Math 001 — Real Numbers — Done By : A. Al-Shallali

Let us denote some important sets by the following letters:

N = The set of natural numbers (Lawkll slac¥l) = {1,2,3,4, .......... }

W = The set of whole numbers (L& slac¥l) = {0,1,2,3,......... }

Z = The set of integer numbers (iaawall slae¥l) = £-5-2,-1,0,1,2,...} [
Q = The set of rational numbers (Lol slac¥l) = Xx|x = P

H = The set of irrational numbers (Luwws ,uall slae¥l) = {x|x is a real number and x ITQ}
= The set of real numbers (L&aall slac¥l) = {X|x CQor x [H}

Notice that any (a) integer , (b) fraction (s-kie] ».) |, (c) terminating decimal
(st e 5uS) or (d) repeating decimal (soss s~ »S) number can be written in the form g ,
where , p,q [CZlq 8 0, therefore it is a rational number.

While any real number that does not belong to any of the above four parts is an irrational number.
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For example : 0 = 9 , —3 = —3 , ——,1.23= —3 , 0.059 = 5—9 , 1.3333... =13 =

-, and
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0.262626... = 0.26 = g all are rational numbers . The numbers 1 , %T[ , 78 ,\!2 and 5.204781.....all
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are irrational numbers , while 0 —9 and *—16 are not real numbers.
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Moreover - and 3.14 = 100 are rational numbers while 1 is an irrational number.This is because

22 . . .
n&3.14 or - but m = 3.1415926536....... (non-terminating and non-repeating decimal)
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(299 2 5 o#iie it e uS) . SO n=7or3.14. In fact 3.14<T[<7

Problem : Show that 3.2 and 51.43 are rational numbers.

_ Let x = 3.222... , — 50 — _ 29
Proof: a) _ [ Dx = 32227 . subtract to get: 9x =29 = xI= T L@
Let X = 51.4343... _ _ — — 5092
b) _ [ D0x = 51434343 subtract to get: 99x =5092 =[xI= g9~ L@
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- Notice that: ()N W [ZICQICITand HLCIT1 (Q H=[Cand Q H=[]

All this can be illustrated by the following figure:
78.5201962....
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13.7272......



Properties of real numbers:

Leta, b, and c be real

numbers

Property Name

For Addition

For Multiplication

Closure (3eyl)

a+b isaunique real number

a-b is aunique real number

Commutative (Jslll)

at+h=bh+a

a-

bh=b-a

Associative (apeaill)

(@+b)+c=a+(b+¢c)

(a-b)-c=a-(b-c)

Identity (wlall yaiall)

a+0=0+a=a

0 is called the additive identity

a-l=1.-a=a

1 is called the multiplicative identity

Inverse (LusSall)

at+(-a)=(-a+a=0

—a is called the additive inverse of a

Q=

a-%: a=1,aB0

% is called the multiplicative inverse of a

Distributive (xs!l)

a-(b+c)=a-b+a-c

A set A is said to be closed under an operation [if a,b [CA, then a [CAL It can be seen that:

e Thesets N, W, Z, Q and [all are closed under addition and multiplication.

e Only the sets Z , Q and [Cafle closed under subtraction ,e.g. ,2,5 [Nlbut 2—5 = —3 [N

: o 4 -
* None of the above sets is closed under division , e.g. , 4, 7 [N but 7 ,Ssimilarly for W

and Z . Also 0.5, 0 [Q, Eﬁjht% mq, .1

.\/

_ V_ V_
= The set H is not closed under any operagion , e.g. , 3,— 3 [LHbut 3+ (— 3)=00H;
_ Vo V_ V_ 3
3— 3=00H 3. 3:3[I]]Elland:#§:1ﬂ]]ﬂl.

Let us summarize all of this in the following table:

Set| + | — | x | +
N | yes| no | yes | no
W || yes | no | yes | no
Z || yes|yes|yes| no
Q | yes|yes|yes| no
H | no| no|no|no
[1lyes | yes | yes | no
= yes | yes | yes | yes

= [=1{0} = set of nonzero real numbers

Example : The set of perfect squares = S = {12,22,32,42,52,62,...} = {1,4,9, 16, 25,36, ...} is not
closed under addition, e.g. , 1,4 [Slbut 1+4 =5 F'S] This set is also not closed under subtraction
or division, it is closed under multiplication only

.T.0.




Example : The set A = {—1, 0} is not closed under addition for : (—1)+(—1) = —2 Y Al, not closed

under subtraction for : 0 —(-1) =1 I'A,

not closed under multiplication for ;. (=1)(-1) =1 I'A

and not closed under division for : _—i =1rA

Notes:
e All the sets N, W, Z, Q, H and [3atisfy the commutative property of addition and
multiplication ,i.e.,a+b=b+a & ab=ba, whenever a,b are in the set.
< All the above sets satisfy the associative property of addition and multiplication ,i. e . ,

(@a+b)+c=a+((b+c) & (ab)c=a(bc), whenever a,b,c are in the set.

e The sets [ 1Q , Z and W contain the identity element of addition ( 0 ) and the identity
element of multiplication ( 1 ). The set N contains only the identity element of multiplication
while the set H does not contain any one of them.

The table below shows some additive and multiplicative inverses of some real numbers:

Number | Additive Inverse | Multiplicative Inverse
-1 1 -1
0 0 does not exist
—1/2 /2 —2/1
VI_ — VI_ Vv _
2— 3 3—2 1/2— 3)=2+ 3
—0.04 0.04 —25
—32 2 — 17 _5
5 575 17

Problem : Name the property in each of the following statements :

) 7+[B+(=9)]=7+[(-5)+5]

2) 6:-1=6

3) 2a+0=2a :
Ill Illl ]

4) 9. - = =9

) 9 9

5 3c+(—3c)=0
6) 3Xx+18 =3(X+6) :
7N [2+(=2)]+0=2+[(—2)+(]

LT I 1T 1
3 2
8§ - . =1
) 2 3
LI T 10 1
9) 2 1 +0=1
2

10) 2(a+b)=2b+2a :

commutative property of addition
identity property of multiplication
identity property of addition

commutative property of multiplication

inverse property of addition
distributive property

associative property of addition

inverse property of multiplication

inverse prop. of multiplication and identity prop. of addition

distributive property and commutative property of addition



Problem : Tell to which sets each of the following numbers belongs:

Numer N W H Note
—3/4 —3/4 9
=7 X | X X —2/3 " 8
4—4 X v X 4-4_0_ 0
It It It
0.9 0.9 9/10
0.03 0.03 3/100 30
V_ V_ V_ V_
8 | x v 8_22_ 2
—4 -4 -4 2
v____ v____
16m2 vV vV X% 16m® _ 4n
2m 2n 2m
(3.%)2 X X X = (3.25)(3.25) product of 2 rational no. is rationl
Ve Yoorer
LI X 001 _01_1
0.09 0.09 3 3
6—4 6—4 2. .
55 X X X 570 is undefined
\/_3 y \/_3 v_
Vil X | X N
4n 4am 2 m 2
V . : .
7.23234235...... X X non-terminating and non-repeating decimal
vV__ vV — v . :
—4 °—1 X X X =2 —-1(-1)=-2 —1isan imaginary number
Order of Operations:
Grouping Symbols are parentheses () , braces {} , and brackets [ ]

To evaluate a complex expression, you need to get rid of all grouping symbols (if present) by perform-
ing the operations within the grouping symbols, innermost grouping symbols first, while observing the

order given in steps 1 to 3.

step 1 Evaluate exponents expressions.

step 2 Do multiplication and division as they occur from left to right.
step 3 Do addition and subtraction as they occur from left to right.




Example: Evaluate the expression 2[3 — {1+ 4(1—6)}]

Solution: 2[3 {1+ 4(1=6)3] = 2[3 — {1 — 4(~3)}] = 2[3 — {1 + 12}] = 2[3 - 13] = 2[~10] = —
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222 —1]+4-5—-8+2
2:-32—-6:-2—3+3

Example: Evaluate the expression

_28—1]+4.5—8+2 2.7+4.5—8%+2 _

14+20—4

30

Solution:

~ 2.9-6.2—3=+3 18—12—1

5

_=6
5

Problem: Determine whether each of the following statements is true (T) or false (F)

and explain your answer:

Statement W,

T/F

Expl;:matlon

the additive inverse of the number (1—2 2)(1+ 2 2) is 7

(1—2 D(L+2 2)=1—-8=-7, s0
the additive inverse = 7

the _set_ A = {1,2, %} satisfies the inverse property off T |z =1 A, III, (1/2) =2 [A
multiplication
the set of irrational numbers (H) is closed under addition F n,—m CH, but m+ (—mn) =0 I H
the multiplicative inverse of 52 is —- F |52 =2 soits mult. inverse is £
any rational number has a multiplication inverse. F |0 C4Q, but l ra
Xy +z = z + yx is true because of commutative property off T xy+z=z+Xxy =z +yx
addition and multiplication
set of perfect squares is closed under multiplication. T |a%,b?> are two perfect squares, then
a? - b? = (ab)? is also a perfect square
set of real numbers satisfies the associative property of division| F |(6+2)+3=3+3=1,but6+(2+3) =
6 g =9
the di[erknce of any two integers is a rational number T |the dilerkence of any two integers is an
integer, so it is a rational number
both sets of natural and whole numbers contain an addition] F |0 I NI
identity
every even integer has an additive inverse T |the additive inverse of 2n is —2n
which’s even, where n [Z]
the interval (—3,0) n (—1,1) contains two integers F Jinfact (—3,0)n(—1,1) = (-1, 0) which
contains no integer at all
Q&Lq\leqy\LqZ)E@nH) =N W Col=W [Lqal=W
—7 %’; is a real number T |closure property of multiplication of
. real numbers \/ .
v 5 VN 5, = 5 v _
2 [—22\%1 — %] is a rtional number T|= 2 [2—24%] = 2 [24%] =

—% is rational

IDONE BY : A . AL-SHALLALLI|




