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Quantum Mechanics
in Three Dimensions

Chapter Outline

8.1 Particle in a Three-Dimensional IL| Is Sharp: The Orbital Quantum
Box Number

8.2 Central Forces and Angular E Is Sharp: The Radial Wave
Momentum Equation

8.3 Space Quantization 8.5 Atomic Hydrogen and

Hydrogen-like Ions
The Ground State of Hydrogen-like Atoms
Excited States of Hydrogen-like Atoms

8.4 Quantization of Angular
Momentum and Energy

(Optional) .
L, Is Sharp: The Magnetic Quantum 8.6 Antihydrogen
Number Summary

So far we have shown how quantum mechanics can be used to describe
motion in one dimension. Although the one-dimensional case illustrates such
basic features of systems as the quantization of energy, we need a full three-
dimensional treatment for the applications to atomic, solid-state, and nuclear
physics that we will meet in later chapters. In this chapter we extend the con-
cepts of quantum mechanics from one to three dimensions and explore the
predictions of the theory for the simplest of real systems—the hydrogen atom.

With the introduction of new degrees of freedom (and the additional
coordinates needed to describe them) comes a disproportionate increase in
the level of mathematical difficulty. To guide our inquiry, we shall rely on clas-
sical insights to help us identify the observables that are likely candidates for
quantization. These must come from the ranks of the so-called sharp observables
and, with few exceptions, are the same as the constants of the classical motion.

8.1 PARTICLE IN A THREE-DIMENSIONAL BOX

Let us explore the workings of wave mechanics in three dimensions through
the example of a particle confined to a cubic “box.” The box has edge length
L and occupies the region 0 < x, y, z < L, as shown in Figure 8.1. We assume
the walls of the box are smooth, so they exert forces only perpendicular to the
surface, and that collisions with the walls are elastic. A classical particle would
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8.1 PARTICLE IN A THREE-DIMENSIONAL BOX 261

rattle around inside such a box, colliding with the walls. At each collision, the
component of particle momentum normal to the wall is reversed (changes
sign), while the other two components of momentum are unaffected (Fig.
8.2). Thus, the collisions preserve the magnitude of each momentum compo-
nent, in addition to the total particle energy. These four quantities—|p,/, [,
| p.|, and E—then, are constants of the classical motion, and it should be possi-
ble to find quantum states for which all of them are sharp.!

The wavefunction V¥ in three dimensions is a function of r and # Again the
magnitude of ¥ determines the probability density P(r, ¢) = |W(r, 1) 2, which
is now a probability per unit volume. Multiplication by the volume element
dV(=dx dy dz) gives the probability of finding the particle within the volume
element dVat the pointr at time ¢.

Since our particle is confined to the box, the wavefunction ¥ must be zero
at the walls and outside. The wavefunction inside the box is found from
Schrédinger’s equation,

> >

h2 . v
—— V2 + Ur)V = it L] (8.1)
2m at

We see that 92/9x% in the one-dimensional case is replaced in three dimen-
sions by the Laplacian,
(:)2 82 a?

V2 = + + 8.
x> 9y2 922 (8.2)

where U(r) is still the potential energy but is now a function of all the space
coordinates: U(r) = U(x, v, z). Indeed, the Laplacian together with its multi-
plying constant is just the kinetic energy operator of Table 6.2 extended to in-
clude the contributions to kinetic energy from motion in each of three mutu-
ally perpendicular directions:

L h? 92 n? 9? h? 9*
- N s RS~ R )
2m 2m dx 2m dy 2m 9z (8.3)

[Ki] + [K)] + [K.]

This form is consistent with our belief that the Cartesian axes identify inde-
pendent but logically equivalent directions in space. With this identification of
the kinetic energy operator in three dimensions, the left-hand side of Equa-
tion 8.1 is again the Hamiltonian operator [H] applied to ¥, and the right-
hand side is the energy operator [E] applied to ¥ (see Section 6.8). As it does
in one dimension, Schrodinger’s equation asserts the equivalence of these two
operators when applied to the wavefunction of any physical system.

Stationary states are those for which all probabilities are constant in time,
and are given by solutions to Schrédinger’s equation in the separable form,

IRecall from Section 6.7 that sharp observables are those for which there is no statistical distribu-
tion of measured values. Indeed, quantum wavefunctions typically are labeled by the sharp ob-
servables for that state. (For example, the oscillator states of Section 6.6 are indexed by the quan-
tum number 7, which specifies the sharp value of particle energy E. In this case, the sharp values
of energy also are quantized, that is, limited to the discrete values (n + %)ﬁw. It follows that any
sharp observable is constant over time (unless the corresponding operator explicitly involves
time). The converse—that quantum states exist for which all constants of the classical motion are
sharp—is not always true but occurs frequently enough that it can serve as a useful rule of thumb.

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.

Figure 8.1 A particle con-
fined to move in a cubic box of
sides L. Inside the box U = 0.
The potential energy is infinite
at the walls and outside the box.

Schrédinger equation in
three dimensions

-v|

Y

Y

vy

Figure 8.2 Change in particle
velocity (or momentum) dur-
ing collision with a wall of the
box. For elastic collision with a
smooth wall, the component
normal to the wall is reversed,
but the tangential components
are unaffected.


Administrator
Highlight

Administrator
Highlight

Administrator
Highlight

Administrator
Highlight

Administrator
Highlight

Administrator
Highlight

Administrator
Highlight

Administrator
Highlight

Administrator
Highlight

Administrator
Highlight

ITC
Highlight


262

CHAPTER 8 QUANTUM MECHANICS IN THREE DIMENSIONS

The time-independent
Schrédinger equation

W(r, 1) = P(r)e @ (8.4)

With this time dependence, the right-hand side of Equation 8.1 reduces to
LoV, leaving (r) to satisfy the time-independent Schrédinger equation for
a particle whose energy is £ = fiw:

2

h
“om VE(r) + Ur)(r) = E(r) (8.5)
m

Since our particle is free inside the box, we take the potential energy U(r) = 0
for 0 < x, y, z << L. In this case the spatial wavefunction also is separable; that is,
solutions to Equation 8.5 with U(r) = 0 can be found in product form:

h(r) = P(x, 3, 2) = P (x)ha(y) P3(2) (8.6)

Substituting Equation 8.6 into Equation 8.5 and dividing every term by the
function ¢(x, y, z) gives (for U(r) = 0)

ﬁ? d2¢"l ﬁ? d2l/12 h? d2 lp% .

S 9my dx® 2me 2 2mis  di2

In this form the independent variables are isolated: the first term on the left
depends only on x, the second only on y, and the third only on z. To satisfy
the equation everywhere inside the cube, each of these terms must reduce to a
constant:

K2 d%
_ = — E1
2myy  dx
K2 d?
B — ’Jf = Ey (8.7)
2mifry  dy
fi2 42
. b,
2mifrs  dz

The stationary states for a particle confined to a cube are obtained from these
three separate equations. The energies E;, Fo, and E3 are separation con-
stants and represent the energy of motion along the three Cartesian axes x, y,
and z Consistent with this identification, the Schrédinger equation requires
that £, + Ey + E5 = E.

The first of Equations 8.7 is the same as that for the infinite square well in one
dimension. Independent solutions to this equation are sin kjx and cos k;x, where
ky = \2mE,/A? is the wavenumber of oscillation. Only sin £y x satisfies the condi-
tion that the wavefunction must vanish at the wall x = 0, however. Requiring the
wavefunction to vanish also at the opposite wall x = L implies kL = ny, where
n] is any positive integer. In other words, we must be able to fit an integral num-
ber of half-wavelengths into our box along the direction marked by x. It follows
that the magnitude of particle momentum along this direction must be one of
the special values

@D

| Pl =@

7’L1=1,2,. ..

Identical considerations applied to the remaining two equations show that
the magnitudes of particle momentum in all three directions are similarly
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8.1 PARTICLE IN A THREE-DIMENSIONAL BOX 263

quantized:
|Px‘=hk1=”17TTﬁ m=12 ...
|py| = fikg = nQWTh ne=1,2 ... (8.8)
|Pz|=fik3="3%ﬁ ng=1,2 ...

Notice that n; = 0 is not allowed, since that choice leads to a ¢; that is also
zero and a wavefunction (r) that vanishes everywhere. Since the momenta
are restricted this way, the particle energy (all kinetic) is limited to the follow-
ing discrete values:

w2h2
Oml?

1
E=o—(pP+IpP+pP =5 —smt+nd+nil 89

Thus, confining the particle to the cube serves to quantize its momentum and
energy according to Equations 8.8 and 8.9. Note that three quantum numbers
are needed to specify the quantum condition, corresponding to the three
independent degrees of freedom for a particle in space. These quantum
numbers specify the values taken by the sharp observables for this system.

Collecting the previous results, we see that the stationary states for this par-
ticle are

W(x, y, 2, ) = Asin(kjx)sin(key)sin(ksz)e @ for0 < x,y,2< L (8.10)

=0 otherwise

The multiplier A is chosen to satisfy the normalization requirement. Example
8.1 shows that A = (2/L) 3/2 for the ground state, and this result continues to
hold for the excited states as well.

EXAMPLE 8.1 Normalizing the Box

n =mng=mng =1, or ky = kg = kg = w/L. Since V¥ is
nonzero only for 0 < x, y, z < L, the probability density
integrated over the volume of this cube must be unity:

L L L
1=J de dyJ dz|W(x, y, 2 1) |2

0 0 0

I I or
= A2 { f sin®(7x/ L) dx} { f sin®(7ry/ L) dy}
0 0
L
X {f sin?(7z/ L) dz}

0

Allowed values of
momentum components
for a particle in a box

Discrete energies allowed for
a particle in a box

Wavefunctions
Find the value of the multiplier A that normalizes the wave- Using 2 sin® = 1 — cos 20 gives
function of Equation 8.10 having the lowest energy. L I I I
in?(mx/L)dx = — — —— si L) =—
Solution The state of lowest energy is described by fo sin”(mx/ L) dx 2 4 sin(2mx/L) 0o 2

The same result is obtained for the integrations over y
and z Thus, normalization requires

1=A2<L>3

2
()"

A\
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264 CHAPTER 8 QUANTUM MECHANICS IN THREE DIMENSIONS
n? Degeneracy Exercise 1 With what probability will the particle described by the wavefunction of
4E, 19 None Example 8.1 be found in the volume 0 < x, y, z < L/4?
%Eo 1 3 Answer 0.040, or about 4%
3E, 9 3 Exercise 2 Modeling a defect trap in a crystal as a three-dimensional box with edge
length 5.00 A, find the values of momentum and energy for an electron bound to the
defect site, assuming the electron is in the ground state.
Answer = |p| = =1.24keV/c; E= 4.51 eV
- 6 s bl = pl = P
The ground state, for which n; = ng = ng = 1, has energy
E, 3 None
o 3mw2h?
M o2

Figure 8.3 An energy-level di-
agram for a particle confined to
a cubic box. The ground-state
energy is [y = 3m*h%/2ml?,
and n? = nf + né + né Note
that most of the levels are de-

generate.

There are three first excited states, corresponding to the three different combi-
nations of 7y, ne, and ng, whose squares sum to 6. That is, we obtain the same
energy for the three combinations ny = 2, ng =1, ng =1, or ny = 1, ng = 2,
ng = 1,or n; = 1, ng = 1, ng = 2. The first excited state has energy

672h2

Eo11 = Eyo1 = Eyj9 = “omIZ

Note that each of the first excited states is characterized by a different wave-
function: 11 has wavelength L along the x-axis and wavelength 2L along the
y- and zaxes, but for 91 and 119 the shortest wavelength is along the y-axis
and the zaxis, respectively.

Whenever different states have the same energy, this energy level is said to
be degenerate. In the example just described, the first excited level is three-
fold (or triply) degenerate. This system has degenerate levels because of the
high degree of symmetry associated with the cubic shape of the box. The de-
generacy would be removed, or lifted, if the sides of the box were of unequal
lengths (see Example 8.3). In fact, the extent of splitting of the originally de-
generate levels increases with the degree of asymmetry.

Figure 8.3 is an energy-level diagram showing the first five levels of a
particle in a cubic box; Table 8.1 lists the quantum numbers and degenera-
cies of the various levels. Computer-generated plots of the probability den-
sity [(x, y, z)|? for the ground state and first excited states of a particle in a
box are shown in Figure 8.4. Notice that the probabilities for the (degener-
ate) first excited states differ only in their orientation with respect to the
coordinate axes, again a reflection of the cubic symmetry imposed by the
box potential.

EXAMPLE 8.2 The Second Excited State

Determine the wavefunctions and energy for the second
excited level of a particle in a cubic box of edge L. What
is the degeneracy of this level?

Solution The second excited level corresponds to
the three combinations of quantum numbers n; = 2,

ne=2, ng=1or ny =2, ng=1, ng=2 or n; =1,
ny = 2, ng = 2. The corresponding wavefunctions inside
the box are

Yooy = A sin< 27m>sin< 2my )sin (ﬂ) o ilant/h
L L L

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.
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8.1 PARTICLE IN A THREE-DIMENSIONAL BOX 265

[ 2mx ) . my\ . [ 272\ _ oot/ The level is threefold degenerate, since each of these
W19 = A sin sin| —— |sin e~ Enzl .
L L L wavefunctions has the same energy,
2%2
L mx\ L (2my [ 2@z _, _ _ _ 97h
W99 = A sin <T> sm( I )sm( I )e Ergat/h Ego1 = E919 = Erg99 = omi2

Table 8.1 Quantum Numbers and Degeneracies

of the Energy Levels for a Particle

Confined to a Cubic Box*
ny ny ng n? Degeneracy
1 1 1 3 None
1 1 2 6
1 2 1 6 Threefold
2 1 1 6
1 2 2 9
2 1 2 9 Threefold
2 2 1 9
1 1 3 11
1 3 1 11 Threefold
3 1 1 11
2 2 2 12 None
*Note: n? = np + n% + nd.

|LI"211|2 |‘.IJ121|2

(a) (b) (c)

Figure 8.4 Probability density (unnormalized) for a particle in a box: (a) ground
state, |Wy11[% (b) and (c) first excited states, |Woy1|? and |W;o1 2. Plots are for |¥|? in
the plane z = L. In this plane, | %19/ (not shown) is indistinguishable from |¥11,|2
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266 CHAPTER 8

EXAMPLE 8.3 Quantization in a
Rectangular Box

Obtain a formula for the allowed energies of a particle
confined to a rectangular box with edge lengths L;, Lo,
and Lg. What is the degeneracy of the first excited state?

Solution For a box having edge length L; in the x di-
rection, ¢ will be zero at the walls if L; is an integral
number of half-wavelengths. Thus, the magnitude of par-
ticle momentum in this direction is quantized as

wh

|px| =k = n—

=1,9,. ..
I "

Likewise, for the other two directions, we have

wh
|yl = fkg = ns ne=1,2...
Py ) 27, 9

h
|l)z|:ﬁk3:n31— ng=1,2,. ..

5

QUANTUM MECHANICS IN THREE DIMENSIONS

The allowed energies are

E= (Ipl* + [p* + [ p:)/2m
- ) () + (2]
Qm Ll L2 Lg

The lowest energy occurs again for ny = ng = ng = 1. In-
creasing one of the integers by 1 gives the next-lowest, or
first, excited level. If L; is the largest dimension, then
n; = 2, ng = 1, ng = 1 produces the smallest energy in-
crement and describes the first excited state. Further, so
long as both Ly and Lg are not equal to Lj, the first ex-
cited level is nondegenerate, that is, there is no other
state with this energy. If Lo or Lg equals L, the level is
doubly degenerate; if all three are equal, the level will be
triply degenerate. Thus, the higher the symmetry, the
more degeneracy we find.

8.2 CENTRAL FORCES AND ANGULAR MOMENTUM

The formulation of quantum mechanics in Cartesian coordinates is the nat-
ural way to generalize from one to higher dimensions, but often it is not the
best suited to a given application. For instance, an atomic electron is attracted
to the nucleus of the atom by the Coulomb force between opposite charges.
This is an example of a central force, that is, one directed toward a fixed
point. The nucleus is the center of force, and the coordinates of choice here
are spherical coordinates 7, 6, ¢ centered on the nucleus (Fig. 8.5). If the
central force is conservative, the particle energy (kinetic plus potential) stays

Nucleus
\

X

Electron
°
I
I
I =
r P rcos@
I
I
I _ y
» 7
87, /
o— Y%y
~_ |,/ x=rsinBcos¢
I

y=7rsin@sin@

Figure 8.5 The central force on an atomic electron is one directed toward a fixed
point, the nucleus. The coordinates of choice here are the spherical coordinates 7, 6, ¢

centered on the nucleus.
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8.2 CENTRAL FORCES AND ANGULAR MOMENTUM 267

constant and E becomes a candidate for quantization. In that case, the quan-
tum states are stationary waves §(r)e” “, with w = E/#, where E is the sharp
value of particle energy.

But for central forces, angular momentum L about the force center also
is constant (a central force exerts no torque about the force center), and
we might expect that wavefunctions can be found for which all three angu-
lar momentum components take sharp values. This imposes severe con-
straints on the form of the wavefunction. In fact, these constraints are so se-
vere that it is impossible to find a wavefunction satisfying all of them at
once; that is, not all components of angular momentum can be known si-
multaneously!

The dilemma is reminiscent of our inability to specify simultaneously the
position and momentum of a particle. Indeed, if the direction of L were
known precisely, the particle would be confined to the orbital plane (the
plane perpendicular to the vector L), and its coordinate in the direction nor-
mal to this plane would be accurately known (and unchanging) (Fig. 8.6). In
that case, however, the particle could have no momentum out of the orbital
plane, so that its linear momentum perpendicular to this plane also would be
known (to be zero), in violation of the uncertainty principle. The argument
just given may be refined to establish an uncertainty principle for angular mo-
mentum: it is impossible to specify simultaneously any two components
of angular momentum. Alternatively, if one component of L is sharp, then
the remaining two must be “fuzzy.”?

Along with £ and one component of L, then, what else might be quantized,
or sharp, for central forces? The answer is contained in the following obser-
vation: With only one component of L sharp, there is no redundancy in
having the magnitude |L| sharp also. In this way, E, |L|, and one component of
L, say L,, become the sharp observables subject to quantization in the central
force problem.

Wavefunctions for which |L| and L, are both sharp follow directly from
separating the variables in Schrédinger’s equation for a central force. We take
the time-independent wavefunction in spherical coordinates r, 6, ¢ to be the
product

P(r) = §(r, 6, ¢) = R(NO(6)D() (8.11)

and write Schrodinger’s time-independent equation (Eq. 8.5) in these coordi-
nates using the spherical coordinate form for the Laplacian®:

92 2) F) 1 [ o2 a 92
V2 = +|=)—+ S|— + cotd— + csc26—=
ar? ( r)ar 12 [aa? T T

2Angular momentum is a notable exception to the argument that constants of the classical
motion correspond to sharp observables in quantum mechanics. The failure is rooted in an-
other maxim—the uncertainty principle—that takes precedence. The only instance in which
two or more angular momentum components may be known exactly is the trivial case L, = L,
=L,=0.

%The Laplacian in spherical coordinates is given in any more advanced scientific text or may be
constructed from the Cartesian form by following the arguments of Section 8.4.

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.

Figure 8.6 The angular mo-
mentum L of an orbiting parti-
cle is perpendicular to the
plane of the orbit. If the direc-
tion of L were known precisely,
both the coordinate and mo-
mentum in the direction per-
pendicular to the orbit would
be known, in violation of the
uncertainty principle.

Uncertainty principle for
angular momentum

Separation of variables
for the stationary state
wavefunction
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CHAPTER 8

QUANTUM MECHANICS IN THREE DIMENSIONS

After dividing each term in Equation 8.5 by RO®D, we are left with
—#? | d*R 2 dR A2 1 | d*0 do
~ - —sili.n GICED, =
2mR | dr r o dr 2mO r

de? de
B h2 1 d>®
2md r?sin®6  dgp?

+ U(r) = E

Notice that ordinary derivatives now replace the partials and that U(r)
becomes simply U(r) for a central force seated at the origin. We can isolate the
dependence on ¢ by multiplying every term by r?sin?6 to get, after some re-
arrangement,

1 d*® 2 Pl R 2 dR| 1|40 L)

o — —SIn — | e — | —— CcO — =

® dgp? R| dr? r dr 0| d6? de
2mr?
ﬁ?

4 [E= U(r)]} (8.12)
In this form the left side is a function only of ¢ while the right side depends
only on rand 6. Because these are independent variables, equality of the two
sides requires that each side reduce to a constant. Following convention, we
write this separation constant as —m? , where my is the magnetic quantum
number.*

Equating the left side of Equation 8.12 to —-mi gives an equation for ®(¢):

d*®

dep?
A solution to Equation 8.13 is ®(¢) = exp(ime¢); this is periodic with period
27 if my is restricted to integer values. Periodicity is necessary here because all
physical properties that derive from the wavefunction should be unaffected by
the replacement ¢ — ¢ + 2, both of which describe the same point in space
(see Fig. 8.5).

Equating the right side of Equation 8.12 to —m? gives, after some further
rearrangement,

= —miD(P) (8.13)

2| d2R 2 dR N 2 mr? E - U] 1| a20 ot iC)
— i — r = T || T CO —
R| a? r dr K2 0| 46? de
2
my

8.14

sin20 ( )

In this form the variables r and 6 are separated, the left side being a func-
tion only of r and the right side a function only of 6. Again, each side must
reduce to a constant. This furnishes two more equations, one for each of the
remaining functions R(r) and ©(6), and introduces a second separation

This seemingly peculiar way of writing the constant multiplier is based on the physical signifi-
cance of the function ®(¢) and is discussed at length in (optional) Section 8.4. The student is re-
ferred there for a concise treatment of the quantum central force problem based on the operator
methods of Section 6.8.
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8.2 CENTRAL FORCES AND ANGULAR MOMENTUM 269

constant, which we write as €(€ + 1). Equating the right side of Equation 8.14
to €(€ + 1) requires ©(6) to satisfy
d*@
d6*

+ cotf % — m? csc200(0) = —£(¢ + 1)O(0) (8.15)
¢ is called the orbital quantum number. For {(r) to be an acceptable
wavefunction, ©(6) also must be bounded and single-valued, conditions
which are met for functions satisfying Equation 8.15 only if € is a nonnega-
tive integer, and then only if m is limited to absolute values not larger than
{. The resulting solutions ® () are polynomials in cos 6 known as associ-
ated Legendre polynomials. A few of these polynomials are listed in Table
8.2 for easy reference. The products O (0)®P(¢) specify the full angular de-
pendence of the central force wavefunction and are known as spherical
harmonics, denoted by Y/ (0, ¢). Some spherical harmonics are given in
Table 8.3. The constant prefactors are chosen to normalize these
functions.’

Table 8.3 The Spherical Harmonics Y¢"(0, ¢)

vy = L
0 = —
N
3
Y(f =%\’—-cos€
T
’ 3 .
R 9./tld>
P sinf- e

T
[5
Yy =1 7'(300520—1)

noj—

Yl = Fg

|

e flf) Y
Y;l = I% Q—ﬂ'SiHG'COSG'E*u‘b
e 15 )
YQQ =1 \,—-sinQB-eﬂ"f’

N o
0 1 7 3
Yg =3 7-(5 cos” 6 — 3cos 6)
= 21 T
v;! = 15\}7 -sinf - (5cos20 — 1) - ¢i®
+ 105 +9;
y;? =1 \, 5 -sin2 6+ cos 0+ ¢=219
T
35 )
Vel = I% \/— -sin® 9+ e300
T
e |2

5The normalization is such that the integral of | Y/
radius is 1.

N

over the surface of a sphere with unit

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.

Table 8.2 Some

Associated
Legendre
Polynomials
P{%(cos 0)

ET=N

P? =2 cos 6

Pl =sin 0

Py =4(3cos?6— 1)

P% = 4 5sin 0 cos 0

P3 = sin2 6

PY = 24(5 cos® 6 — 3 cos 6)
P3 = 65sin (5 cos? 6 — 1)
P;f = 6 sin? 6 cos 6

P§ = sin® 0
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270 CHAPTER 8 QUANTUM MECHANICS IN THREE DIMENSIONS

Angular momentum and its z
component are quantized

Radial wave equation

In keeping with our earlier remarks, the separation constants € (¢ + 1) and
m¢ should relate to the sharp observables |L|, L., and E for central forces. The
connection is established by the more detailed arguments of Section 8.4, with

the result
IL| =Ve{ + DA €=0,1,2, ...
L, = my¢h me=0,*1, 2, ..., =¢f (8.16)

We see that the limitation on the magnetic quantum number my to values be-
tween —¢ and +¢, obtained on purely mathematical grounds from separating
variables, has an obvious physical interpretation: the z component of angular
momentum, L,, must never exceed the magnitude of the vector, |L|! Notice,
too, that £ and m; are quantum numbers for angular momentum only; their
connection with particle energy £ must depend on the potential energy func-
tion U(r) and is prescribed along with the radial wavefunction R(r) in the final
stage of the separation procedure.
To obtain R(7), we return to Equation 8.14 and equate the left side to
€(€ + 1). Rearranging terms once more, we find that R(r) must satisfy
2 2 2
—;—[ d 5 Eﬁ] + MRM) + U(n)R(r) = ER(7) (8.17)
m | dr r dr 2mr

This is the radial wave equation; it determines the radial part of the
wavefunction ¢ and the allowed particle energies F. As the equation contains
the orbital quantum number €, each angular momentum orbital is expected
to give rise to a different radial wave and a distinct energy. By contrast, the
magnetic quantum number m, appears nowhere in this equation. Thus, the
radial wave and particle energy remain the same for different m, values consis-
tent with a given value of €. In particular, for a fixed € the particle energy E
is independent of m, and so is at least 2¢ +1-fold degenerate. Such de-
generacy—a property of all central forces—stems from the spherical symmetry
of the potential and illustrates once again the deep-seated connection be-
tween symmetry and the degeneracy of quantum states.

The reduction from Schrédinger’s equation to the radial wave equation
represents enormous progress and is valid for any central force. Still, the task
of solving this equation for a specified potential U(r) is a difficult one, often
requiring methods of considerable sophistication. In Section 8.5 we tackle this
task for the important case of the electron in the hydrogen atom.

EXAMPLE 8.4 Orbital Quantum Number

for a Stone

A stone with mass 1.00 kg is whirled in a horizontal circle The corresponding angular momentum has magnitude

of radius 1.00 m with a period of revolution equal to
1.00 s. What value of orbital quantum number ¢ de-

scribes this motion?

Solution The speed of the stone in its orbit is

27R  27(1.00 m)

IL| = mvR = (1.00 kg) (6.28 m/s) (1.00 m)
= 6.28 kg-m?/s

But angular momentum is quantized as V€(¢ + 1)7,
which is approximately €% when € is large. Then

v =

T 1.00 s

=6.28 m/s |L| 6.28 kg-m?/s ”
~——— = 5— = 5.96 X 107
f 1.055 X 1073 kg-m?/s

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.
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Again, we see that macroscopic objects are described by
enormous quantum numbers, so that quantization is not
evident on this scale.

EXAMPLE 8.5 The Bohr Atom Revisited

Discuss angular momentum quantization in the Bohr
model. What orbital quantum number describes the elec-
tron in the first Bohr orbit of hydrogen?

Solution Angular momentum in the Bohr atom is
quantized according to the Bohr postulate
|L| = mor = nh

with n = 1 for the first Bohr orbit. Comparing this with the
quantum mechanical result, Equation 8.14, we see that the
two rules are incompatible! The magnitude |L| can never

8.3 SPACE QUANTIZATION 271

In fairness to Bohr, we should point out that the
Bohr model makes no distinction between the quanti-
zation of L and quantization of its components along
the coordinate axes. From the classical viewpoint, the
coordinate system can always be oriented to align one
of the axes, say the zaxis, along the direction of L. In
that case, L may be identified with |L,. The Bohr postu-
late in this form agrees with the quantization of L, in
Equation 8.16 and indicates € = 1 for the first Bohr or-
bit! This conflicting result derives from a false asser-
tion, namely, that we may orient a coordinate axis
along the direction of L. The freedom to do so must be
abandoned if the quantization rules of Equation 8.16
are correct! This stunning conclusion is one of the
great mysteries of quantum physics and is implicit in
the notion of space quantization that we discuss in the

be an integral multiple of #—the smallest nonzero value next section.

consistent with Equation 8.16 is |L| = \Eﬁ for€ =1.

8.3 SPACE QUANTIZATION

For wavefunctions satisfying Equations 8.13 and 8.15, the orbital angular mo-
mentum magnitude |L|, and L., the projection of L along the zaxis, are both
sharp and quantized according to the restrictions imposed by the orbital and
magnetic quantum numbers, respectively. Together, € and m, specify the
orientation of the angular momentum vector L. The fact that the direction of
L is quantized with respect to an arbitrary axis (the zaxis) is referred to as
space quantization.

Let us look at the possible orientations of L for a given value of orbital
quantum number €. Recall that m, can have values ranging from —¢€ to +¢. If
€ = 0, then my = 0 and L, = 0. In fact, for this case |L| = 0, so that all compo-
nents of L are 0. If € = 1, then the possible values for mg are —1, 0, and +1, so
that L, may be —#, 0, or +A. If £ = 2, mg can be —2, —1, 0, +1, or +2, corre-
sponding to L, values of —2fA, —#, 0, +#, or +2#, and so on. A classical visual-
ization of the algebra describing space quantization for the case € = 2 is
shown in Figure 8.7a. Note that L can never be aligned with the z-axis, since L,
must be smaller than the total angular momentum L. From a three-dimen-
sional perspective, L must lie on the surface of a cone that makes an angle 6
with the zaxis, as shown in Figure 8.7b. From the figure, we see that 6 also is
quantized and that its values are specified by the relation

ILy, my

C050= = T —
L] Ve +1)

Classically, 6 can take any value; that is, the angular momentum vector L can
point in any direction whatsoever. According to quantum mechanics, the
possible orientations for L are those consistent with Equation 8.18. Further-
more, these special directions have nothing to do with the forces acting on

(8.18)

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.
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Figure 8.7 (a) The allowed projections of the orbital angular momentum for the
case £ = 2. (b) From a three-dimensional perspective, the orbital angular momentum
vector L lies on the surface of a cone. The fuzzy character of L, and L, is depicted by
allowing L to precess about the zaxis, so that L, and L; change continually while L,
maintains the fixed value myfi.

the particle, provided only that these forces are central. Thus, the rule of
Equation 8.18 does not originate with the law of force but derives from
the structure of space itself, hence the name space quantization.

Figure 8.7 is misleading in showing L with a specific direction, for which all
three components L,, Ly, and L, are known exactly. As we have mentioned,
there is no quantum state for which this condition is true. If L, is sharp, then
L, and Ly must be fuzzy. Accordingly, it is more proper to visualize the vector L
of Figure 8.7b as precessing around the zaxis so as to trace out a cone in
space. This allows the components L, and L, to change continually, while L,
maintains the fixed value m#.%

EXAMPLE 8.6 Space Quantization for an

Atomic Electron

Solution With { = 3, Equation 8.16 gives
IL| =33 + )& = 2V3%

The allowed values of L, are mgh, with my = 0, =1, =2,
and *3. This gives

L,= —3h, —2h, =1, 0, h, 2A, 3k

Consider an atomic electron in the € = 3 state. Calculate Finally, we obtain the allowed values of 6 from
the magnitude |L| of the total angular momentum and
the allowed values of L, and 6.

= L= M
cosf = =

Ll 23
Substituting the values for my gives

cosf = =£0.866, *0.577, #*0.289, and 0

or

0= £30°, *54.8°, £73.2° and 90°

This precession of the classical vector to portray the inherent fuzziness in L, and L, is meant to
be suggestive only. In effect, we have identified the quantum averages (L) and (L,) with their
averages over timein a classical picture, but the two kinds of averaging in fact are quite distinct.

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.
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8.4 QUANTIZATION OF ANGULAR MOMENTUM AND ENERGY 273

Exercise 3 Compare the minimum angles between L and the zaxis for the electron
of Example 8.6 and for the 1.00-kg stone of Example 8.4.

Answer 30° for the electron but only 2.3 X 1071% degrees for the stone

8.4 QUANTIZATION OF ANGULAR OPTIONA AL
MOMENTUM AND ENERGY

We saw in Section 8.2 that angular momentum plays an essential role in the quantiza-
tion of systems with spherical symmetry. Here we develop further the properties of
angular momentum from the viewpoint of quantum mechanics and show in more
detail how angular momentum considerations facilitate the solution to Schrodinger’s
equation for central forces.

Our treatment is based on the operator methods introduced in Section 6.8,
which the reader should review at this time. In particular, the eigenvalue condition

[QIV = ¢¥ (8.19)

used there as a fest for sharp observables becomes here a tool for discovering the
form of the unknown wavefunction ¥. (Recall that [Q] denotes the operator for
some observable Q and ¢ is the sharp value of that observable when measured for a
system described by the wavefunction ¥.) We look on Equation 8.19 now as a con-
straint imposed on the wavefunction W that guarantees that the observable Q will
take the sharp value ¢ in that state. The more sharp observables we can identify for
some system, the more we can learn in advance about the wavefunction describing
that system. With few exceptions, the sharp observables are just those that are
constants of the classical motion. (See footnote 1.)

Consider the particle energy. If total energy is constant, we should be able to find
wavefunctions W for which E is a sharp observable. Otherwise, repeated measure-
ments made on identical systems would reveal a statistical distribution of values for
the particle energy, inconsistent with the idea of a quantity not changing over time.
Thus, energy conservation suggests AE = 0, which, in turn, requires ¥ to be an
eigenfunction of the energy operator

[E]V = E¥

Because [E] = ifd/d¢t this eigenvalue condition is met by the stationary waves
P(r)e @ with E = fiw the sharp value of particle energy.

The argument for energy applies equally well to other constants of the classical
motion.” If the only forces are central, angular momentum about the force center is
a constant of the motion. This is a vector quantity L = r X p, whose rectangular
components are expressed in terms of position and momentum components as

L= (xr Xp).= xpy = ypx

and so on. In the same way, the operators for angular momentum are found from the
coordinate and momentum operators. From Chapter 6, the operator for x is just the

7Exceptions to this rule do exist. For instance, an atomic electron cannot have all three angular

momentum components sharp at once, even though in this case all components are constant
classically. For such incompatible observables, quantum mechanics adopts the broader interpreta-
tion of a conserved quantity as one whose average value does not change over time, no matter what
may be the initial state of the system. With this definition, all components of angular momentum
for an atomic electron remain constant, but no more than one can be sharp in a given state.
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274 CHAPTER 8 QUANTUM MECHANICS IN THREE DIMENSIONS

coordinate itself, and the operator for momentum in this direction is (/i) 9/dx.
Similar relations should apply to the directions labeled y and 2.8 so that the operator
for L, becomes

h a 9
(L] = [x][p] — DyIlpd = _i<x8_y - ya_x> (8.20)

Angular momentum finds its natural expression in the spherical coordinates

of Figure 8.5. A little geometry applied to Figure 8.5 shows that the spherical-to-
Cartesian coordinate transformation equations are

z = rcosf
x = rsin 0 cos ¢ (8.21)
y = rsinfsin ¢

The inverse transformations are

r={x%+ y2 + 22172
cosf = — = z{x? + 3> + 271/2 (8.22)

tan¢ =

>§|\< ﬁll\!

The procedure for transcribing operators such as [L,] from Cartesian to spherical
form is straightforward, but tedious. For instance, an application of the chain rule gives

af _arof 00 of 0% of
dz dz JIr dz 06 dz d¢p

for any function /. On the left we think of fexpressed as a function of x, y, z, but on
the right the same function is expressed in terms of 1, 6, ¢. The partial derivatives
d7/dz, and so on, are to be taken with the aid of the transformation equations, hold-
ing x and y fixed. The simplest of these is d¢/dz. From the inverse transformations
in Equations 8.22, we see that ¢ is independent of z so that d¢p/dz = 0. From the
same equations we find that

ar 1 z

— = — 2+ 2 4 229 = 2 = 0

32 P {x y 2%} (22) . cos
To obtain d6/9dz we differentiate the second of Equations 8.22 implicitly to get

a0 d{cos 6}

—sing - - =——0— = 2= + 92 + 22722 + {2 + 92 + ATV2
z z

Converting the right-hand side back to spherical coordinates gives

. a6 (rcos 6)2 1 1 — cos’6 sin? §
—sinf —=-———F5—"—+—= =
0z r r r r
or 6/90z = —sin 6/ 7. Collecting the previous results, we have
ad dr 0 a0 o d sinf 9
—=——+——"=cosf — — -
0z dz dr dz 90 ar r 00

8For the momentum operator along each axis we use the one-dimensional form from Chapter
6, ([p] = (h/i)9/0x, etc.), consistent with the belief that Cartesian axes identify independent
but logically equivalent directions in space.
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In like fashion, we can obtain spherical representations for d/dx, d/dy and ulti-
mately for the angular momentum operators themselves:

[L,] = ih {sin ¢ % + cotf cos ¢ i}

a¢
[I]——‘ﬁ{ L= t 6 si i} (8.23
] = —ih ycos¢ 20 co Sm¢6¢) .23)
L, d
[Lz]f_lh a(b

Notice that the operators for angular momentum in spherical form do not contain
the radial coordinate r—our reward for selecting the right system of coordinates! By
insisting that angular momentum be sharp in the quantum state ¥, and using the
differential forms (Egs. 8.23) for the angular momentum operators, we can discover
how the wavefunction depends on the spherical angles 6 and ¢ without knowing the
details of the central force.

L, Is Sharp: The Magnetic Quantum Number

For L, to be sharp, our wavefunction W = i(7) ¢ ™ must be an eigenfunction of
[L.], or
Y
—ih—— =1L 8.24
e A (8.24)
with L, the eigenvalue (a number). Equation 8.24 prescribes the functional depen-
dence of i on the azimuthal angle ¢ to be

P(x) = Cel9/h (8.25)

with C'still any function of rand 6. The values taken by L, must be restricted, however.
Since increasing ¢ by 27 radians returns us to the same place in space (see Fig. 8.5),
the wavefunction also should return to its initial value, that is, the solutions repre-
sented by Equation 8.25 must be periodic in ¢ with period 2. This will be true if L,/
is any integer, say, m¢ or L, = mgfi. The magnetic quantum number m, indicates the
(sharp) value for the zcomponent of angular momentum in the state described by .

Because all components of L are constant for central forces, we should continue
by requiring the wavefunction of Equation 8.25 also to be an eigenfunction of the
operator for a second angular momentum component, say [L,], so that L, and L,
might both be sharp in the state . For ¢ to be an eigenfunction of [L,] with eigen-
value L, requires

ih {sinqS 2_(5 + cotf cos ¢ %} =La

This relation must hold for all values of 6 and ¢. In particular, for ¢ = 0 the re-
quirement is

. J
ificot % =Ly

Because i varies exponentially with ¢ according to Equation 8.25, the indicated de-
rivative may be taken and evaluated at ¢ = 0 to get

(=L, cot) ¢y =Ly

which can be satisfied for all 6 only if L, = L, = 0 or if ¢ vanishes identically. A simi-
lar difficulty arises if we attempt to make L, sharp together with L. Therefore,
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unless the angular momentum is exactly zero (all components), there is no
wavefunction for which two or more components are simultaneously sharp!

|L| Is Sharp: The Orbital Quantum Number

To make further progress, we must look to other constants of the classical motion.
In addition to each component of angular momentum, the magnitude |L| of the
vector also is constant and becomes a candidate for an observable that can be made
sharp together with L. Consider simply the squared-magnitude I? = L-L. The
operator for I.2 is

2P S P I

Using Equation 8.23, we find the spherical coordinate form for [12]:

[1?] #? s a2 aERs 7 (8.26)
7l = —h"y—5 + cotd— + csc* 00— .
262 a0 >
For I to be sharp requires [I21¢ = L2y or
9 a o, 9
—h? (’il +Cot0—¢+cscze dzl = |L|%y
a0 a0 o}

But from Equation 8.24, we see that differentiating s with respect to ¢ is equivalent
to multiplication by iL,/% = im, so that the last equation reduces to

NES 3 . .
—ﬁz{aelg + cot()a—(g - m? cscz(?tp} = |L|%y (8.27)

For wavefunctions satisfying Equation 8.27, the magnitude of angular momen-
tum will be sharp at the value |L|. The equation prescribes the dependence of i on
the polar angle 6. The solutions are not elementary functions but can be investi-
gated with the help of more advanced techniques. The results of such an investiga-
tion are reported in Section 8.2 and repeated here for completeness: Physically

acceptable solutions to Equation 8.27 can be found provided |L| = \V€(¢ + 1),
where ¢, the orbital quantum number, must be a nonnegative integer. Furthermore,
the magnetic quantum number, also appearing in Equation 8.27, must be limited as
|m¢| = €. With these restrictions, the solutions to Equation 8.27 are the associated
Legendre polynomials in cos 6, denoted P} (cos ). Several of these polynomials are
listed in Table 8.2 for easy reference; you may verify by direct substitution that they
satisfy Equation 8.27 for the appropriate values of € and .

The associated Legendre polynomials may be multiplied by exp (im¢¢) and still
satisfy the orbital equation Equation 8.27. Indeed, the products Pé”((cos 0) exp (imep)
satisfy both Equations 8.24 and 8.27; thus, they represent waves for which |L|and L,
are simultaneously sha"{p. Except for a multiplicative constant, these are just the
spherical harmonics Y (8, ¢) introduced in Section 8.2.

E Is Sharp: The Radial Wave Equation

For energy to be constant, £ should be a sharp observable. The stationary state form
W(r, ) = (r)e “ results from imposing the eigenvalue condition for the energy
operator [E]—but what of the other energy operator [H] = [K] + [U] (the
Hamiltonian)? In fact, requiring [H]¥ = EV is equivalent to writing the time-
independent Schrodinger equation for ¢(r)

2
_h V24 + Ur) = E (8.28)
2m

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.
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8.5 ATOMIC HYDROGEN AND HYDROGEN-LIKE IONS

because [U] = U(r) and the kinetic energy operator [K] in three dimensions is
none other than
(P2 + [p)2 + (2] (B/0)2(0/02)2 + (9/0y)2 + (3/02)%) 52

= = = V2
K] 2m 2m 2m

The spherical form of the Laplacian given in Section 8.2 may be used to write
[K] in spherical coordinates:

(K] o 82+28+1 P o 10—+ 292
= T — CcOo - CSC T
O9m | ar2 1 or 962 a0 >

Comparing this with the spherical representation for [1?] from Equation 8.26 shows
that [K] is the sum of two terms,

[K] = [Kuadl + [Kow] = [Kadl + 535 2 [LQ] (8.29)

2m

representing the separate contributions to the kinetic energy from the orbital and
radial components of motion. The comparison also furnishes the spherical form for

[Krad]:
K2 [ o2 2 9
= —— + .
[Kraal 2m { ar? r 67} (8.30)

These expressions for [K] are completely general. When applied to waves
for which |L| is sharp, however, the operator [ L?] may be replaced with the number
IL|? = €(¢ + 1)4% Therefore, the Schrodmger equation (Eq. 8.28) becomes

06 + 12

[Kradl ) + =5 —

W(x) + U p(r) = Eyr) (8.31)
For central forces, all terms in this equation, including U(r), involve only the spheri-
cal coordinate r: the angle variables 6 and ¢ have been eliminated from further con-
sideration by the requirement that i be an eigenfunction of [L?]! It follows that the
solutions to Equation 8.31 take the form of a radial wave R(r) multiplied by a spher-
ical harmonic:

p(r) = R(r) Y (6, ¢) (8.82)

The spherical harmonic may be divided out of each term in Equation 8.31, in effect
replacing /(r) by R(r). The result is just the radial wave equation of Section 8.2; it
determines the radial wavefunction R(r) and the allowed particle energies E, once

the potential energy function U(r) is specified.

8.5 ATOMIC HYDROGEN AND HYDROGEN-LIKE IONS

In this section we study the hydrogen atom from the viewpoint of wave
mechanics. Its simplicity makes atomic hydrogen the ideal testing ground for
comparing theory with experiment. Furthermore, the hydrogen atom is the
prototype system for the many complex ions and atoms of the heavier
elements. Indeed, our study of the hydrogen atom ultimately will enable us
to understand the periodic table of the elements, one of the greatest triumphs
of quantum physics.

The object of interest is the orbiting electron, with its mass m and charge
—e¢, bound by the force of electrostatic attraction to the nucleus, with its
much larger mass M and charge +Ze, where Z is the atomic number. The
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choice Z =1 describes the hydrogen atom, while for singly ionized helium
(He™) and doubly ionized lithium (Li’"), we take Z= 2 and Z =3, respec-
tively, and so on. Ions with only one electron, like He™ and Li%™, are called
hydrogen-like. Because M >> m, we will assume that the nucleus does not
move but simply exerts the attractive force that binds the electron. This force
is the coulomb force, with its associated potential energy

U(r) = k(”?(_e) = kZeQ (8.33)

where kis the coulomb constant.
The hydrogen atom constitutes a central force problem; according to Sec-
tion 8.2, the stationary states for any central force are

W(r, 6, b, 1) = R(r)Y (0, p)e ™! (8.34)

where Y¢"(6, ¢) is a spherical harmonic from Table 8.3. The radial wavefunc-
tion R(7) is found from the radial wave equation of Section 8.2,

B[R 2 AR| | CEEDR
o2m | dr? r dr 2mr? ™) (N R(r) = ER() (8.17)

U(r) is the potential energy of Equation 8.33; the remaining terms on the left
of Equation 8.17 are associated with the kinetic energy of the electron. The
term proportional to €(¢ + 1)A2 = (|L?|) is the orbital contribution to kinetic
energy, K. To see this, consider a particle in circular orbit, in which all the
kinetic energy is in orbital form (since the distance from the center remains
fixed). For such a particle K4, = %mv2 and |L| = mor. Eliminating the parti-

cle speed v, we get
K _£<|L|>2_ LP (5.35)
ot 9\ 2mr? '

Although it was derived for circular orbits, this result correctly represents the
orbital contribution to kinetic energy of a mass m in general motion with
angular momentum L°

The derivative terms in Equation 8.17 are the radial contribution to the
kinetic energy, that is, they represent the contribution from electron motion
toward or away from the nucleus. The leftmost term is just what we should
write for the kinetic energy of a matter wave iy = R(r) associated with motion
along the coordinate line marked by ». But what significance should we attach
to the first derivative term dR/dr? In fact, the presence of this term is evidence
that the effective one-dimensional matter wave is not R(r), but vR(r). In support of
this claim we note that

d?(rR) d’R 2 dR
=7 + ——
dr? dr? r dr

Then the radial wave equation written for the effective one-dimensional
matter wave g(r) = rR(r) takes the same form as Schrodinger’s equation in

9For any planar orbit we may write |L| = 7p,, where p, is the component of momentum in the

orbital plane that is normal to the radius vector r. The orbital part of the kinetic energy is then
= p2/2m = |L[2/2mr?

Kory = pL/2m /2mr=.
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8.5 ATOMIC HYDROGEN AND HYDROGEN-LIKE IONS

one dimension,

K2 d2g
om B + Uegr(r) g (1) = Eg(7) (8.36)

but with an effective potential energy

|L? + UG = £(€+ 1)h2
2mr? i 2mr?

U = + U(r) (8.37)
The magnitude of g(r) also furnishes probabilities, as described later in this
section.

The solution of Equation 8.36 with U(r) = —kZe? /7 (for one-electron atoms
or ions) requires methods beyond the scope of this text. Here, as before, we
shall present the results and leave their verification to the interested reader.
Acceptable wavefunctions can be found only if the energy E is restricted to be
one of the following special values:

ke [ 72
En= —2a ? n = 1,2,3, N (8.38)
0

This result is in exact agreement with that found from the simple Bohr theory
(see Chapter 4): ay = h°/mcke? is the Bohr radius, 0.529 A, and ke?/2ay is the
Rydberg energy, 13.6 eV. The integer n is called the principal quantum num-
ber. Although 7 can be any positive integer, the orbital quantum number now
is limited to values less than »; that is, € can have only the values

€=0,1,2, . .., (n—1) (8.39)

The cutoff at (n — 1) is consistent with the physical significance of these quan-
tum numbers: The magnitude of orbital angular momentum (fixed by €) can-
not become arbitrarily large for a given energy (fixed by n). A semiclassical ar-
gument expressing this idea leads to €, = n — 1 (see Problem 20). In the
same spirit, the restriction on the magnetic quantum number m; to values be-
tween —{ and +¢ guarantees that the z component of angular momentum
never exceeds the magnitude of the vector.

The radial waves R(r) for hydrogen-like atoms are products of exponentials
with polynomials in 7/ ag. These radial wavefunctions are tabulated as R,¢(7) in
Table 8.4 for principal quantum numbers up to and including n = 3.

For hydrogen-like atoms, then, the quantum numbers are n, €, and my, as-
sociated with the sharp observables F, |L|, and L, respectively. Notice that the
energy E depends on n, but not at all on ¢ or my. The energy is independent
of my because of the spherical symmetry of the atom, and this will be true for
any central force that varies only with distance . The fact that E also is inde-
pendent of € is a special consequence of the coulomb force, however, and is
not to be expected in heavier atoms, say, where the force on any one electron
includes the electrostatic repulsion of the remaining electrons in the atom, as
well as the coulombic attraction of the nucleus.

For historical reasons, all states with the same principal quantum number
n are said to form a shell. These shells are identified by the letters K, L, M,

., which designate the states for which » =1, 2, 3, . . . . Likewise, states
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Table 8.4 The Radial Wavefunctions R, ,(r) of
Hydrogen-like Atoms for n = 1, 2, and 3

n ¢ R, (r)

AL
1 0 (—) 2¢~ 4/ %
3/2
e D
2&0
3/2
9 1 < Z > 7Zr/200
2@0 3a0
3/2
5 0 ( z ) L2 2 <Zr> e
3&0 3a0 27
3/2
. . ( z ) 42 Zr(l_ Zr )e,b/g%
3a0 6(10
3/2
e
3&0 27\/7

having the same value of both n and € are said to form a subshell. The letters
s, p,d, f, . . . are used to designate the states for which € =0,1,2,3, . . . 10
This spectroscopic notation is summarized in Table 8.5.

The shell (and subshell) energies for several of the lowest-lying states of the
hydrogen atom are illustrated in the energy-level diagram of Figure 8.8. The
figure also portrays a few of the many electronic transitions possible within the
atom. Each such transition represents a change of energy for the atom and
must be compensated for by emission (or absorption) of energy in some other
form. For optical transitions, photons carry off the surplus energy, but not
all energy-conserving optical transitions may occur. As it happens, photons
also carry angular momentum. To conserve total angular momentum (atom +
photon) in optical transitions, the angular momentum of the electron in the

Table 8.5 Spectroscopic Notation for
Atomic Shells and Subhells

n Shell Symbol 4 Shell Symbol
1 K 0 s
2 L 1 P
3 M 2 d
4 N 3 /]
5 (0] 4 g
6 P 5 h

105, p, d, fare one-letter abbreviations for sharp, principal, diffuse, and fundamental. The nomencla-

ture is a throwback to the early days of spectroscopic observations, when these terms were used
to characterize the appearance of spectral lines.
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8.5 ATOMIC HYDROGEN AND HYDROGEN-LIKE IONS 281

E(eV)
0
-0.8 -
4s 4p 4d 4f
-1.5 -
3s Sp i 3d
| Forbidden
-3.4 .
2s 2p
Allowed
/
-13.6

1s

Figure 8.8 Energy-level diagram of atomic hydrogen. Allowed photon transitions are
those obeying the selection rule A€ = =1. The 3p — 2p transition (A€ = 0) is said to
be forbidden, though it may still occur (but only rarely).

initial and final states must differ by exactly one unit, that is

|€f_ €z| =1 or A€ = =+1] (840)

Equation 8.40 expresses a selection rule that must be obeyed in optical transi-
tions.'! As Figure 8.8 indicates, the transitions 3p— 1s and 2p— 1s are
allowed by the rule (A€ = —1), but the 3p— 2p transition is said to be
forbidden (A¢ = 0). (Such transitions can occur, but with negligible probabil-
ity compared with that of allowed transitions.) Clearly, selection rules play a
vital role in the interpretation of atomic spectra.

EXAMPLE 8.7 The n = 2 Level of Hydrogen

Enumerate all states of the hydrogen atom correspond- n=2,
ing to the principal quantum number n = 2, giving the —9
spectroscopic designation for each. Calculate the ener- e
gies of these states. n=2,

Solution When n = 2, € can have the values 0 and 1. If
€ =0, mp can only be 0. If £ = 1, m¢ can be —1, 0, or +1.
Hence, we have a 2s state with quantum numbers

e=o, and n = 2, this gives

n=2, me =0

and three 2p states for which the quantum numbers are

Selection rule for allowed

transitions
=", me = —1
=1, me =0

=1, me = +1

Because all of these states have the same principal quan-
tum number, n = 2, they also have the same energy,
which can be calculated from Equation 8.38. For Z =1

Ey = —(13.6 eV){12/2%}= —3.4 eV

AL = 0 also is allowed by angular momentum considerations but forbidden by parity conservation.
Further, since the angular momentum of a photon is just =7, the z component of the atom’s angu-
lar momentum cannot change by more than *#, giving rise to a second selection rule, Amg = 0, *1.
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282 CHAPTER 8 QUANTUM MECHANICS IN THREE DIMENSIONS

dr

Figure 8.9 P(r) dris the prob-
ability that the electron will be
found in the volume of a spher-
ical shell with radius r and
thickness dr. The shell volume
is just 472 dr.

The radial probability
density for any state

Exercise 4 How many possible states are there for the n = 3 level of hydrogen? For
the n = 4 level?

Answers Nine states for n = 3, and 16 states for n = 4.

The Ground State of Hydrogen-like Atoms

The ground state of a one-electron atom or ion with atomic number Z, for
which n =1, € = 0, and my = 0, has energy

E; = —(13.6 eV) Z?2 (8.41)
The wavefunction for this state is
Y100 = Rio(N Y0 = 7 V2(2/ ag)¥2e %/ (8.42)

The constants are such that i is normalized. Notice that (9 does not depend
on angle, since it is the product of a radial wave with Y] = 1/\4. In fact, all
the € = 0 waves share this feature; that is, all s-state waves are spherically
symmetric.

The electron described by the wavefunction of Equation 8.42 is found with
a probability per unit volume given by

7
| oo = — ¢ 247 %
mTa

(Three-dimensional renditions of the probability per unit volume | (r) |2—
often called electron “clouds”—are constructed by making the shading at
every point proportional to |#(r)|?.) The probability distribution also is
spherically symmetric, as it would be for any s-state wave; that is, the likeli-
hood for finding the electron in the atom is the same at all points equidis-
tant from the center (nucleus). Thus, it is convenient to define another
probability function, called the radial probability distribution, with its as-
sociated density P(r), such that P(r) dr is the probability of finding the
electron anywhere in the spherical shell of radius » and thickness dr
(Fig. 8.9). The shell volume is its surface area, 47r%, multiplied by the shell
thickness, dr. Since the probability density |f90|> is the same everywhere in
the shell, we have

P(r)dr = |¢|* 4mr? dr
or, for the hydrogen-like 1s state,

47 )
Pyy(r) = a r2e= 22 % (8.43)

The same result is obtained for Pj4(r) from the intensity of the effective one-
dimensional matter wave g(r) = rR():

P(r) = |g(r) 2 = | RO |? (8.44)
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8.5 ATOMIC HYDROGEN AND HYDROGEN-LIKE IONS 283

In fact, Equation 8.44 gives the correct radial probability density for any state; for the
spherically symmetric sstates this is the same as 4wr% |’ since then
P(r) = (1/N4m)R(r) .12

A plot of the function Pj(r) is presented in Figure 8.10a; Figure 8.10b
shows the 1s electron “cloud” or probability per unit volume | 100> from
which Pj(r) derives. P(r) may be loosely interpreted as the probability of find-
ing the electron at distance r from the nucleus, irrespective of its angular posi-
tion. Thus, the peak of the curve in Figure 8.10a represents the most probable
distance of the 1s electron from the nucleus. Furthermore, the normalization
condition becomes

1= f P(v) dr (8.45)

where the integral is taken over all possible values of r. The average distance of
the electron from the nucleus is found by weighting each possible distance
with the probability that the electron will be found at that distance:

(r) = J i rP(r) dr (8.46)

0

In fact, the average value of any function of distance f(r) is obtained

8
Pq(r) = 4a_ZS r2¢=2217 4 z | 2 2 ap
= —2Lr/ @
0 Y100 e

r=ay/Z r
(a) (b)

Figure 8.10 (a) The curve P;4(r) representing the probability of finding the electron
as a function of distance from the nucleus in a 1s hydrogen-like state. Note that the
probability takes its maximum value when r equals a9/ Z. (b) The spherical electron
“cloud” for a hydrogen-like 1s state. The shading at every point is proportional to the
probability density | ¢,(r) 2.

2From its definition, P(7) dr always may be found by integrating | ]2 = | R(r) \2|Y(m"7|2 over the
volume of a spherical shell having radius rand thickness dr. Since the volume element in spheri-
cal coordinates is dV = r2drsin6 df d¢, and the integral of |Y"|? over angle is unity (see foot-

note 5), this leaves P(r) = r?| R(r) |

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.
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by weighting the function value at every distance with the probability at

that distance:

EXAMPLE 8.8 Probabilities for the
Electron in Hydrogen

Calculate the probability that the electron in the ground
state of hydrogen will be found outside the first Bohr
radius.

Solution The probability is found by integrating the ra-
dial probability density for this state, Pjs(r), from the
Bohr radius aj to «. Using Equation 8.43 with Z =1 for
hydrogen gives

4 oo
P=— r2e=21 a0 gy
ay Jag

We can put the integral in dimensionless form by chang-
ing variables from rto z = 2r/ay. Noting that z = 2 when
r = ap, and that dr = (a¢/2) dz, we get

©

1 - 2 ,— 1 2 - —2
P=— z7e *dz = ——{z" + 22+ 2}e *| = be
2 Jo 2 2

This is about 0.677, or 67.7%.

EXAMPLE 8.9 The Electron-Proton
Separation in Hydrogen

Calculate the most probable distance of the electron
from the nucleus in the ground state of hydrogen, and
compare this with the average distance.

Solution The most probable distance is the value of r that
makes the radial probability P(r) a maximum. The slope
here is zero, so the most probable value of ris obtained by
setting dP/dr = 0 and solving for r. Using Equation 8.43
with Z = 1 for the 1s, or ground, state of hydrogen, we get

2
0= <i3) 1{726—27/(10} — (ig) 8—27/(10 {_2_7 + 27}
aj dr ay a

fr= L S P(r) dr (8.47)

The right-hand side is zero for r= 0 and for r = a,.
Since P(0) = 0, r = 0 is a minimum of P(r), not a maxi-
mum. Thus, the most probable distance is

r= a

The average distance is obtained from Equation 8.46,
which in this case becomes

4 oo
(r)=— j r3e=2 a0 gy
a 0

Again introducing z = 21/ a, we obtain

(r) = %fo B dz

The definite integral on the right is one of a broader

class,
o0
f 2" *dz = nl
0

whose value n! = n(n — 1) . . . (1) is established by re-

peated integration by parts. Then

) =23 =5 -a
The average distance and the most probable dis-
tance are not the same, because the probability curve
P(r) is not symmetric about the peak distance ay. In-
deed, values of r greater than g, are weighted more
heavily in Equation 8.46 than values smaller than a, so
the average (r) actually exceeds a for this probability
distribution.

Excited States of Hydrogen-like Atoms

There are four first excited states for hydrogen-like atoms: g9, o109, Po11,
and ¢o; 1. All have the same principal quantum number n = 2, hence the

same total energy

Z?
By = (136 V)~

Accordingly, the first excited level, Ey, is fourfold degenerate.

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.
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8.5 ATOMIC HYDROGEN AND HYDROGEN-LIKE IONS

The 2s state, g, is again spherically symmetric. Plots of the radial proba-
bility density for this and several other hydrogen-like states are shown in Figure
8.11. Note that the plot for the 2s state has two peaks. In this case, the most
probable distance (~bay/Z) is marked by the highest peak. An electron in the
2s state would be much farther from the nucleus (on the average) than an elec-
tron in the Is state. Likewise, the most probable distances are even greater for
an electron in any of the n = 3 states (3s, 3p, or 3d). Observations such as these
continue to support the old idea of a shell structure for the atom, even in the
face of the uncertainties inherent in the wave nature of matter.

The remaining three first excited states, o], 919, and o1—;, have £ = 1
and make up the 2p subshell. These states are not spherically symmetric. All of
them have the same radial wavefunction R (7), but they are multiplied by dif-
ferent spherical harmonics and thus depend differently on the angles 6 and ¢.
For example, the wavefunction i is

7 3/2 7 )
Yor11 = Roy(N Y] = 7T_1/2< > s L) @/2a06in g ot (8.48)
ag

ao

0.6 —

0.5 Is
0.4+
0.3 |+

02| 2

K0
20,
ZS

P(r)
0.12 - 3p
0.08 | PAEERN 4p

0.04 =/ ,~\ / >

3d Zr/a

Lo.p
750 08 | i 44

0.04 - ’ SS

7’ S~
-1 RSP I | s et

0 4 8 1216 20 24 28 32 36 40

E—

Zr/ag

Figure 8.11 The radial probability density function for several states of hydrogen-like
atoms.
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X

| ;
S @ @
Y .
>

n=2,4=1,m ==l n=3,¢=1,m=0 n=3,¢=2,m=0
(a) (b) (c)

Figure 8.12 (a) The probability density |¢o11|? for a hydrogen-like 2p state. Note the
axial symmetry about the zaxis. (b) and (c) The probability densities |¢/(r) |2 for several
other hydrogen-like states. The electron “cloud” is axially symmetric about the zaxis
for all the hydrogen-like states iy, (T).

Notice, however, that the probability density |iJ11|* is independent of ¢ and
therefore is symmetric about the zaxis (Fig. 8.12a). Since |¢™?%|? = 1, the
same is true for all the hydrogen-like states #,¢,,, as suggested by the remain-
ing illustrations in Figure 8.12.

The o1 state

A eV,
Y10 = Ror (Y] = 7T_1/2< ) ") e 5724 cos 9 (8.49)
2&0 2&0
has distinct directional characteristics, as shown in Figure 8.13a, and is some-
times designated [¢o,], to indicate the preference for the electron in this state
to be found along the zaxis. Other highly directional states can be formed by

combining the waves with my = +1 and my = —1. Thus, the wavefunctions
1
[Yoplx = EWQH + Por-1} (8.50a)
z z z

I3
(a) (b) (0)

Figure 8.13 (a) Probability distribution for an electron in the hydrogenlike 2p, state,
described by the quantum numbers n = 2, € = 1, m¢ = 0. (b) and (c) Probability distri-
butions for the 2p, and 2 states. The three distributions 2p,, 2p), and 2p, have the
same structure, but differ in their spatial orientation.
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8.6

and

1
[Yoply = E {o11 — Yo1-1} (8.50b)

have large probability densities along the x- and y-axes, respectively, as shown
in Figures 8.13b and 8.13c. The wavefunctions of Equations 8.50, formed as su-
perpositions of first excited state waves with identical energies Fy, are them-
selves stationary states with this same energy; indeed, the three wavefunctions
[iJJQp] - [¢2P] x» and [l//Qp] y together constitute an equally good description of
the 2p states for hydrogenlike atoms. Wavefunctions with a highly directional
character, such as these, play an important role in chemical bonding, the for-
mation of molecules, and chemical properties.

The next excited level, E3, is ninefold degenerate; that is, there are nine dif-
ferent wavefunctions with this energy, corresponding to all possible choices for
€ and my consistent with n = 3. Together, these nine states constitute the third
shell, with subshells 3s, 3p, and 3d composed of one, three, and five states, re-
spectively. The wavefunctions for these states may be constructed from the en-
tries in Tables 8.3 and 8.4. Generally, they are more complicated than their
second-shell counterparts because of the increasing number of nodes in the
radial part of the wavefunction.

The progression to higherlying states leads to still more degeneracy and
wavefunctions of ever-increasing complexity. The nth shell has energy

Z?
E,=—(13.6¢€V) —
n
and contains exactly n subshells, corresponding to € =0, 1, . . ., n— L

Within the €th subshell there are 2€ + 1 orbitals. Altogether, the nth shell
contains a total of 7?2 states, all with the same energy, I1,; that is, the energy
level E, is n® degenerate. Equivalently, we say the nth shell can hold as many
as n? electrons, assuming no more than one electron can occupy a given or-
bital. This argument underestimates the actual shell capacity by a factor of 2,
owing to the existence of electron spin, as discussed in the next chapter.

8.6 ANTIHYDROGEN

The constituents of hydrogen atoms, protons and electrons, are abundant in
the universe and among the elementary particles that make up all matter
around us. But each of these elementary particles has a partner, its antiparticle,
identical to the original in all respects other than carrying charge of the oppo-
site sign.13 The anti-electron, or positron, was discovered in 1932 by Carl
Anderson.!* The positron has the same mass as the electron but carries charge

13Strictly speaking, the antiparticle also has a magnetic moment opposite that of its companion
particle. Magnetic moments are discussed in Chapter 9, and are intimately related to a new par-
ticle property called spin. The spin is the same for particle and antiparticle.

"The idea of antiparticles received a solid theoretical underpinning in 1928 with P. A. M. Dirac’s
relativistic theory of the electron. While furnishing an accurate quantum description of elec-
trons with relativistic energies, Dirac’s theory also included mysterious “negative energy” states.
Eventually Dirac realized that these “negative energy” states actually describe antiparticles with
positive energy. Dirac’s conjecture was subsequently confirmed with the discovery of the
positron in 1932. See Section 15.2.
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+e. Because it cannot be produced without a powerful particle accelerator, the
much more massive antiproton was not observed until 1955. Again, the an-
tiproton has the same mass as the proton but is oppositely charged. Just as
atoms and ordinary matter are made up of particles, it is easy to conceive of
anti-atoms and all forms of antimatter built out of antiparticles. Indeed, on the
face of it there would be no way to tell if we lived in an antimatter world and
were ourselves composed entirely of antimatter!

The simplest such anti-atom is antihydrogen, the most fundamental neu-
tral unit of antimatter. Antihydrogen consists of a positron bound electrically
to an antiproton. Many physicists believe that the study of antihydrogen can
answer the question of whether there is some fundamental, heretofore un-
known difference between matter and antimatter and why our Universe seems
to be composed almost exclusively of ordinary matter. For the reasons out-
lined here, the production of antihydrogen is fraught with difficulties, and it
was not until the mid 1990s that two groups, one at CERN and the other at
Fermilab, reported success in producing antihydrogen at high energies. In
2002, the CERN group reported antihydrogen production at the very low en-
ergies required for precision comparison measurements with ordinary hydro-
gen. Trapping the anti-atoms long enough so that experiments can be per-
formed on them is much more difficult and has not yet been achieved.

When a particle and its antiparticle collide, both disappear in a burst of
electromagnetic energy. This is pair annihilation, the direct conversion of
mass into energy in accord with Einstein’s famous relation E = mc® An elec-
tron and a positron combine to produce two (sometimes three) gamma-ray
photons (one photon alone cannot conserve both energy and momentum).
The collision of a proton and antiproton produces three or four other ele-
mentary particles called pions. The problem that experimentalists face is that
their laboratories and measuring instruments are made of ordinary matter
and antiparticles will self-destruct on first contact with the apparatus. A similar
problem arises in the containment of plasmas, which are tamed using a mag-
netic trap, that is, a configuration of magnetic fields that exert forces on
charged particles of the plasma to keep them confined. But neutral anti-atoms
experience only weak magnetic forces and will quickly escape the trap unless
they are moving very slowly. Thus, the antihydrogen atom must be cold if it is
to survive long enough to be useful for precision experiments, and this pre-
sents yet another challenge. While positrons are readily available as decay
products of naturally occurring radioactive species like ?Na, antiprotons must
be created artificially in particle accelerators by bombarding heavy targets
(Be) with ultra-energetic (~GeV) protons. The positrons and antiprotons so
produced are very energetic and must be slowed down enormously to form
cold antihydrogen. The slowdown is achieved at the cost of lost particles in
what is essentially an accelerator run backwards. The CERN experiment yields
about 50,000 antihydrogen atoms starting from some 1.5 million antiprotons.
And of these, only a small fraction is actually detected.

Detecting antihydrogen is a challenge in its own right. The existence of an an-
tiproton is confirmed by the decay products (pions) it produces on annihilation
with its antimatter counterpart, the proton. These decay products leave direc-
tional traces in the detectors that surround the anti-atom sample. From the direc-
tional traces, physicists are able to reconstruct the precise location of the annihi-
lation event. To confirm the existence of antihydrogen, however, one must also
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record electron—positron annihilation in the same place at the same time. The
tell-tale gamma-ray photons produced in that annihilation can also be traced
back to a point of origination. Thus, the signature of antihydrogen is the coinci-
dence of multiple distinct detection events, as illustrated in Figure 8.14.

According to the theory presented in this chapter, the energy spectrum of
antihydrogen should be identical to that of ordinary hydrogen. The hydrogen
atom is the best known of all physical systems, and extremely precise measure-
ments of its spectrum have been made, the best of which is accurate to about 2
parts in 10'*. Thus, comparing spectra of antihydrogen with ordinary hydro-
gen would allow a stringent test of the symmetry expected between matter and
antimatter in atomic interactions. This symmetry is rooted in so-called CPT in-
variance, which states that if one were to take any lump of matter, reverse the
sign of all the elementary charges (C), the direction of time’s flow (T), and
another property of particles called parity (P), the specimen would obey the
same laws of physics. CPT invariance is a very general consequence of quan-
tum theory and the covariance of quantum laws under Lorentz transformation
demanded by special relativity and is the cornerstone for every modern theory
of matter. If CPT invariance is violated, the whole of physical theory at the fun-
damental level will have to be rewritten. While nearly all physicists agree that is
very unlikely, the prospect of CPT violation holds tantalizing possibilities and
may shed light on one of the most perplexing problems of modern cosmol-
ogy: why there is now a preponderance of matter in the Universe, when the
Big Bang theory predicts that matter and antimatter should have been created
in equal amounts. Furthermore, if antihydrogen responds differently to grav-
ity, the theory of relativity in its present form would be compromised, a devel-
opment that could point the way to the long-sought unification of relativity
and quantum theory.

SUMMARY

In three dimensions, the matter wave intensity |W(r, #)|> represents the
probability per unit volume for finding the particle at r at time ¢ Proba-
bilities are found by integrating this probability density over the volume
of interest.

The wavefunction itself must satisfy the Schrédinger equation

v
at

h2
— V2 + UV = ih (8.1)

2m
Stationary states are solutions to this equation in separable form: W(r, () =
Y(r)e ' with §(r) satisfying

h?
“om V2(r) + Ur)g(r) = E(r) (8.5)

This is the time-independent Schrédinger equation, from which we obtain
the time-independent wavefunction (r) and the allowed values of particle
energy E.

For a particle confined to a cubic box whose sides are L, the magnitudes of
the components of particle momentum normal to the walls of the box can be

made sharp, as can the particle energy. The sharp momentum values are
quantized as

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.
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Figure 8.14 Antihydrogen is
detected through its destruction
in collisions with matter parti-
cles. The annihilation of the an-
tiproton produces pions that,
picked up in the surrounding
detectors (light colored), can be
traced back (four light colored
dashed lines) to the annihila-
tion point. Similarly, the annihi-
lation of the positron produces
a distinctive back-to-back two-
photon signature (two dashed
tracks at 180° to one another).
Overlap of the two annihilation
points signifies that the positron
and antiproton were bound to-
gether in an atom of antihydro-
gen. (Adapted from Nature, 419,
456-459, October 3, 2002.)
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