Rotation with Constant Angular Acceleration :
When the angular acceleration « is constant we can derive simple expressions
that give us the angular velocity @ and the angular position @ as a function of
time. We could derive these equations in the same way we did in Chapter 2.
Instead we will simply write the solutions by exploiting the analogy between
translational and rotational motion using the following correspondence
between the two motions.

Translational Motion  Rotational Motion
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Vv @
a o
V=V, +at @ = w, + at (eq. 1)
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x:x0+v0t+a7 9:9+a)0t+% (eq. 2)
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V2 —vZ =2a(x-x,) o' —w; =2a(0-6,) (eq.3) (10-6)




A wheel rotates with a constant angular acceleration of
3.50 rad /s2.

(A) If the angular speed of the wheel is 2.00 rad/s at = 0,
through what angular displacement does the wheel rotate in
2.00 s7

(B) Through how many revelutions has the wheel mrned
during this time interval?

(C) What is the angular speed of the wheel at ¢ = 2.00 s?




A wheel rotates with a constant angular acceleration of
3.50 rad /s2.

(A) If the angular speed of the wheel is 2.00 rad/s at = 0,
through what angular displacement does the wheel rotate in

2.00 s7

Af — H.Ir-‘ Hi; — {Li'r'n!r =t= %CE!E
— (2.00 rad /) (2.00 s) + 3 (3.50 rad /s?)(2.00 s)?

11.0 rad = (11.0 rad)(H7.3%/ " rad) = 6307

(B) Through how many revelutions has the wheel mrned
during this time interval?
1 rev
A = B30° (—*J = 1.75 rev
360

(C) What is the angular speed of the wheel at ¢ = 2.00 s?

we=w;+ at = 2.00 rad/s + (3.50 rad/s?)(2.00 s)

= 900 rad/s




A rotating wheel requires 3.00 s to rotate through 37.0
revolutions. Its angular speed at the end of the 3.00-s
interval 1s 98.0 rad/s. What 1s the constant angular acceler-
ation of the wheel?




A mtating wheel rﬁquires. 3.00 s to rotate thruugh 7.0
revolutions. Its angular S.II}EECI_ at the end of the 3.00-s
interval 1s 98.0 rad /s. What 1s the constant angular acceler-

ation of the wheel?

1 .
f: -0, =wit+=at* and w; = v, +at are two equations in two unknowns ; and «

1 1

W;=w;—ot: HF—HE-=(fuf—af)f+5afz=mff—5aff2
2rrad 1
37.0 rev[ i J:%.n rad/s(3.00 ) - = (3.00 5)’
]l rev 2

. 61.5 rad K
450 s

137 rad/s’

22 rad=294rad-(430 8 Ja: @




Example: An electric motor rotating a grinding wheel at 100 rev/min is
switched off. Assuming constant negative angular acceleration of
magnitude 2.00 rad/s2,

(a) How long does it take the wheel to stop?

(b) Through how many radians does it turn during the time found in (a)?




Example: An electric motor rotating a grinding wheel at 100 rev/min is
switched off. Assuming constant negative angular acceleration of
magnitude 2.00 rad/s2,

(a) How long does it take the wheel to stop?

(b) Through how many radians does it turn during the time found in (a)?

271ad\ f1mi
100 22 = (100 2= ( ik ) (o) =105

in 1rev Gils
When the wheel has stopped then of course its angular velocity is zero
W — (g
W = wh + ot = t=[w )
'

, _ (0—105 rady
T (—2u00 33

= 5.24 =

B = L{wp+w)t = 1(10.5= +0)(5.245) =27.51ad .

L
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]E”’f:’;l A disk 8.00 cm in radius rotates at a constant rate of
[ 2000 rev/min about its central axis. Determine (a) 1ts an-
gular speed, (b) the tangential speed at a point 3.00 cm
from 1ts center, (c) the radial acceleration of a point on
the rim, and (d) the total distance a point on the rm
moves in 2.00 s,
2rrad (1200 rev )
[ 60.0's ]_

(a) 0=27f = 126 rad/s

1 rev

(b)  v=0r=(126 rads)300x10™ m| =[377 ms

(c) a, =mzr=(126)2(8.00x 10‘2)=1260 m/s:’1 soa, =|1.26 1<m/5:’1 toward the center

d)  s=rf=ort=(126 rad/s)800x107 m}(2.00 s)=[ 201 m
y )




Example: As shown in the figure, three masses, of 1.5 kg each, are
fastened at fixed position to a very light rod pivoted at one end.
Find the moment of inertia for the rotation axes shown.

Pivot
AX) ) ) )
(1,0) (2,0 (3,0)

3
2 2 2 2
I =Zmiri =m,r>+m,r+m,r,
I

=m(r’+r/ +r;)=1501"+2° +3%) =21 kg.m?




Example: Calculate the rotational inertia of a wheel that has a kinetic
energy of 24, 400 J when rotating at 602 rev/min.

rad,
ot

o [27rad} /1lmin ad
w = 602 = ( 1re1.-') ( = ) — 63.0 =

Find the anpgular speed w of the wheel, in

We have w and the ldnetic energy of rotation, K, so we can find the rotational kinetic
energy from

2K
.F':r.:d. = %Ih.-'z = = _ ;-:-1-
We get:
2(24,400]
I= 24, — ) =12.3kg - m*
(63.0 232

The moment of inertia of the wheel is 12.3kg - m*.




In the table below we list the rotational inertias for some rigid bodies.
| = jrzdm

Axis Axis
Hoop about Annular eylinder Solid cylinder
central axis (or ring) about (or disk) about
central axis > central axis
s
/l L
R \\/
I= MR? (a) I=¥M(R? + R3) (b) [=IMR® ()
Axis Axis Axis
Solid cylinder Thin rod about ; Solid sphere
{or disk) about ! axis through center about any
central diameter ) perpendicular to diameter
e length 91
V| i
R '\f/’/ \(/ '
I=4MR? + L ML? (@) [=HhML? e) I1=#MR? ()
Axis Axis Axis
Thin \ Hoop about any Slab about
spherical shell I | H\\\ diameter pcrpendic:ul:lr
about any I ) _ axis through
o R diameter \ ﬂ = fﬁj center
Y — I -___'_il.l./
0 g ‘ g ,l' 9 5l l
[=3MR® (g) /= LMR? (h) I=hM(a? + b2) (¥)

(10-10)




Example: Calculate the rotational inertia of a meter stick with mass

0.56 kg, about an axis perpendicular to the stick and located at the
20 cm mark.

H
&
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Example: Calculate the rotational inertia of a meter stick with mass
0.56 kg, about an axis perpendicular to the stick and located at the
20 cm mark.

i -

| CM
Ty = EMIF = L(0.56kg){1.00m)" =47 x 107 kg - m”
The rotational inertia about owr axis will not be the same.

We note that our axis is displaced from the one through the CM by 30cm. Then the
Parallel Axis Theorem (Eq. 1.16) tells us that the moment of inertia about our axis s given

by
[ =T+ MDF

where [y = 4.7 % 1072 kg - m®, as we've already found, M is the mass of the rod and I is
the distance the axis 18 displaced (paralle] to itself), namely 30cm. We get:

T=47x 10 kg - m® + (0.56kg)(0.30m)* = 9.7 » 107 kg - m?

So the rotational inertia of the stick about the given aris is 0.097kg - m®.




A uniform slab of dimensions: a =60 cm, b =80 cm, and ¢ = 2.0 cm
(see Fig. 6) has a mass of 6.0 kg. Its rotational inertia about an axis

perpendicular to the larger face and passing through one corner of the
slab is: (Ans: 2.0 kg.m2)

axis of rotation

i'ﬂ




A uniform slab of dimensions: a=60cm, b =80 cm, and ¢ = 2.0 cm
(see Fig. 6) has a mass of 6.0 kg. Its rotational inertia about an axis

perpendicular to the larger face and passing through one corner of the

slab is: (Ans: 2.0 kg.m2) axisnfrﬁtation

s

=

. M a b M
Use the equation: | = +MD? | =— @° +b)+M | () + (=) |=—(a* +b*
cquation 11,4 MD? = 1230 & +b7) 1M | )+ O |- @407

1

=1 =2.0kg.n"




A uniform thin rod of mass M = 3.00 kg and length L = 2.00 m is
pivoted at one end O and acted upon by a force F = 8.00 N at the other
end as shown in Figure 5. The angular acceleration of the rod at the
moment the rod is in the horizontal position as shown in this figure is:

(Ans 4.0 rad/s2 counterclockwise)

F=8.00 N
A
0@ .
- L=2.00 m >




A uniform thin rod of mass M = 3.00 kg and length L = 2.00 m is
pivoted at one end O and acted upon by a force F = 8.00 N at the other
end as shown in Figure 5. The angular acceleration of the rod at the

moment the rod is in the horizontal position as shown in this figure is:
(Ans 4.0 rad/s2 counterclockwise)

F=8.00N
A
ol .
— L=2.00m P
1 L 1
| =1, +Md?=—ML?>+M (=)? ==ML?:
0 CM 12 (2) 3
rla—FlL—>g_r_8x2 _,rad

| 1 2 S
~(3)22 ——
3()




Example: (Sample problem 10-8, page 238)

In the Fig, Shows a uniform
disk, with mass M=2.5 kg
and radius R=20cm, mounted
on a fixed horizontal axle. A
block with mass m=1.2 kg
hangs from a massless cord
that Is wrapped around the rim
of the disk. Find the
acceleration of the falling
block, the angular acceleration

of the disk, and the tension In
the cord. The cord does not
slip, and there is no friction at
the axle.

(0)




ma=mg -T (1),

la =TR (2),
_1 2 _a. 1
|—§MR, OC—E T :—Ma
2
1
ma=mg — Ma
2
:>a:( 2m jg: 2x12 48
M +2m 2.5+2x1.2
1

=T ZEI\/Ia=6.O N

o =2 =24 rad/s?
R




The power output of an automobile engine is advertised to be
200 bhp at 6000 rpm. What is the corresponding torque?




The power output of an automobile engine is advertised to be
200 bhp at 6000 rpm. What is the corresponding torque?

746 W

P=200hp = 200]];[)( | =149 X 1IO°W

6000 rev\{ 2 rad
w, = 6000 rev/min = ( )( rev )( €0

= 628 radfs

P 149X 1°N-m/s
Ty === m/ =237N-m
w, 628 rad/s




Analogies Between Translational and Rotational Motion

Translational Motion

X <>
V <
a <
v=V,+at <>
2
t
X=X, tVi+— <
2 2
Vi-v, =2a(x—x,) >
mv’
= <
2
m <
F=ma <«
F ©
P=Fv <«

Rotational Motion

0
@
o
@ =w,+at
2
9:00+a)0t+%
@’ —w, =20(0-6,)
K — o
2
|
T=la
.
P=tw

(10-18)




T072 Q#16: A wheel of radius R = 0.20 m is mounted on a fixed frictionless
horizontal axis. The rotational inertia I of the wheel about this axis is 0.50 kg.m”.
A massless cord wrapped around the circumference of the wheel 1s attached to a
m = 5.0 kg box (Fig. 8). The box is then released from rest. When the box has a
speed of v = 2.0 m/s, the distance (h) through which the box has fallen is:




T071 Q15. A 5.00 kg block hangs from a cord which is wrapped around the rim of a
tfrictionless pulley as shown in the figure. What is the acceleration, a, of the block as

it moves down? (The rotational inertia of the pulley is 0.200 kg- m” and its radius is
0.100 m.) (Ans: 1.96 m/ s%)




In Fig, a wheel of radius R=0.20 m is mounted on a frictionless
horizontal axle. A massless cord is wrapped around the wheel and
attached to a 2.0 kg box that slides on frictionless surface inclined at
angle theta =20 degree with the horizontal. The box accelerated down
the surface at 2.0 m/s?. What is the rotational inertia of the wheel about

the axle?

mgsinfd—1 = ma
TR=1ex




Two blocks, as shown 1in Figure P10.71, are connected by a
string of negligible mass passing over a pullev of radius
0.250 m and moment of mnertia /. The block on the fric-
tionless incline 1s moving up with a constant acceleration
of 2.00 m/s?. (a) Determine 7} and Ty, the tensions in the
two parts of the string. (b) Find the moment of inertia of
the pullew.




my,g—1, =mya

T, =my(g—a)=20.0 kg(9.80 m/s*-2.00 m/s*)=[156 N
T, —m;gsin37.0°=ma
T, =(15.0 kg)(9.80sin 37.0°+2.00) m/s* =| 118 N
@& i )R—fg—f[i)
2 1 R
T,-T;)R* (156 N —118 N)(0.250 m)°
_(L=T)E _{ W) ket

a 2.00 m/s*




?4' Find the net torque on the wheel m Figure P10.31
about the axle through O1if ¢ = 10.0 cm and b = 25.0 cm.

10.0 N
—
—_ 9.00 N

Figure P10.31




Zr =(0.100 m(12.0 N)-0.250 m(9.00 N)-0.250 m(10.0 N) =

The thirt}r-degree angle is unnecessary information.

355 N-m

9.00 N




A block of mass m; = 2.00 kg and a block of mass
meo = 6.00 kg are connected by a massless string over a pul-
ley in the shape of a solid disk having radius R = 0.250 m
and mass M = 10.0 kg. These blocks are allowed to move
on a fixed block-wedge of angle 6 = 30.0° as in Figure
P10.37. The coefficient of kinetic friction is 0.360 for both
blocks. Draw free-bodv diagrams of both blocks and of the
pulley. Determine (a) the acceleration of the two blocks
and (b) the tensions in the string on both sides of the
pulley.

M, R
ey T
_] ’1@;3-
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For my,

T IR

> F,=ma,; +n-mg=0 " :

n=mg=196N

fog =My =7.06 N
Y Fo=ma,;: -7.06 N+T, =(2.00kg)a (1)
For the pulley, =TT T T T T T T T

1 a 1n1
r=la:  -T\R+T,R==MR*/ =

2 PRESEST i [ RJ T,

-T1+T, = E{xlﬂ.ﬂ kg)a k1

, T
T, +T, =(500 kg)a @) | — i
Hi g \ :

For m,, +115 —M,g c0sH =0

1, =6.00 kg('EJ.SD 111/52)(c0530.0‘:’} / lM I

.. n, V8
=509 N

fro = 1313
=183 N: =183 N-T, +m, sinf=m,a
-183N-T,+294N= {:6.00 kg:}ﬂ (3)




(a) Add equations (1), (2), and (3):

~7.06 N-18.3 N +29.4 N =(13.0 kg)a
__40IN _
13.0 kg

0.309 m/s*

(b) T, =200 kg(0309 m/s*)+7.06 N=[767 N

T, =767 N +5.00 kg(0.309 m/s*)=[9.22N




We wrap a light, flexible cable around a solid cylinder with mass
M and radius R. The cylinder rotates with negligible friction about
a stationary horizontal axis. We tie the free end of the cable to a
block of mass m and release the object with no initial velocity at a
distance h above the floor. As the block falls, the cable unwinds
without stretching or slipping, turning the cylinder. Find the speed

of the falling block and the angular speed of the cylinder just as the
block strikes the floor.
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Block about To hit ground

Ba'+'L&==.Ea'+ L&

Cylinder and block at res¥y

1 1{1 v\? 1 1
+ = _—mv* + _|-MR?*|| | +0=_|m+ MW
0+ mgh zmu 2(2MR )(R) 0 (m 2M)

2
\/ 2gh
U —
1+ M[2m

The final angular speed of the cylinder is @ = vfR.




