =~/2sin(x —315°)
\/Esin(x +%):\/§sin(x +%—2nj=\/§sin(x —YTHJ

NE

Exercise 5:  Given f(x) :—%0032x+75in 2x —4 . Find the following

(a): therange of f  (D): the period of f (c): the amplitude of f

NE

(d): write f (x) = —%cost +7sin 2x —4inthe formy =k sin(2x +a)—4 where the measure of

aisinradian and k =+/a®+b?.

(e): the phase shift of f .

(T): Sketch the graph of f over —& 13—”
12 ' 12
117z 137
. Sketch the graph of =f = cso(2x — ) — 4 over -
() graph of g (x) = (x) = csc(2x ~2) ~4ov [ = 12}
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Solution: a:7, b:—% = ¢« isin Quadrant IV because (a,b) :(\/5/2,—1/2) is in Quadrant

J3
IV,
2 2
k=+va’+b? = ﬁ +(—£] - §+£:1
2 2) \a't3
sinazgz—l aclV
2 |
T
_ T OR g=-Lior=tE
c05a:3:£ “ 6 “ ter
kK 2
f (x):gsin 2x —%cost ~4=ksin(2x + ) -4 =sin(2x - ) -4

Ve

OR f (x)="-sin2x —%cost —4=K sin(2x +a) -4 =sin(2x +%)—4

@): R =[-5-3 (b): P =27”:ﬂ

(C): Amp =1

(@): 1 () =sin(@x ~2) -4, £ (x) =sin(x +%)—4

. . _\/§ . 1 o T . T .
(€): The phase shift of f (x) _7sm 2X —ECOSZX —4 =sin(2x —E)—4 IS: o’ (Eto the right)
The phase shift of f (x):ﬁsin 2X —1c052x —4 =sin(2x +&)—4 is: iz , (ﬁ to the
2 2 6 12 12
left)
(f): (x)=sin(2x —%)—4
— P-2Z_;  Phaseshift = — ps+4+ip-Z E_ 4%
2 12 f]';y 12 4 12
Az 8z 5z 2z oz A Tz 10z 13
1_2 1.2 ];2 {2 1 {2 2}2 1? 1? 1? R
o ;
=2
/‘\ =3 /‘\
- \._//_4/ \._/e
=5
f (x)=sin(2x +%)—4 ’ f (x)=sin(2x —%)—4
Exercise 6:
If sin20°—+/3c0s20° =k sin®@, 0" <& <90°, then k and & are equal to
A) =2, 40°
B) 2, 20°
C) 1-+/3,20°
D) -2,20°
E) -2, 30°
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Solution: sin20° —+/3¢0s20° =+/a® +b? sin(20° +a) —ksing, 0°<@<90°
Ja? +b? = 1’ +(—J§)Z _2
—J3

=0 aelV

o =-60°| OR

w

Sing =

1
COSo = —
2
a=-60": sin20° —+/3¢0s20° =k sin(20° +a)

- 2sin(20° —60°)

- 25in(—40°)

=-2sin40° =k sind = |k =-2|,|0=40°
OR & =300°: sin20° —/3¢c0s20° =k sin(20° +a)

=2sin(20° +300°)

= 2sin(320°)
= —2sin(-320")
=—2sin(-320" +360°)
=—2sin(40°)

Exercise 7: Therange of f(x)=~/3sinx—cosx+2 is

(a): [0.4]

(b): [—2,2]

(c): [13]

(d): [—1,1]

e): [—1,@]

Solution: a=+3, b=-1 = k :\/(\/§)Z+(—1)2:2
f (x)=+3sinx —cosx +2=ksin(x +a)+2=2sin(x +a)+2
Range = —Ja|+d ,[a|+d |

=[-2+2,2+2]

_[0,4]

Exercise 8: If —/3sinx +cosx =Asin(x + ), where 0° <@ <180°, then find the
value of A and 4.

Answer: A=(—3)?+1)? =2 6 =150° z%”
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Exercise 9: Find the range of the function f (x)= 10 —4

—3sinx +4cosx

Answer: Range =(-o,-6]U[-2,)

Exercise 10: If sin40°+cos40° =k sin(p). Find the values of k and z.

Answer:

Exercise 11: Find the amplitude and range of y = 3sinXE+ 4cosxE . Answer:
Amp =5, Range =[-5,5]

Exercise 12: I the function f (x ) =-sin2x ++/3cos2x is written in the form
f (x)=k sin(bx + ) the phase shift of f (x) is
T 27 T T T
A) —= B) — c) = D) —= E) =
) 6 ) 3 ) 6 ) 3 ) 3

Exercise 13:  The expression —ﬁsin%+\/§cos% can be written as

A) 2sin = B) Zsing—” C) —Zsing—” D) —20059—7[ B) 25in7—7[
20 20 20 20 20

Solution: —ﬁsin%wﬁcos%: k sin(%+aj

= (~2) +(v2) =2

sinag =—
2

NG "4

Cosa =——

—ﬁsin%+ ﬁcos% =k sin(%+ aj = 25in(%+37”j = Zsin(ls—gj
= Zsin(ﬁ —19—”) = Zsin(ij
20 20

Exercise 14:  The minimum value of f (x) =5ﬁsin(%)—5«/§cos(%)—2 is
A) -12 B) -8 C) -10 D) -2 E) -3

Solution:
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2 2
y = Sﬁsin(%)—Sﬁcos(gJ -2= \/(5\/5) +(—5\/§) sin(xz+ aj =105in(xz+aj

Range =[ —[a|+d ,[a|+d |

=[-10-2,10-2]
=[-12,8]
minimum =-12
Exercise 15: The range of the function f (x)= S L4 i3is
CSCX SecXx

A) [0,4] B) [-2.8] C) [-2.4] D) [-55] E) [-4.4]

-3
+
CSCX  secX

f (x):q/(—3)2+42 sin(x +a)+3=>5sin(x +a)+3

Range =[ —|a|+d [a|+d |=[-5+3,5+3]=[-2,8]

Solution: f (x)= +3=-3sinx +4cosx +3
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