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Objectives:

in this section, we learn about:

m Simplifying a Rational Expression

m Operations on Rational Expression

m Determining the Least Common Denominator(LCD)
m Simplifying Complex Fractions




Rational Expression (=S s==3 ): A fraction whose numerator and

denominator are polynomials. b) 2)(;2
X°—5x-6
Domain of a Rational EXpression (s s« il «is 25 Jlaa ): Sol
the set of all real numbers except those for which the denominator '
IS zero. 1.e. Domian = (s, o) —{x|denominator = 0} The denominator x?-5x—6=0if (x—6)(x+1)=0
Ex: Find the domain of the following expressions: = the zeros of the denominator are x = —1,6
a) §+2 Thus the domain is (—o0,%0)—{-1,6} or (—o0,-1)U(-1,6)U(6,)
-X
Sol.

or {x| -0 < X <0, x #—1,6}
thedenominator3—x=0if x=3

Thus the domain is {X|-0<x<o,x=3} or (—o0,0) {3}

or (—00,3) U(3, oo)
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ties of Rational Expressions

For all rational expressions where Q #0 and S =0, then:

Equality P _Rifand onlyif PS =RQ
Q S

Sign _B=i=i
Q Q Q

Cancellation PK =B
Q¥ Q
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Simplify a Rational Expression:

+¢Factor numerator and denominator completely
+» Use the cancellation property to remove common factors

A Rational Expression is simplified ( 5.3« %)) (reduced form)
IF the numerator and denominator have no factors in common.




Ex: Simplify _ X =25
x? +7x+10
Sol: '
? Divide numerators and
é

denominators by common

X2 _o5 (X—5)(/X/+"5)/ factors.

X% +7x+10

(x+2)(+5)
(x-5)

=-——Lif x#-5

(x+2)

Factor all numerators and
denominators completely.

Operations Rational Expressions

Operation P, Q, R, and S are polynomials
iti P P+
Addition = %: RQ Notice the
common
denominator
Subtraction PQ - P-Q
R R R
Multiplication PQ_PQ Find the
R S RS reciprocal and
multiply
Division P.Q_PS_PS
R S RQ RQ
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1. Factor all numerators and denominators completely.
2. Divide numerators and denominators by common factors.

3. Multiply the remaining factors in the numerator and multiply
the remaining factors in the denominator.

Note:
Arithmetic operations are defined on rational expressions just
As they are on rational numbers.

<
Ex: Simplify X° +2x+1 6x* —6x
x° x* -1
Sol: s
2.
C(x+1)(x+1)  6x(x-1) -
- X3 (x=1)(x+1) 3

(e (eet) ex(ety
&m0

_6(x+Y) L 101
X2

x=-10,1

Factor all numerators and
denominators completely.

Divide numerators and
denominators by common
factors.

Multiply the remaining factors in
the numerator and multiply the
remaining factors in the
denominator.

10
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Ex: Multiply and Simplify:

x=7 x*-1

x-1 3x-21
_x=7 (x+1)(x-1)
S x-1 3(x-7)

A=) (1))

Jr=ape

:x;1, X1 X#7

x=7 x% -1
-1 3x 21

Factor all numerators and denominators.
Because the denominator has factors of

Xx—1and x-7, x#1 and x#7.

Divide numerators and denominators by
common factors.

Multiply the remaining factors in the
numerator and denominator.

11
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Ex: Divideand Simplify: ~ X =2X=8_Xx-4

-9  x+3

X*—2x-8 x-4

xX—9  x+3
_x*-2x-8 x+3

x*-9 x-4
_(x=4)x+2) x+3
(x+3)(x 3) x- 4

) e
33 (4

Xiz X#=-3,X#3,X#4
x—3'

Multiply by the reciprocal

Factor numerator and
denominator

12




"
Least Common Denominator( LCD)  (_a<aY¥) & yidial) aliall)

It is necessary to add rational expressions with different denominators

1. Factor each denominator completely.
2. Express repeated factors using powers
3. LCD = product of each factor raised to its largest power.

13
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3.

Factor each denominator completely.
Express repeated factors using powers
LCD = product of each factor raised to its largest power.

Ex: FindtheLcD _ -4 2 1
x*+10x+25 = x*—4x-5"1-x2

3x—4 2X 1 _
, , Factor each denominator completely
(X + 5)2 (X _1)()( + 5) (1_ X) ( X +]_) Express repeated factors using powers

Can be made equal if minus sign is factored out

3x—4 2X 1
(x+5)" " (x=1)(x+5)" —(x=1)(x+1)

LCD = —(x+5)2 (x—=1)(x+1)

14
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. . Adding and Subtracting Expressions
Ex: Simplify: 752 +i—i2 -y Find the least common
9x 6X X denominator.
1. Find the least common denominator. Sol: ¢ 101 2 Wiite Al ot o
= e LCD=3%.2.x2 => terms of the least common
2. Write all rational expressions in terms of the least common Fx* 32x X denominator.
. 3. Add or subtract the numerators,
denominator. 5 2 1 3.x 1322 —> placing the resulting expression
3. Add or subtract the numerators, placing the resulting expression T2 22 32x3x% 22 g‘e{ﬁgmﬁﬁt COmmSl
over the least common denominator. 2 If necessary,.simplify the
4. If necessary, simplify the resulting expression. _10+3x-18 restting SELESER
18x*
_3x-8
18x°
15 16
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X+3 2
+

Ex: Simplify:

X>+x-2 x*-1
Sol:
X+3 N 2
X2 +x—2 x2-1
__ x+3 N 2 )
(x+2)(x-1) (x+1)x-1) = T
(x+3) (x+1) 2 (x+2)

(x+2)(x—1) (x+1)  (x-1)(x+1) (x+2

X2+ 4X+3+2x+4

(x+2)(x=1)(x+1)

= X" +6x+7 X#=2,X#1 x#=-1
(x+2)x=1)(x+1)’ T

~—

Adding and Subtracting

>

28

-

—

e

Expressions

Find the least common
denominator.

Write all rational
expressions in terms of the
least common
denominator.

Add or subtract the
numerators, placing the
resulting expression over
the least common
denominator.

If necessary, simplify the
resulting expression.

17
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Ex: Perform the following operation and simplify the result
1.2 3x*+11x-4

x 3x-1 Xx—=5
Sol:
:£+ 2 .M(X+4) Do the multiplication first

X | 3%=1 X-5

L 2xss L, 2x+8 :x—5+x(2x+8)
“3T%s x x5 X(x-5)

_2x2+9x—5:(2X—1)(X+5)

B X(x—5) x(x-5)

18
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Complex Fractions (4 all Jsusl)
also called complex fractions, have numerators or denominators

3
Ex: Simplify:  ~ 2

x Method I
9 1, Determine the LCD of all

containing one or more rational expressions. Sol: 2 _ 4x IR I o e ik complex
X fraction.
( i ) j X i> Multiply both the numerator and the
X denominator of the complex fraction
= - 7 by the LCD.
Method I 9 3. If possible, simplify the resulting
1. Determine the LCD of all denominators in the complex fraction. X — 44X X —> fraction.
2.  Multiply both the numerator and the denominator of the complex fraction e

by the LCD. 3-2x 1. Simplify the numerator to a single
3. If possible, simplify the resulting fraction. =5 fraction and denominator to a single

9- 4X2 fraction.
Method 1T _ , _ _ _3-2x % ntions, malily the numertor by
1. Simplify the numerator to a single fraction and denominator to a single = the reciprocal of the denominator.
fraction. (3 - 2X) (3 + ZX) 3. Ifpossible, simplify the resulting
2. Use the definition for dividing fractions, multiply the numerator by the 1 fraction.
reciprocal of the denominator. =
3. If possible, simplify the resulting fraction. 3+2x
19 20
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Ex: Simplify: X + 2
3

. Method II
Sol: 1- 3 1.  Simplify the numerator to a single
1+ — —> fraction and denominator to a single
X fraction.
2. Use the definition for dividing
5x+10-1 5x + 9 —> fractions, multiply the numerator by
_ X + 2 X + 2 the reciprocal of the denominator.
- 3 = — 3y 3. If possible, simplify the resulting
1 - —— - —> fraction.
X + 3 X + 3
X
5x + 9
_ X + 2 _ 5x +9 X + 3
—2x + 3 X+2 —-2x+3
X + 3

21

5 1
Ex: Simplify: X ; 2 T
. Determine the LCD of all
Sol: 1- A denominators in the complex
o1 1+ — fraction.
X + 2 X 2. Multiply both the numerator and the
=7 N 1 => denominator of the complex fraction
5-— by the LCD.
1— X L —_ X+e 2 3. If possible, simplify the resulting
3 3x =—> fraction.
X 1-°%
1+ —
X X+3

1
(x+2)(x+3)(5—x+2) (502 (xr956:9

(x+z)(x+3)(1_x~°’+x3j (x+2((3-3) ~(xr2)(2x+3

22
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Ex: Simplify:
X

Sol: —
X

Xy y® - x
y - X xly?

xy (y-=x)(y®+ yx+x*)
X2y2
- (y*+ yx+x?)

Method II
1. Simplify the numerator to a single

fraction and denominator to a single
fraction.

2. Use the definition for dividing

fractions, multiply the numerator by
the reciprocal of the denominator.

3. If possible, simplify the resulting
fraction.

23
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Ex: Simplify: _1 1
X

y
Sol:
X—3 y—3

x° oy Xy
~ Xzya_x3y2) ~ Xzyz(y X)
= (y3—X3) (y3 Xa)
_ xzyz(y—x)
(y - 12532/2 +OYX + xz)

- (y?+ yx+x?)

Method I
_19Determine the LCD of all
denominators in the complex

fraction.
Multiply both the numerator and the

2.
) denominator of the complex fraction
by the LCD.
3. If possible, simplify the resulting

éfraction.

24
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Ex: Simplify
Sol: 1
a)(-22+37)

(—2‘2 +371 )_1 = [—%+%j_l

STRE
12 12 B

25
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b) a’+9 a’-3a’+9a-27

a’—-64  a’+5a—24
Sol:

a’+9  a’+5a-24
(a-8)(a+8) a’-3a’+9a-27

a2+9 (a+8)(a-3)

(a-8)(a+8) (a3 —3a2)+(93—27)

a?+9 (a+8)(a—3)

(a-8)(a+8) a’(a-3)+9(a-3)

a9 (a+8)(@a-3) _ 1
“(a-8)(ax8) (a-3)(a2+9) (a-8)

26
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