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 REDUCTION IDENTITY:  
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The function given by sin) cos( a x b xf x = +  can be written in the form 2 2( ) sin( )xbf x a α= ++ . 
This form of the function is useful in graphing and engineering applications because the amplitude, 
period, and phase shift can be readily calculated. 
Let ( , )P a b  be a point on a coordinate plane, and let α  represent an angle in standard position 

We show that 2 2  sin cos sin( )a x b x ba x α+ = ++ : 
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Exercise 1: Rewrite the function ( ) 3sin 3 cosf x x x= −  as a single sine function.  

Solution:  ( ) 3sin 3 cosf x x x= −  ⇒    3a =   ,   3b = −    

( ) ( )222 2 3 3 9 3 12 2 3k a b= + = + − = + = =   
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( )2 2 11( ) 3sin 3 cos sin( ) 2 3sin 2 3sin 330
6

f x x x a b x x xα π⎛ ⎞= − = + + = + = + °⎜ ⎟
⎝ ⎠

  

Or   

( )2 2( ) 3sin 3 cos sin( ) 2 3sin 2 3sin 30
6

f x x x a b x x xα π⎛ ⎞= − = + + = − = − °⎜ ⎟
⎝ ⎠

   

 

α

a

( , )P a b

b

2 2a b+

α



Math 002 Lecture Notes, Sayed Omar, KFUPM.   7.4 REDUCTION IDENTITY   Page 2    30-Mar-15 

Math 002 Lecture Notes, Sayed Omar, KFUPM.   7.4 REDUCTION IDENTITY   Page 2    30-Mar-15 

−5π −4π −3π −2π −π π 2π 3π 4π 5π 6π 7π

−4
−3
−2
−1

1
2
3
4

x

y

11
2
π
•

2
π

•
−

7
2
π

•
−

5
2
π
•

Exercise 2: Given the function ( ) 2sin 2 3cos
3 3
x xf x = −  

(a): Rewrite ( )f x  in the form ( ) sin( )f x k bx α= +  

(b): Find the amplitude, the phase shift, the period, and the range for the graph of ( )f x . 

(c): Sketch the graph of the function ( ) 2sin 2 3cos
3 3
x xf x = −  over two periods. 

Solution:  (a):  ( ) sin cos sin
3 3 3
x x xf x a b k α⎛ ⎞= + = +⎜ ⎟

⎝ ⎠
 

2 ,  2 3    (2, 2 3) is in Quadra Int .Va b= = − ⇒ −  
2 2 2 22 ( 2 3) 4 12 4k a b= + = + − = + =  
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(b):  Amplitude 4=          3P unhase its to the right shift 1 .
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−
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1/

to the left.  
3
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Additional Exercises: 
 

Exercise 3: Rewrite the function ( ) 3sin 2 3 cos 2f x x x= − +  as a single sine function.  
Solution:  ( ) 3sin 2 3 cos 2f x x x= − +  ⇒    3a = −   ,   3b =    

( ) ( )222 2 3 3 9 3 12 2 3k a b= + = − + = + = =   
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( )2 2 5( ) 3sin 2 3 cos 2 sin(2 ) 2 3 sin 2 2 3 sin 2 150
6

f x x x a b x x xα π⎛ ⎞= − + = + + = + = + °⎜ ⎟
⎝ ⎠

  

or   ( )2 2 7( ) 3sin 2 3 cos 2 sin(2 ) 2 3 sin 2 2 3 sin 2 210
6

f x x x a b x x xα π⎛ ⎞= − + = + + = − = − °⎜ ⎟
⎝ ⎠

 

 
Exercise 4: If sin cosx x+ is written as sin( )k x α+  then find k  and the measure 
of  α . 
Solution:  Here    1a =   ,   1b =    

( ) ( )2 22 2 1 1 1 1 2a b+ = + = + =   
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72 sin 2 sin 2 2 sin
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Exercise 5: Given 1 3 ( ) cos2 sin 2 4
2 2

f x x x= − + − . Find the following 
(a): the range of f   (b): the period of  f           (c): the amplitude of f         

(d): Write 1 3( ) cos2 sin 2 4
2 2

f x x x= − + − in the form sin(2 ) 4y k x α= + −  where the measure of 

α is in radian and 2 2k a b= + . 
(e): the phase shift of  f . 

(f): Sketch the graph of f over 
11 13,
12 12
π π⎡ ⎤−⎢ ⎥⎣ ⎦

 

(g): Sketch the graph of ( ) ( ) csc(2 ) 4
6

g x f x x π
= = − − over 

11 13,
12 12
π π⎡ ⎤−⎢ ⎥⎣ ⎦
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Solution:  3
2

a = , 1
2

b = −   ⇒  α  is in Quadrant IV  because ( )( , ) 3 / 2, 1/ 2a b = −  is in Quadrant 
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3 1( ) sin 2 cos 2 4 sin(2 ) 4 sin(2 ) 4
2 2 6

f x x x k x x πα= − − = + − = − −    

OR  3 1 11( ) sin 2 cos 2 4 sin(2 2) 4 sin( ) 4
2 2 6

f x x x k x x πα= − − = + − = + −  

(a):  [ 5, 3]fR = − −  (b): 2
2

P π π= =  (c): Amp 1=   

(d): ( ) sin(2 ) 4
6

f x x π
= − − ,  11( ) sin(2 ) 4

6
f x x π

= + −  

(e): The phase shift of  3 1( ) sin 2 cos s2 in(2 ) 4
2 6

4
2

f x x xx π
−− − = −=  is: 
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2

44 )
2 6
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+= − = −−  is: 11 
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π

−  ,  (11
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(f):   sin(
6

) 4( 2 )xf x π
−= −  

2 1 4  ,          
2 12 4 12 4 12

P PhaseShift PS Pπ π π π ππ= = = + = + =⇒ ⇒  

 
   
Exercise 6:  
If  sin 20 3 cos20 sin , 0 90k θ θ− = < <D D D D , then and k θ  are equal to 
A)    2, 40− D  

B)     2, 20D  
C)    1 3, 20− D  

D)    2, 20− D  

E)    2, 30− D  
 

( ) sin(2 ) 4
6

f x x π
= − −

11( ) sin(2 ) 4
6
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= + −
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Solution: ( )2 2 sin 20 3 cos20 sin 20 sin , 0 90a b kα θ θ− = + + = < <D D D D D  

( )2
2 2 21 3 2a b+ = + − =  

3sin
2

1cos
2

b
k
a
k

α

α

−
= =

= =

⎫
⎪⎪
⎬
⎪
⎪⎭

    ⇒       
O

IV

60       30R 0

α

α α

∈

= − = °D  

60α = − D:   ( )sin 20 3 cos20 sin 20k α− = +D D D  

                                                                

( )
( )

2sin 20 60
2sin 40

2sin 40 sin      2  , 40k kθ θ⇒

= −
= −
= − = = − = °

D D

D

D

 

   R  0O 3 0α = ° : ( )sin 20 3 cos20 sin 20k α− = +D D D  

                                                                          ( )
( )
( )
( )
( )

2sin 20 300
2sin 320

2sin 320
2sin 320 360
2sin 40

= +
=
= − −
= − − + °
= −

D D

D

D

D

D

 

Exercise 7: The range of  ( ) 3sin cos 2f x x x= − +  is 
(a):  [ ]0,4  
(b):  [ ]2,2−  
(c):  [ ]1,3  
(d):  [ ]1,1−  

(e):  1, 3⎡ ⎤−⎣ ⎦  
 

Solution:  ( ) ( )
2 23 ,  1    3 1 2a b k= = − ⇒ = + − =  

( ) ( )( ) 3sin cos 2 sin 2 2sin 2f x x x k x xα α= − + = + + = + +  

[ ]
[ ]

,

2 2 , 2 2

0 , 4

Range a d a d= ⎡− + + ⎤⎣ ⎦
= − + +

=

 

 
Exercise 8: If 3sin cos sin( )x x A x θ− + = + , where 0 180θ≤ ≤D D , then find the 
value of A and θ . 
Answer: 2 2( 3) (1) 2A = − + =      5150

6
πθ = =D  
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Exercise 9: Find the range of the function 10( ) 4
3sin 4cos

f x
x x

= −
− +

 

Answer: ( ] [ ), 6 2,Range = −∞ − − ∞∪  

 
Exercise 10:  If  sin 40 cos40 sin( )k β° + ° = . Find the values of k  and  β . 

Answer:      2k =        85β = °  
 

Exercise 11: Find the amplitude and range of 3sin 4cos
2 2
x xy = +  .  Answer: 

Amp 5 , Range [ 5,5]= = −  
 
 
Exercise 12: If  the function ( ) sin 2 3 cos2f x x x= − + is written in the form 

( ) sin( )f x k bx α= +  the phase shift of ( )f x  is  

A)   
6
π

−                 B) 
2
3
π

                 C)   
6
π

                 D)   
3
π

−                   E)    
3
π

 

 

Exercise 13: The expression 2 sin 2 cos
5 5
π π

− +  can be written as 

A)  2sin
20
π

         B)  
92sin
20
π

         C)  
92sin
20
π

−          D)  
92cos
20
π

−          B)  
72sin
20
π

 

Solution:  2 sin 2 cos sin
5 5 5

kπ π π α⎛ ⎞− + = +⎜ ⎟
⎝ ⎠

 

( ) ( )2 2
2 2 2k = − + =  

2sin 32   
42cos

2

α
πα

α

⎫
= ⎪⎪ ⇒ =⎬

⎪= − ⎪⎭

 

3 192 sin 2 cos sin 2sin 2sin
5 5 5 5 4 20

192sin 2sin
20 20

kπ π π π π πα

π ππ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞− + = + = + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞= − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 

Exercise 14: The minimum value of ( ) 5 2 sin 5 2 cos 2
2 2
x xf x ⎛ ⎞ ⎛ ⎞= − −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 is 

A)  12−              B)  8−              C)  10−              D)  2−              E)  3−  
 
Solution: 
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( ) ( )2 2
5 2 sin 5 2 cos 2 5 2 5 2 sin 10sin

2 2 2 2
x x x xy α α⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − = + − + = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

[ ]
[ ]

,

10 2 ,10 2

12 , 8

Range a d a d= ⎡− + + ⎤⎣ ⎦
= − − −

= −

 

minimum 12= −  
 

Exercise 15: The range of the function 3 4( ) 3
csc sec

f x
x x

−
= + +  is 

A)  [ ]0,4          B) [ ]2,8−           C) [ ]2, 4−         D) [ ]5,5−         E) [ ]4,4−  

Solution:  3 4( ) 3 3sin 4cos 3
csc sec

f x x x
x x

−
= + + = − + +  

( ) ( ) ( )2 2( ) 3 4 sin 3 5sin 3f x x xα α= − + + + = + +  

[ ] [ ], 5 3,5 3 2,8Range a d a d= ⎡− + + ⎤ = − + + = −⎣ ⎦  

 


