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2.6 ALGEBRA OF FUNCTIONS

Objectives:

In this section we will learn about:In this section, we will  learn about:
Operations on Functions.
The Difference Quotient.
Composition of Functions.
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Operations on Functions:Operations on Functions:
Let f and g be two functions with domains                   , then we 
define four new functions, namely, sum, difference, product and 
quotient of f and g as follows:

f gD and D

( f + g)(x) = f(x) + g(x) gfgf DDD ∩=+

( f – g)(x) = f(x) – g(x) gfgf DDD ∩=−

( f • g)(x) = f(x) • g(x) DDD ∩=

3

( )( ) , ( ) 0
( )

f f xx g x
g g x

⎛ ⎞
= ≠⎜ ⎟

⎝ ⎠ gf
g
f DDD ∩= except { }0)( =xgx

( f g)(x)  f(x) g(x)
gffg DDD ∩=
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Ex 1 Given f (x) = x2 and g(x) = 2, find ( f + g)(x) and ( f – g)(x).

( f + )( )

Sol

( f + g)(x) = f(x) + g(x)
= x2 + 2

( f – g)(x) = f(x) – g(x)

( f + g)(x)

x

y
4

g(x) = 2

f(x) = x2
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= x2 – 2
( f – g)(x)

–2 2
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Ex 2 Given f (x) = 10 – 3x3 and g(x) = 2x2 + 1, find ( f + g)(2) 
and ( f – g)(–1) .

( f + g)(x) = f (x) + g(x) =
3 3 + 2 2 + 11

Sol
(10 – 3x3) + (2x2 + 1)

( f + g)(2) = 

= –5

= –3x3 + 2x2 + 11

(f – g)(x) =  f (x) ─ g(x)

–3(2)3 + 2(2)2 + 11

= (10 – 3x3) – (2x2 + 1)
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= –3x3 – 2x2 + 9

= 10
(f – g)(–1) = – 3(–1)3 – 2(–1)2 + 9
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Ex 3 Given f (x) = x – 2 and g(x) = x + 1, find ( f • g)(x) 
and ( f • g)(3) and ( f • g)(−1).

( f • g)(x) = f (x) • g(x)
Sol

= (x – 2) • (x + 1)
= x2 – x – 2

( f • g)(3) = ((3) – 2) • ((3) + 1)
= (3)2 – (3) – 2

( f • g)(x)

= 4 x

y
4

f(x) = x – 2

g(x) = x + 1

( ) ( )
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( f • g)(–1) = (–1)2 – (–1) – 2
= 0

- 2 2

12/5/2007



4

(1) =f )  (f 1

Ex 4 Given f (x) = 2x2  – 3x + 1 and g(x) = x – 1, find           (1)  

and       (2).
g
f

g
f

f(x) = 2x2  – 3x + 1 
Sol (1) = 

g
f

)  (
)(

g
f

1

1)  (
1)  (3)  (2 2

−
+−

=
1 1

1

0
0

= This is not defined, so     (1)

cannot be determined.
g
f

x

y

2

)(x
g
f

Sol
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(2)
g
f

1)  (
1)  (3)  (2 2

−
+−

=
2 2

2

3
1
3
==

2

-2 g(x) = x – 1
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Find the domain of ( ) and  whereff g
g

⎛ ⎞
+ ⎜ ⎟

⎝ ⎠
2 2( ) 16   and  ( ) 4f x x g x x x= − = +

Ex 5

Sol
Si ( ) i l i l th ( )DSince g(x) is a polynomial, then   ( ),gD = −∞ ∞

For the domain of  f(x), exclude all real numbers that causes 
square root of negative numbers , that is to say,     

216 0x− ≥
One way to solve this nonlinear inequality is to use the critical 
value method, or alternatively, we can do the following:
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2 16x ≤

4x⇒ ≤ 4 4x⇒− ≤ ≤ [ ]4,4fD⇒ = −

4
:Common Mist ke

x
a

≤ ±
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2 2( ) 16   and  ( ) 4So we have f x x g x x x= − = +

( ),gD = −∞ ∞ [ ]4,4fand D = −

Thus D D D= I ( ) [ ]4 4= −∞ ∞ −I [ ]4 4= −Thus, f g f gD D D+ = I ( ) [ ], 4, 4= −∞ ∞ −I [ ]4, 4=

( ){ }0f f g
g

D D D except x g x= =I 2 4 0x x⇒ + =
0, 4if x = −[ ] { }4, 4 0, 4f

g

D except= − −

( ) ( ]4,0 0, 4fD = − U

( ) 0g x =
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g

Difference Quotient:Difference Quotient:
The expression                                      is called the difference 
quotient of f. h

xfhxf )()( −+

It enables us to study the manner in which a function changes in 

Ex 6 Find the difference quotient  of  f (x) = 2x − x2

( ) ( )f x h f x
h

+ −

hhh 222 2222

, substitute

SolSol
2 22( ) ( ) 2x h x h x x

h

⎡ ⎤ ⎡ ⎤+ − + − −⎣ ⎦ ⎣ ⎦=

value as the independent variable changes.( Important for Calculus)

10

h
xxhhxxhx 222 2222 +−−−−+

= , expand and
simplify

, takeout common
factorh

hxh
h

hhxh )22(22 2 −−
=

−−
=

hx −−= 22
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A function can be evaluated at the value of another function.

Composition of Functions :    )ترآيب الدوال(

g g(x) fx
(input)

f (g(x))

(output)

This operation is called the composite of  the f and g. 
it is denoted by  (f  ◦ g), and its value at x is given by:
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( ) ( )( ) ,f g x f g x= ⎡ ⎤⎣ ⎦o , where  ( )   for all f gg x D x D∈ ∈

read as “ f circle g of x” or “ f of g of x”

By interchanging f and g in the previous diagram, we get:

f f( ) g g (f(x))f f(x) gx
(input)

g (f(x))

(output)

This operation is called the composite of  the g and f. 
it is denoted by  ( g ◦ f), and its value at x is given by:
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( ) ( )( ) ,g f x g f x= ⎡ ⎤⎣ ⎦o , where  ( )   for all g ff x D x D∈ ∈

read as “ g circle f of x” or “ g of f of x”
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Ex 7 Given f (x) = 2x + 5 and g(x) = x2 + 1, find ( f ◦ g )(x) and 
f [g(–2)].

Sol

f [g(–2)] = 2 (–2 )² +7

( f ◦ g )(x) = f  [ g (x)] = f  [x2 + 1] =

= 2  ( x2 + 1) + 5 = 2 x2 + 7

= 15
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Ex 8 2If ( ) 3, 0 and ( ) 3 ,find
) ( )( )

) ( )( )

f x x x g x x
a f g x

b f

= − < = +
o

) ( )( )

) ( )( )

) ( )( )

b g f x

c f f x

d f g f x

o

o

o o
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Sol
) ( )( ) [ ( )]a f g x f g x=o

( )3f x= +

( )2

   Result: f g g f≠o o

( )2
3 3x= + −

x=

) ( )( ) [ ( )]b g f x g f x=o

2( 3)g x= −
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( )g
2 3 3x= − +

2x=
x= ?

x= −

) ( ) ( ) [ ( ) ]c f f x f f x=o

2( 3)f x= −
2 2( 3) 3x= − −
4 26 64 26 6x x= − +

) ( )( ) ( )[ ( )]d f g f x f g f x=o o o

2( )( 3)f g x= −o
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2[ ( 3)]f g x= −

2 3x= −

( )f x= −
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Ex 9 2If ( ) 2 3 and ( ) 2 1, find
) ( )( ) ) ( )( )

f x x x g x x
a fg x b f g x

= + − = −
o

Sol
a) ( f g ) (x) read as “ f times g at x”a)  ( f g ) (x)

= f (x) • g (x) , product of functions f and g

( ) ( )22 3 2 1x x x= + − −�

3 22 7 2x x x= − + + −

, read as  f  times g at  x

1712/5/2007 Bassam Al Absi

b)  ( f  ◦ g ) (x) , read as “composite f  and g”

= f ( g ( x))
= f ( 2x –1 )

( ) ( )22 1 13 22 x x= + −− − 24 10x x= − +

Ex 10  If ( ) 2 5, ( ) 5 2 and ( )(2) 10, then  find .f x x g x x k f g k= + = + =o

Sol
( )( )2 10f gο =

( )( )2f g 10=

( )5 2f x k+ 10=

( ) 55 2 22 k⋅ + + 10=

20 4 5k+ + 10=
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20 4 5k+ + 10
15
4

k −
=
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Ex 11 ).( findthen  ,15))((and23)(If xhxxhfxxf −=+= o

Sol
( )( ) 5 1f h x x= −o

( ( )) 5 1f h x x= − , notice that h ( x) is not known, plug it in f as is

( )( )3 2 5 1h x x+ = − , solve for h ( x)

( )( )3 5 3h x x= −
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( )( )
( ) 5 1

3
h x x⇒ = −

)3)(()3)((thatsuch
ofvaluesallfind,)(and)(Given 2

fggfk
kxxgxxxf

οο =
+=+=Ex 12 

Sol
( )(3) ( )(3)f g g fο ο=( )(3) ( )(3)f g g fο ο=

( )( )3f g ( )( )3g f=

( )3f k+ ( )23 3g= +

( ) ( )23 3k k 12 k
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( ) ( )3 3k k+ + + 12 k= + Write this quadratic equation in standard 
form and solve

2 6 0k k+ =
2 6 0k k+ =

0, 6k = −Thus, 
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Ex 13 Use the adjacent graph to evaluate: ( )) 0fa
g

( )( )) 1b f gο −
f(x)

Sol

x

y

2

g(x)

Sol
( )) 0fa

g
( )
( )
0
0

f
g

= 1
1

=
− 1= −

g(3) 

f  (2)

f  (0)  ●

(0)●

Bassam Al Absi 21

2

–2
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( )( )) 3b f gο ( )( )3f g=

( )2f=

3=

g(0) ●

Sol

Ex 14 Let , find domain of .g fο( ) ( )1 and 3f x g x x
x

= −

The domain of g ◦ f  is the set of all real 
b h th tnumbers x such that    

( ) ( )( )
( )

Remember:

.f g

g f x g f x

for all x D and f x D

ο =

∈ ∈

( )0 3 0x and f x≠ − ≥

1
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10 3 0x and
x

≠ − ≥

3 10 0xx and
x
−

≠ ≥ Use the critical value method to solve this 
inequality

( ) 1The domain of  is ,0 ,
3

g fο ⎡ ⎞−∞ ∞⎟⎢⎣ ⎠
U


