2.3 LINEAR FUNCTIONS

Objectives:

In this section, we will learn about:

» Slope of Lines.

» Slope-Intercept Form.

» Finding the Equation of a Line.
» Parallel and Perpendicular Lines.
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Def:

A function of the form  f(x)=mx+b, m#0 where

m and b are real numbers is called a linear function

* Slopes of Lines (J!) B(x,,»,)

Change iny
B(x,,») PAy=Y, TN
........................... N Rise

The slope is a numerical
measure of the steepness

Of a line_ ) Change in x
rise Ax=x —x

The slope = — X=X =X
run Run

The slope = m = 1angeNY AV _ % =0 | (x, £1x,).
changeinx Ax Xx,-—Xx
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»The slope of a line can be
.. . I Undefined slope
positive, negative, undefined, N A Positive slope
or zero, as shown in the N ) /
adjacent figure. h N /
N /
c . 2 /
»The slope is independent : /<\\ Zero slope
of the choice of points on vz =N
the line. 22140 NG
A/ N\ .
p 4 Negative slope
/
v
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EX 1 Find the slope of the line that passes through the following
points (—3, 4) and (1, — 2)

SOl Let (xlsyl):(_39 4) and (x2sy2):(1:_2)
— -2-4
The slope =m = Ymh o LT
Xy =X l_(_3)
_6_-3
4 2
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Ex 2 Sketch the graph of the line that has slope =2 and passes
through the point (1, — 2) 3

Sol

. move up if positive
rise

move down if negative

move right if positive

Slope=
{move left if negative

- W b

™\
Locate the point (1, —2) 43N 2 4

) \‘(\l_ 2)

Slope = — N
P 3

_ move down 2 units N,

" move to the right 3 units
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The Equation of a Line :

Casel: Point - Slope Form :

The equation of a line with slope m and passing through the
point (x,,v,) 1s given by
Y=y =mx—-x)

Case2: Horizontal Line:

The equation of horizontal line passing through the point

(x1,¥y) 1s give by Yy

—

y=»
X

Y=Y (slope =0)
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Case3: Vertical Line:

The equation of vertical line passing through the point

(x,, y,) 1s give by is given by

X=X,
x =X, (slopeisundefined) ‘

S

Case4: Slope-Intercept Form:

The equation of a line with slope m and y-intercept (0, b) is
givenbyy=mx+b.

Important Note:
If y =mx + b, then the slope is the coefficient of X .
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Ex 3 Find the equation of the straight lines that have the following
properties. Write the answer in the form y=m x + b

a) has slope 2 / 3 and passes through the point (— 3, 4)

Sol
Letm=2/3and (xlayl)z(—3a4)
The equationis V—)1 = m(x—x)
Upon substitution, we get y—4= i(x - (— 3))
:>y—4:§(x+3) =3y-12=2x+6
=3y=2x+18 = the equation is y:§x+6
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b) passes through the points (5, - 6) and (2, -8)
Sol Let (x,%)=(5-6)and (x,,y,)=(2-8)
again, the equationis y—y, =m(x—x)
_8-(=06) _2

m=———> =_

2-5 3
2
Upon substitution, we get v —(—6)= g(x—S)
= 3y+18=2x-10

. 2 28
—> the equation is yzgx—?
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¢) has undefined slope and passes through the point (-2, 3)

Sol
This described line is vertical and its equationis x = — 2

d) horizontal and passes through the point (1/2, 4/7)

Sol
This line has zero slope and its equationis y = 4/7
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EX3 Iff(x)isa linear function with f(5)=—6and /(2 )=-8,

find f(—2).
sol Remember:
Give f(5)=l6 and f(2)=-8 y=f(x).
Let(x,%)= (5,-6) and (x,,,)=(2,-8)
Thus, the equationis ¥ — y, = m (x — x,)
m= (20 2
2-5 3 2
Upon substitution, we get V— (—6) = 3 (x—=5)
= 3y+18=2x—-10 = the equation is yzix—zf
2 28 2 28 32
or f(x)=—x—— = 2)==(2)-— ="°
() =357 f(2)=5(2)=5 ==
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Parallel (¢J's«) and Perpendicular (24is) Lines

Consider the two lines

[, :mx+b  and [,: m,x+b,

1) I, and [, are parallel if and only if m, = m,

: . . 1
2) [, and [, are perpendicular if and only if m, = ——
m2

[OR m -m, = —1]
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EX 4 Determine whether the two lines whose equations are

2x+3y=1 and 3x-2y=4

are parallel or perpendicular.
Sol

Let /[:2x+3y=1 and [,: 3x-2y=4

Now find the slope of each line as taline b
described in the adjacent rectangle: Ifa 1ne has
) 3 3 equation
m=— ad m,=—=— AX"'.By=C’_
3 -2 2 then its slope is
notice that m, -m, = -1 iy
equal to —
Thus, the two lines are perpendicular.
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EX 5 Find the equation of a line that passes through the point
(1, 3) and parallel to the line 3x + 4y = 4.
Sol
Let [ :bethe line passing thru (x;,y,)=(1,3)
and /,: 3x+4y=4
The equation of /; that we need to find is ( Y—=n ) =m, (x — xl)

The slope of A is  my; which is equal to m, ?
-3 since [y and 1,
m, =— = m,

4 are parallel
o -3 3 15
Thus the equation is (y—3)=—(x—l) > )y=—X+—
4 47 4
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Ex 6 Find the equation of a line that passes through the point
(=3, 4) and perpendicular to the line 2x — y=7.

Sol
Let /,: bethe line passing thru (x,,»,)=(-3.4)

and [,: 2x—-y =7
The equation of /; that we need to find is (y - yl) =m (x —X )

The slope of [ is  m, which is equal to — ?

since /y and I, _1 1 m2

m2 - 2 —_— e :> ml [ f—
are perpendicular m1

Thus the equation is (y — 4) = 7()6 + 3)
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Ex 7 If the two lines 3x — 5y + 1= 0 and k y — 2x + 4= 0 are
perpendicular, then find .

Sol
Let/ : 3x=5y+1=0 and !  ky-2v+4=0
Since the two lines are perpendicular, then:
-1 -3 -1
m, =— — =
bom, -5 =(-2)
k
3 —k -6
= —-=— = k=—
5 2 5
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Ex 8 1If (2,3), (4,2) and (k,0) are three points on the same
straight line , then find £.
Sol

Since the three points are on the same line, the slope between any
two points is fixed.

The slope using the points (2,3) , (4,2) is 2-3_ -1
4-2
and the slope using the points (4,2) and (£,0) is 0-2_ -2
k=4 (-4
and since the slope is fixed, then -l =2
2 k-4
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EX 9 Find the value of x in the domain of f(x ) = 4x — 3 for
which f(x) =—2.

Sol since f(x)= — 2 , using substitution, we get:

-2=4x-3 x=1/M
Ex 10 Find a point P ( x, y) on the graph of the equation y = x’
such that the slope of the line through the point (3, 9) and P is 15/ 2.

Sol  Since the slope of the line through the point (3, 9) and P (x, y) is 15/2, then:

y-9 =1_5 , and since P ( x, y) is on the graph of the equation y = x2, then:
x-3 2

2 _ 15

x=3 2 2 2

Thus, the pointis (9/2,81/4)
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Ex 11 Find all points (x ,y ) satisfying x + y = 0, that are 6 units
from the points (— 3, 4).
SOl Tpe set of all points (x ,y ) that are 6 units from the points (— 3, 4)
represents the circle that has center at (— 3, 4) and radius » = 6

and equation is (X+3)2 +( y—4)2 =36
= X +6X+9+ Y —8y+16=36......(*)
the point(s) (x,y ) satisfyingx +y=0
this implies that x = — y | substitute in Eq. ( *)
= (=y)’ +6(=y) +9+y -8y+16=36

= 2y —ldy-11=0 = y:m%ﬁ

The points are [‘7_\/ﬁ, 7+2\/ﬁJ and [_7 +2\/ﬁ, 7_\/ﬁJ

2 2
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Point of Intersection (abliil) dkais)

To find the point of intersection between two lines solve the two
equations simultaneously.

Ex 12 Find the point of intersection between to the two lines
2y—3x=12and y+2x+ 1=0.

Sol
y+2x+1=0= y=-2x—1 Substitute in the other equation

= 2(-2x-1)=-3x=12

—4x-2-3x=12
= X==-2
Sy=-2(-2)+1=3

Hence, the point of intersection is (-2,3)
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The previous question can be also solved graphically.

/

—t—t 1
4 =3 -2 -1 \ 1 2 3 4 3 [ 7 3
1

24
3
l

5t
64
74
24
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