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Clebsch-Gordan coefficients (3] symbols)

The relation between the coupling and uncouple representation is given by the Clebsch-Gordan
coefficients (3j symbols)
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{» Clebhsh Gordan Coefficient «)
In[47] '1111111'2 1m21'3 1:m3=1
nE#]= J1= —; =—:;J2=—; =—:;33=1; =1;
2 2 2 2

{_1}jl+j2+:rn3

nE#= —— ClebschGordan[{j1, m1}, {2, m2}, {j3, m3}]
233 +1
1
Out[s]: ——
J3
nEi= jl=1:ml=-1: 32 Lom-t.y3- 1 ms 2
nEa= Jl=1rml=-1;32= —;m?= —; j3= —:mI = - —;
J 1°=3 7 1073 2
(- 1)iLizems
nEs= — 1 ClebschGordan[{j1, m1}, {32, m2}, {j3, m3}]
233 +1
Tut [35] !
ut I
N

Inzal= Jl=1rml=0; j2=1:m2 =1; §j3=2;: m3 = 1;

(- 1)iLizems

n[EEl= —— ¢lebschBordan[{j1, ml1}, {j2, m2}, {53, m3}]
233 +1

Ot [26] !

ut I
10



Prof. Dr. I. Nasser atomic and molecular physics -551 (T-132) March 13, 2014
clebsh-gordon.doc

Example 1: Calculate CGC transformation matrix for coupling of two spins of non equivalent
electrons in s-state.
Answer: use the expression

M), = ¥ D JZT[ . '{A)|mlm2>

my.m,

In this case we will have four degenerate states:

1) = |a),|),
=4]10) = %[|ﬂ>1|a>z+|“>1|ﬂ>z] triplet states(Symmetric, Ortho or Even)
1-1)= |B).|B),

Za = |00) :%[|ﬂ)l|a)2—|a)l|ﬁ>J singlet states (Antisymmetric, Para or Odd)

i- Start with the maximum M, i.e. |S,M)=|1,1). We have to remember that:

M =m, +m,, and the only possibility is: m, :%, m, :%.

|1,1>C:(_)1\/m[1/2 1/2 1]|aa>=—x/§{1/2 1/2 1j|aa>

1/2 1/2 -1 1/2 1/2 -1

S} 2 D) <@ )= ) =l

Then

1 -1/2 -1/2
ii-  Now, we have to go to the next one, which is|S, M) =|1,0) . Note that M =0 will be

the resultant of two terms since: ‘m m, >=|aﬂ> and | fa)

|1,0>C:(_)0\/m[1/2 1/2 1j|“ﬂ>+( )W£1/2 1/2 1j|ﬁ>

1/2 -1/2 0 1/2 1/2 0
1/2 1/2 1/2 1/2 1
_\/_[1/2 ~1/2 oj' ap)+ [1/2 1/2 oj'ﬁ“>
= VBWIDap) +VB(/LD) ) = (| 5|8+ VB0, ) ) == )+ | )

iii- H.W. Do the rest and check the following table
Table CGC for s, =s, :%

‘m51m52>
|S’MS> 11 1 1 11 1 1
FI]ED 0]
1,2) 1 0 0 0
Lo |0 | v [ am | o
|0,0) 0 -2 Vir2 0
|1,_1> 0 0 0 1
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Question: Can we have the inverse transformation? Answer yes:
Look at the above table, it is easy to proof that:

1) =la)|a),. [1-D=|5),|8)

And from:
10)=— {18, +la}|6),]. 100)=— 1)), ~|a)|5),]
We have
=)}, =75 110)+/00)]. [e)]8)=[110}-]00)]
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Example 2: Calculate CGC transformation matrix for coupling of two non equivalent
electrons in p-state.
Answer:

LMy, = z(4fwu+ww1; N ymm%

mymy mZ _ML

Using values of the 3-j symbols from Appendix € we find

1
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20 = (5)"’(1 b 3) 1 —l>+(5)”’(; . z) 00
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|2 1)

fl

il

= (6|1 —1) + @/3)*[0 0) + (6) 2|1 1),

etc. The complete C-G transformation matrix is given in Table 9-1. This matrix not only
gives the transformation from the uncoupled to the coupled set of functions; since the
matrix is orthogonal, its transpose is the transformation matrix from the coupled set back
to the uncoupled set. We therefore have the equality

C(ijmymy3jm) = {jyj,m,m, |.|1.|2.|m> = (jpjaim | judom,m,) , (9.12)
and the inverse transformation may be written
TABLE 9-1, THE CLEBSCH-GORDON TRANSFORMATION MATRIX

FOR THE ORBITAL-ANGULAR-MOMENTUM COUPLING OF TWO
NON-EQUIVALENT p ELECTRONS

m,m,
LM, 11 10 01 1 -1 00 -1 -10 0 -1 -1 -1
2 2 1 0 0 0 0 0 0 0 0
21 b Iz 12 0 0 0 0 0 0
11 0 -z U2 0 0 0 0 ] 0
20 0 0 0 156 273 6 0 0 0
10 0 0 0 1/Z 0 —142 0 0 0
00 0 0 0 143 -3 1743 o 0 0
I 0 0 0 0 0 0 —1/§Z 142 0
2 -1 0 0 0 0 0 0 17 14Z [+}
b I ) 0 0 0 0 0 0 0 0 1
P j +JZ j a e . e o
| jamymy)y = E 3 (rjim | iydamymyp | i jajm)
i=lij—iz| m=j
= ch(jljzm1m2;jm)“1jzjm) . (9.13)
j m
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Example: for p-state L =1, S =%,

1
0 Mg = - =a
‘3,1>:,:3, m=% L=1 s=% m = 2
2'2 2 ) 2 1
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1 3 1 3
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= \/Z{MY 100 T WY 1,1/3} = \gY 102 +\EY 1
3.M;)

m, | m |[33 ‘3 1> ‘1 1> ‘3 _1> ‘1 _1> ‘3 _3>
' 22/ [22) | |2'2) |2 2/ |20 2/ | |2 2
1 1 1 0 0 0 0 0

2
1] 1 0 1 2 0 0 0
2 3 3
0| 1 0 2 e 0 0 0
2 3 3
0| 1 0 0 0 2 1 0
2 3 3
-1 1] 1 0 0 0 1 2 0
2 3 3
-1 .1 0 0 0 0 0 1
2
Table CGC for j,=1j,=7
‘mjlmjz>
J.M 1 L 1 N B T N N
P ) |3 | od) | od) | +3) | [23)
3 3> 1 0 0 0 0 0
2’2
3 1> 0 1 2 0 0 0
2’2 3 3
1 1> 0 2 1 0 0 0
2'2 3 \3
1 _1> 0 0 0 2 1 0
2" 2 3 3
3 _1> 0 0 0 1 2 0
2’ 2 3 3
3 _3> 0 0 0 0 0 1
2’ 2




Prof. Dr. I. Nasser atomic and molecular physics -551 (T-132) March 13, 2014
clebsh-gordon.doc

Let J = L + 5. Using the method described in the lecture, identify and caleulate all non-zero
coefficients for the £ = 2, s = 1/2 case.

For starters, we nee 3= % and . = |l_} — %l = ?:
H1;,|1'1']1[-_|; ['1'”]“ |._|__""_'_._| L/2Y, wre |]>]|1_\ Jr_ = Jlr_ + & to Fet
J_|5/2,5/2) = L_|2,1/2)+S5_[2,1/2
5 7T 5 3
V5|5/2,3/2) = 2|1,1/2) +2,-1/2
2 . 1
15/2,3/2) = —|1,1/2) + —|2,—1/2
Vi) v O

Applying J_ again gives

2.3-1-000,1/2) +|1.-1/2}) +

. } .
/2y + —|1,—1/2)

V'h
I5/2,1/2) = Y2j0,1/2) + Y21, -1/9)
\ D v O

After this point, the remaining terms can he found by svmmetry, giving:

Table 1: coefficients: (2,1/2, my, mg|i,m;)
My, M

21/2 | 2172 | 1,12 | 1,172 | 0172 | 0-1/2 | -L,i/2 | -1-1/2]| -21/2 | 2-1/2
5/25/2 | 1 0 0 0 0 0 0 0 0 0
'3 .3}.-"2? 0 ll,a"'\,.f"-} Q.,a"-\,.f'S 0 0 0 0 0 0 0
5/2,1/2 0 0 0 v2/v5 | v3/3/5 0 0 0 0 0
5/2-1/2 0 0 0 0 0 V35| W2/ V5 0 0 0
jom; | 5/2,3/2| 0 0 0 0 0 0 0 3/v5 | 1/v5 0
5/2,5/2| O 0 0 0 0 0 0 0 0 I
3232 0 |2/v5 |-1v5| O 0 0 0 0 0 0
3/2,1/2 0 0 0 VaVE | —v2/V5 0 0 0 0 0
3/2-1/2 0 0 0 0 0 V245 | =35 0 0 0
3/2.3/2| 0O 0 0 0 0 0 0 1/V5 | —2/v/5] 0
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