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A rational function is a function of the form f(x) = ,
where P(x) and Q(x) are polynomials and Q(x) = 0.
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Def.:Def.:

Example: f (x) = is defined for all real numbers except x = 0.
x
1

x f(x)
2 0.5
1 1

0.5 2
0.1 10
0.01 100

0.001 1000

x f(x)
-2 -0.5
-1 -1

-0.5 -2
-0.1 -10

-0.01 -100
-0.001 -1000

f(x) → -∞ as  x → 0–f(x) → +∞ as x → 0+
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Def.:Def.:
The line x = a is a vertical asymptote ) خط تقارب عمودي    (  of the graph 
of  f Provided     f(x) → + ∞ or  f(x) → – ∞ as x → a from either left 
or right.

f(x) → + ∞
as x → a –

x = a

f(x) → + ∞
as x → a +

x = a

f(x) → –∞
as x → a –

x = a

f(x) → –∞
as x → a +

x = a
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Def.:Def.:

The line y = b is a horizontal asymptote ) خط تقارب أفقي  ( of the 
graph of f provided  f(x) → b as x → + ∞ or as x → – ∞. 

f(x) → b
as x → + ∞

y = b y = b

f(x) → b 
as x → – ∞

f(x) → b 
as x → + ∞

y = b y = b

f(x) → b 
as x → – ∞
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Ex1:

Find the vertical asymptote of each rational function.
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Ex2: Find the vertical asymptote of each rational function.
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• Theorem in slant asymptotes

The rational function given by F(x)=P(x)/Q(x), where P(x) and 
Q(x) have no common factors, has a slant asymptote if the 
degree of the polynomial P(x)  in the numerator is one greater 
than the degree of the polynomial Q(x) in the denominator. 

• How to find the slant asymptote?

By long division. ,
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Ex3:

Find the slant asymptote of 
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Solution

4x-1
   82274  52 232 −++++ xxxxx

4x2 + 8 x2 +20 x
-x2 + 2x - 8
-x2 - 2x - 5

4x-3

4x-1

y=4x-1Therefore the slant asymptote is given by 
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Ex4:

Determine all asymptotes for the graph of the following functions.
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Ex5:

Give an example of  a rational function without any asymptote.

Ex6:

If y = -3 is a horizontal asymptote for the graph of                    

then find the vertical asymptote(s).   
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Ex7: Sketch the graph of 
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SolutionSolution

Asymptotes

V.A.: x=2

H.A.: y=1

Intercepts

• x-intercept: )0,2(2020put −⇒−=⇒=+⇒= xxy
• y-intercept: )1,0(10put −⇒−=⇒= yx

Check if the graph intersects the H.A.

Solve the equation: !22221)( −=⇒−=+⇒= xxxf

Therefore, the graph does not intersect the H.A. 
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x = 2

x-intercept

y-intercept

y = 1
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y = 1

x = 2

x-intercept

y-intercept
x 1 3
y -3 5
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Ex8: Sketch the graph of  the following functions.
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(3, 1)

x = 1x = -2

y = 1
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y = 3

x = 2

Factor the numerator and 
denominator. Since x+1 is a 
common factor, there is a 
hole in the graph at -1 .

(-1, 2) 
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Ex9:

Determine the point at which the graph 

intersects its slant asymptote.
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