MATH 002 - DOMAIN & RANGE
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Let a>0, a# 1, n any integer and R be the set of real numbers

Function Domain Range Asymptote(s) Comments
y=a" R (0,00) y=0
y=—a’ R (=00,0) y=0 —a" # (—a)’
y=a", a>1 R [1,00) None See its graph
y=a"* a>1 R (0,1] y=20 y:a*2$2,a>1sameas
y=a",0<a<l1
y=a a>1 R [1,00) None See its graph
y=a " a>1 R (0,1] y=20 See its graph
y = log, x (0,00) R =0
y=—log,x (0, 00) R x=0 y = *xlogx are symm.
w.r.t. x—axis
y = log,(—x) (—00,0) R x=0
y=2log, (0, 00) R r=0 2logr = logz? if z > 0
y = log, x2 (—00,0) U (0, 00) R r=0 log x? = 2log |z|
y = log, |z| (—00,0) U (0, 00) R x=0
y=1| log, x| (0, 00) 0, 00) r=0
= | log, |z| (—00,0) U (0, 00) [0, 00) r=0
y =sinx R [—1,1] None
Y =COoST R [—1,1] None
Y =Cscx R —{nr} (—o0, —1] U [1,00) r=nm
y = secx R—{2n+ 15} | (w00, =1JU[l,00) | z=(2n+1)F
y =tanz R—{2n+ 175} R = (2n+1)%
y = cotx R —{nr} R r=nm
y = Sin"'x [—1,1] 5. 5] None
y = Cos 'z [—1,1] [0, 7] None
y = Tan 'z R (—%,%) yz:l:%
y = Csc 'z (=00, =1JU[L,00) | [-5, 5] - {0} y=0
y = Sec”'w (—o0, 1] U [1, 00) [0,7] = {5} y=7%
y=Cot”'w R (0,7) y=0;y=m




Note : To find the domain and range of more complicated functions involving exponential , log-
arithmic , trigonometric or inverse trigonometric functions such as y = log(z? — 3) + 1 ;
y=2Sin"'(z+2)—7 ¢

e First : You should remember the domain and range of all the functions listed in the table .

e For the domain : Solve for z if g(z) € D , where ¢(x) is the expression containing z and
just coming after the function , D is the domain of the original function . For example when we
have y = log(x +3) — 1, then ¢(z) =2 +3 € (0,00) ,ie. , 2+3 >0 = x> —3. For
y=12Cos '(2r — 1)+ 7 , then g(x) =20 —1€[-1,1] ,ie, —1<22-1<1 = 0<z<1.

e For the range : Keep in mind the range of the original function and try to build the new shaped
function from there . To make it more clear suppose the range of the original function ¥, is [a,b],
then to find the range of y = f(x) = 2y; — 3 , start from a < y; < b , then multiply by 2 to get
2a < 2y; < 2b, finally add —3 to all sides to have 2a — 3 < 2y; — 3 < 2b — 3 . So the range of
y= f(x) is [2a — 3,2b — 3] . Next let us find the domain and range of the following functions.

Example 1 : y = 3¢**! — 4 . Here the domain = R while the range = (—4,00) because
3t >0 = 3" —4 > 4.

Example 2 : y = —(%)(3’29”) + 3 . Again the domain = ® , the range = (—00,3) because
_(%)@sz) <0 — _(%)@Hx) +3<3.

Example 3: y =5% —4 . The domain = ® and from the table we have 0 < 577 <1 =
—4 <5 —4< =3, 50 the range = (—4, —3] .

Example 4 : y = —3% +6 . The domain = ® and again from the table we have 3*° > 1 —
—37 < -1 = -3 4+6<5,so the range = (—o00, 5] .

Example 5 : y = 2log(l — 2x) — 5 . Remember the above note which says 1 — 2z > 0 =
—2r>-1 = z< % , then the domain = (—o0, %) . The range = ¥ .

Example 6 : y=1log|r+ 3| — 3. Since |z + 3| > 0 for all real numbrs except x = —3 , then the
domain = (—o00,—3) U (—3,00) while the range = R .

Example 7: y=—In(z2—4) + 1. As before (2?—4) >0 = 2> >4 = |z2| >2 = 2 < -2
or x > 2, then the domain = (—o0, —2) U (2,00) , the range = R .

Example 8 : y = |log|z — 2] ‘ — 3. Here |z — 2| > 0 for all real numbers except x = 2 , then the
domain = (—o00,2) U (2,00) . Now

= [-3,00) .

log |z — 2| ’20 ==

log |z — 2| ‘ —3 > —3, then the range

Example 9: y=—

In(—4 — 2x) ’+4.Wehave —4-2r>0 = -21>4 = < -2 =

In(—4 — 2x)

the domain = (—o0, —2) . Since — <0 = —‘ In(—4 — 2x) ‘ +4 <4, so the range
= (—00,4] .
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Example 10 : y = 3sin(4z — ) +2 . The domain = R and the range = [-3+2,3+2] = |
because —1 <sin(dex —7) <1 = —3 <3sin(dex —7) <3 = —1<3sin(dz —7)+2<5.

Example 11 : y = —2sec(3z + m) + 5 . Recall that the domain of secz is R — {(2n + 1)%} :
then for our new function we have 3z 4+ 7 # (2n + 1)% = 3z # (2n+ 1)% - =
r#(2n+1)% G 3 =[2n+1-2% 5 =02n- 1)% — the domain = ® — {(2n — 1)%} . Remember
that sec(3z +7) < —1or sec(3z+m) >1 = —2sec(3x +7) >2o0r —2sec(3x+m) < —2

— —2sec(3z+7m)+5>T7or —2sec(3x + 1) +5 <3 = the range = (—00,3] U [7,00) .

Example 12 : y = 3cot(2z — {r) + 1. Recall that the domain of cotx is R — {nn} , therefore
2x—% #nwr = 2z # mr—l—% — 1 # n%—i—% = (4n+1)% — the domain = %—{(472—1—1)%}.
Since the range of cot x is i , then the the range of this function is still R .

Example 13 : y = 2|cos(3z + 7)| —3 . The domain = R . Since —2 < 2cos(3z+7) <2 , then
0<2|cos(3z+m)|] <2 = —3<2|cos(3z +7)|] —3 < —1 = the range = [—3,—1] .

Example 14 : y =4 Sin"'(5 — 3x) + 7 . Recall the domain of Sin~'x is [~1,1] , then
-1<5-3r<1 = 6<-3r< -4 — 22372% — the domain = [%72] . Now
—5<SinT'(5-32) < § = —2r<4Sin"'(5-3z) <2m = —mw<4Sin"'(5—3z)+ 7 <37
—> the range = [—m, 37] .

Example 15: y = % Cot™'(z+2)+1. The domain of y = Cot™ 'z and this function is # . Next

we have O<Cot71(x+2)<7r———>0< Cot™ 1(96—1—2)<3:>1< Cot ™Mz +2)+1<4
— the range = (1,4) .

Example 16 : y = —Sec '(22 — 1) . Recall the domain of Sec 'z is (—oo,—1] U [1,00) , then
?—-1< -lora?-1>1 = 22<0ora2?2>2 = =00 |7/ >V2 = 2=0
or < —2 or ¥ > /2 = the domain = (—o0, —v/2] U {0} U [\/2,00) . For the range we
have 0 < Sec™'(z? = 1) < § or § < Sec™'(¢®* —=1) <7 = 0> —Sec”'(z? = 1) > =5 or
—% > —Sec '(2? —1) > —7 = the range = [, —%) (— 2,0]
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