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7KH� FKHPLFDO� HQHUJ\� DVVRFLDWHG� ZLWK� WKHVH�
ERQGV��LQ�JHQHUDO��LV�GLIIHUHQW�IRU WKH�UHDFWDQWV�
DQG�WKH�SURGXFWV��

7KHUHIRUH�� D� SURFHVV� WKDW� LQYROYHV� FKHPLFDO�
UHDFWLRQV� LQYROYHV� FKDQJHV� LQ� FKHPLFDO�
HQHUJLHV��ZKLFK�PXVW� EH� DFFRXQWHG IRU� LQ� DQ�
HQHUJ\�EDODQFH���

:H�PHQWLRQHG�LQ�SUHYLRXV�FKDSWHUV�WKDW�WKH�PROHFXOHV�RI�D�V\VWHP SRVVHVV�
HQHUJ\�LQ�YDULRXV�IRUPV VXFK�DV�
VHQVLEOH�DQG�ODWHQW�HQHUJ\��DVVRFLDWHG�ZLWK�D�FKDQJH�RI�VWDWH���
FKHPLFDO�HQHUJ\��DVVRFLDWHG�ZLWK�WKH�PROHFXODU�VWUXFWXUH���DQG�
QXFOHDU�HQHUJ\��DVVRFLDWHG�ZLWK�WKH�DWRPLF�VWUXFWXUH��

'XULQJ�D�FKHPLFDO� UHDFWLRQ��VRPH�FKHPLFDO�ERQGV WKDW�ELQG� WKH�DWRPV� LQWR�
PROHFXOHV�DUH�EURNHQ��DQG�QHZ�RQHV�DUH�IRUPHG��
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$VVXPLQJ� WKH� DWRPV RI� HDFK� UHDFWDQW� UHPDLQ� LQWDFW �QR� QXFOHDU� UHDFWLRQV��
DQG�GLVUHJDUGLQJ�DQ\�FKDQJHV� LQ�NLQHWLF�DQG�SRWHQWLDO�HQHUJLHV�� WKH�HQHUJ\�
FKDQJH�RI� D� V\VWHP GXULQJ�D� FKHPLFDO� UHDFWLRQ� LV�GXH� WR�D� FKDQJH� LQ� VWDWH�
DQG�D�FKDQJH�LQ�FKHPLFDO�FRPSRVLWLRQ��7KDW�LV�

7KHUHIRUH��ZKHQ� WKH�SURGXFWV��IRUPHG�GXULQJ�D�FKHPLFDO�UHDFWLRQ� H[LW� WKH�
UHDFWLRQ�FKDPEHU�DW�WKH�LQOHW�VWDWH�RI�WKH�UHDFWDQWV��ZH�KDYH�'( � � � � �  �� DQG�
WKH� HQHUJ\� FKDQJH RI� WKH� V\VWHP� LQ� WKLV� FDVH� LV� GXH� WR� WKH� FKDQJHV� LQ� LWV�
FKHPLFDO�FRPSRVLWLRQ�RQO\��
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7KHUHIRUH�� VRPH� KHDW� LV� WUDQVIHUUHG IURP�
WKH� FRPEXVWLRQ� FKDPEHU� WR� WKH�
VXUURXQGLQJV�GXULQJ�WKLV�SURFHVV��ZKLFK�LV�
��������N-�NPRO�&2 � IRUPHG��

&RQVLGHU�WKH�IRUPDWLRQ�RI�&2 � IURP�LWV�HOHPHQWV��FDUERQ�DQG�R[\JHQ��GXULQJ�
D�VWHDG\�IORZ�FRPEXVWLRQ�SURFHVV��VHH�)LJXUH���

%RWK�WKH�FDUERQ�DQG�WKH�R[\JHQ�HQWHU WKH�FRPEXVWLRQ�FKDPEHU�DW����&�DQG���
DWP�� 7KH� &2 � IRUPHG� GXULQJ� WKLV� SURFHVV� DOVR� OHDYHV WKH� FRPEXVWLRQ�
FKDPEHU�DW����&�DQG���DWP���VDPH�VWDWH�

7KH�FRPEXVWLRQ�RI�FDUERQ�LV�DQ�H[RWKHUPLF�UHDFWLRQ �D�UHDFWLRQ�GXULQJ�ZKLFK�
FKHPLFDO�HQHUJ\�LV�UHOHDVHG�LQ�WKH�IRUP�RI�KHDW���

�:KHQ� RQH� LV� GHDOLQJ� ZLWK� FKHPLFDO� UHDFWLRQV�� LW� LV� PRUH� FRQYHQLHQW� WR�
ZRUN�ZLWK�TXDQWLWLHV�SHU�XQLW�PROH WKDQ�SHU�XQLW�WLPH��HYHQ�IRU�VWHDG\�IORZ�
SURFHVVHV���
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6LQFH�ERWK�WKH�UHDFWDQWV�DQG�WKH�SURGXFWV�DUH�DW�WKH�VDPH�VWDWH� WKH�HQWKDOS\�
FKDQJH� GXULQJ� WKLV� SURFHVV� LV� VROHO\� GXH� WR WKH� FKDQJHV� LQ� WKH� FKHPLFDO�
FRPSRVLWLRQ�RI�WKH�V\VWHP��

7KLV� HQWKDOS\� FKDQJH� LV� GLIIHUHQW� IRU� GLIIHUHQW� UHDFWLRQV�� DQG� LW� LV� YHU\�
GHVLUDEOH� WR� KDYH� D� SURSHUW\ WR� UHSUHVHQW� WKH� FKDQJHV� LQ� FKHPLFDO� HQHUJ\�
GXULQJ�D�UHDFWLRQ��

7KH�SURFHVV�GHVFULEHG�KHUH�LQYROYHV�QR�ZRUN�LQWHUDFWLRQV��

7KHUHIRUH�� IURP� WKH� VWHDG\�IORZ� HQHUJ\�
EDODQFH� UHODWLRQ�� WKH� KHDW� WUDQVIHU GXULQJ�
WKLV� SURFHVV� PXVW� EH� HTXDO� WR� WKH�
GLIIHUHQFH� EHWZHHQ� WKH� HQWKDOS\ RI� WKH�
SURGXFWV�DQG�WKH�HQWKDOS\�RI�WKH�UHDFWDQWV��
7KDW�LV�
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ZKLFK� LV� ���������N-�NPRO IRU�&�DW� WKH�
VWDQGDUG�UHIHUHQFH�VWDWH��

7KH� HQWKDOS\� RI� FRPEXVWLRQ� RI� D�
SDUWLFXODU� IXHO� LV� GLIIHUHQW� DW� GLIIHUHQW
WHPSHUDWXUHV�DQG�SUHVVXUHV��

7KLV� SURSHUW\� LV� WKH� HQWKDOS\� RI� UHDFWLRQ K� �� ZKLFK� LV� GHILQHG� DV� WKH�
GLIIHUHQFH�EHWZHHQ� WKH� HQWKDOS\�RI� WKH�SURGXFWV�DW� D� VSHFLILHG� VWDWH�DQG� WKH�
HQWKDOS\�RI�WKH�UHDFWDQWV�DW�WKH�VDPH�VWDWH�IRU�D�FRPSOHWH�UHDFWLRQ��

)RU�FRPEXVWLRQ�SURFHVVHV��WKH�HQWKDOS\�RI�UHDFWLRQ�LV�XVXDOO\�UHIHUUHG�WR�DV�WKH�
HQWKDOS\� RI� FRPEXVWLRQ K � �� ZKLFK� UHSUHVHQWV� WKH� DPRXQW� RI� KHDW� UHOHDVHG�
GXULQJ� D� VWHDG\�IORZ� FRPEXVWLRQ� SURFHVV� ZKHQ� �� NPRO� �RU� �� NJ�� RI� IXHO� LV�
EXUQHG�FRPSOHWHO\�DW�D�VSHFLILHG�WHPSHUDWXUH�DQG�SUHVVXUH���VHH�)LJXUH���,W�LV�
H[SUHVVHG�DV�
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7KH�HQWKDOS\�RI�FRPEXVWLRQ�LV�REYLRXVO\�D�YHU\�XVHIXO�SURSHUW\ IRU�DQDO\]LQJ�
WKH�FRPEXVWLRQ�SURFHVVHV�RI�IXHOV��

+RZHYHU�� WKHUH� DUH� VR�PDQ\� GLIIHUHQW� IXHOV DQG� IXHO�PL[WXUHV WKDW� LW� LV� QRW
SUDFWLFDO�WR�OLVW�K � YDOXHV�IRU�DOO�SRVVLEOH�FDVHV��

%HVLGHV��WKH�HQWKDOS\�RI�FRPEXVWLRQ�LV�QRW�RI�PXFK�XVH�ZKHQ�WKH�FRPEXVWLRQ�
LV�LQFRPSOHWH��

7KHUHIRUH�D�PRUH�SUDFWLFDO� DSSURDFK�ZRXOG�EH� WR�KDYH�D�PRUH� IXQGDPHQWDO�
SURSHUW\� WR� UHSUHVHQW� WKH� FKHPLFDO� HQHUJ\ RI� DQ� HOHPHQW� RU� D� FRPSRXQG� DW�
VRPH�UHIHUHQFH�VWDWH��

7KLV�SURSHUW\�LV�WKH�HQWKDOS\�RI�IRUPDWLRQ K � � ��ZKLFK�FDQ�EH�YLHZHG�DV�WKH�
HQWKDOS\�RI�D�VXEVWDQFH�DW�D�VSHFLILHG�VWDWH�GXH�WR�LWV�FKHPLFDO FRPSRVLWLRQ��
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7R� HVWDEOLVK� D� VWDUWLQJ� SRLQW�� ZH� DVVLJQ� WKH� HQWKDOS\� RI� IRUPDWLRQ� RI� DOO�
VWDEOH�HOHPHQWV��VXFK�DV�2 � ��1 � ��+ � ��DQG�&��D�YDOXH�RI�]HUR DW�WKH�VWDQGDUG�
UHIHUHQFH�VWDWH�RI����&�DQG���DWP��

7KDW�LV��K � �  ���IRU�DOO�VWDEOH�HOHPHQWV���7KLV�LV�QR�GLIIHUHQW�IURP�DVVLJQLQJ�
WKH�LQWHUQDO�HQHUJ\�RI�VDWXUDWHG�OLTXLG�ZDWHU�D�YDOXH�RI�]HUR�DW �����&���

3HUKDSV�ZH�VKRXOG�FODULI\�ZKDW�ZH�PHDQ�E\�VWDEOH��

7KH�VWDEOH�IRUP�RI�DQ�HOHPHQW LV�VLPSO\�WKH�FKHPLFDOO\�VWDEOH�IRUP RI�WKDW�
HOHPHQW�DW����&�DQG���DWP��

1LWURJHQ��IRU�H[DPSOH��H[LVWV�LQ�GLDWRPLF�IRUP �1 � ��DW����&�DQG���DWP��

7KHUHIRUH�� WKH� VWDEOH� IRUP� RI� QLWURJHQ� DW� WKH� VWDQGDUG� UHIHUHQFH VWDWH� LV�
GLDWRPLF�QLWURJHQ�1 � ��QRW�PRQDWRPLF�QLWURJHQ 1��
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1RZ� UHFRQVLGHU WKH� IRUPDWLRQ�RI�&2 � �D� FRPSRXQG�� IURP� LWV� HOHPHQWV�&�
DQG� 2 � DW� ���&� DQG� �� DWP� GXULQJ� D� VWHDG\�IORZ� SURFHVV�� 7KH� HQWKDOS\�
FKDQJH�GXULQJ�WKLV�SURFHVV�ZDV�GHWHUPLQHG�WR�EH����������N-�NPRO��

+RZHYHU� + � ����� �  � � VLQFH� ERWK� UHDFWDQWV DUH� HOHPHQWV� DW� WKH� VWDQGDUG�
UHIHUHQFH�VWDWH��DQG�WKH�SURGXFWV�FRQVLVW�RI���NPRO�RI�&2 � DW�WKH�VDPH�VWDWH�

7KHUHIRUH��WKH�HQWKDOS\�RI�IRUPDWLRQ�RI�&2 � DW�WKH�VWDQGDUG�UHIHUHQFH�VWDWH�
LV����������N-�NPRO��7KDW�LV��

7KH�QHJDWLYH�VLJQ LV�GXH�WR�WKH�IDFW�WKDW�WKH�HQWKDOS\�RI���NPRO�RI�&2 � DW�
���&�DQG���DWP�LV���������N-�OHVV WKDQ�WKH�HQWKDOS\�RI���NPRO�RI�&�DQG��
NPRO�RI�2 � DW�WKH�VDPH�VWDWH��

,Q� RWKHU� ZRUGV�� �������� N-� RI� FKHPLFDO� HQHUJ\� LV� UHOHDVHG� �OHDYLQJ� WKH�
V\VWHP�DV�KHDW��ZKHQ�&�DQG�2 � FRPELQH�WR�IRUP���NPRO�RI�&2 � ��
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<RX�ZLOO�QRWLFH�WKDW�WZR�K�� YDOXHV DUH�JLYHQ�IRU�+ � 2�LQ�7DEOH�$±����RQH�
IRU�OLTXLG�ZDWHU�DQG�WKH�RWKHU�IRU�ZDWHU�YDSRU��

7KLV�LV�EHFDXVH�ERWK�SKDVHV RI�+ � 2�DUH�HQFRXQWHUHG�DW����&��DQG�WKH�HIIHFW�
RI� SUHVVXUH� RQ� WKH� HQWKDOS\� RI� IRUPDWLRQ� LV� VPDOO�� �1RWH� WKDW� XQGHU�
HTXLOLEULXP�FRQGLWLRQV��ZDWHU�H[LVWV�RQO\�DV�D�OLTXLG�DW����&�DQG���DWP���

7KH�GLIIHUHQFH�EHWZHHQ�WKH�WZR HQWKDOSLHV�RI�IRUPDWLRQ�LV�HTXDO�WR�WKH�K��o
RI�ZDWHU�DW����&��ZKLFK�LV��������N-�NJ�RU��������N-�NPRO�

$QRWKHU�WHUP FRPPRQO\�XVHG�LQ�FRQMXQFWLRQ�ZLWK�WKH�FRPEXVWLRQ�RI�IXHOV�
LV� WKH�KHDWLQJ� YDOXH RI� WKH� IXHO��ZKLFK� LV� GHILQHG DV� WKH� DPRXQW� RI� KHDW�
UHOHDVHG�ZKHQ�D�IXHO�LV�EXUQHG�FRPSOHWHO\�LQ�D�VWHDG\�IORZ�SURFHVV�DQG�WKH�
SURGXFWV�DUH�UHWXUQHG�WR�WKH�VWDWH�RI�WKH�UHDFWDQWV��

,Q�RWKHU�ZRUGV��WKH�KHDWLQJ�YDOXH�RI�D�IXHO�LV�HTXDO�WR�WKH�DEVROXWH�YDOXH�RI�
WKH�HQWKDOS\�RI�FRPEXVWLRQ�RI�WKH�IXHO��7KDW�LV��
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7KH�WZR�KHDWLQJ�YDOXHV�DUH�UHODWHG�E\�

ZKHUH�P�LV�WKH�PDVV�RI�+ � 2�LQ�WKH�SURGXFWV�SHU�XQLW�
PDVV�RI�IXHO�DQG�K��o LV�WKH�HQWKDOS\�RI�YDSRUL]DWLRQ RI�
ZDWHU�DW�WKH�VSHFLILHG�WHPSHUDWXUH��

7KH�KHDWLQJ�YDOXH�GHSHQGV�RQ�WKH�SKDVH RI�WKH�+ � 2�LQ�WKH�SURGXFWV��

7KH�KHDWLQJ�YDOXH�LV�FDOOHG�WKH�KLJKHU�KHDWLQJ�YDOXH �++9��ZKHQ�WKH�+ � 2�
LQ�WKH�SURGXFWV�LV�LQ�WKH�OLTXLG�IRUP��DQG�LW�LV�FDOOHG�WKH�ORZHU�KHDWLQJ�YDOXH
�/+9��ZKHQ�WKH�+ � 2�LQ�WKH�SURGXFWV�LV�LQ�WKH�YDSRU�IRUP��6HH�)LJXUH���

+LJKHU�DQG�ORZHU�KHDWLQJ�YDOXHV RI�FRPPRQ�IXHOV�DUH�JLYHQ�LQ�7DEOH�$±����

7KH� KHDWLQJ� YDOXH RU� HQWKDOS\� RI� FRPEXVWLRQ RI� D� IXHO� FDQ� EH� GHWHUPLQHG�
IURP�D�NQRZOHGJH�RI�WKH�HQWKDOS\�RI�IRUPDWLRQ IRU�WKH�FRPSRXQGV�LQYROYHG��
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(;$03/(���±��
(YDOXDWLRQ�RI�WKH�(QWKDOS\�RI�&RPEXVWLRQ

� 'HWHUPLQH� WKH� HQWKDOS\� RI�
FRPEXVWLRQ� RI� OLTXLG� RFWDQH�
�& p + q p �� DW� ���&� DQG� �� DWP��
XVLQJ� HQWKDOS\�RI�IRUPDWLRQ�
GDWD�IURP�7DEOH�$±����$VVXPH�
WKH� ZDWHU� LQ� WKH� SURGXFWV� LV� LQ�
WKH�OLTXLG�IRUP�
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,Q� WKHUPRG\QDPLFV�ZH�DUH�FRQFHUQHG�ZLWK� WKH�FKDQJHV LQ� WKH�HQHUJ\�RI� D�
V\VWHP�GXULQJ�D�SURFHVV��DQG�QRW�WKH�HQHUJ\�YDOXHV�DW�WKH�SDUWLFXODU�VWDWHV��

7KHUHIRUH��ZH�FDQ�FKRRVH�DQ\�VWDWH�DV�WKH�UHIHUHQFH�VWDWH DQG�DVVLJQ�D�YDOXH�
RI�]HUR�WR�WKH�LQWHUQDO�HQHUJ\�RU�HQWKDOS\�RI�D�VXEVWDQFH�DW�WKDW�VWDWH��

:KHQ�D�SURFHVV�LQYROYHV�QR�FKDQJHV�LQ�FKHPLFDO�FRPSRVLWLRQ��WKH�UHIHUHQFH�
VWDWH�FKRVHQ�KDV�QR�HIIHFW�RQ�WKH�UHVXOWV��

:KHQ�WKH�SURFHVV�LQYROYHV�FKHPLFDO�UHDFWLRQV��KRZHYHU��WKH�FRPSRVLWLRQ�RI�
WKH� V\VWHP� DW� WKH� HQG� RI� D� SURFHVV� LV� QR� ORQJHU� WKH� VDPH DV� WKDW� DW� WKH�
EHJLQQLQJ�RI�WKH�SURFHVV��

,Q�WKLV�FDVH�LW�EHFRPHV�QHFHVVDU\�WR�KDYH D�FRPPRQ�UHIHUHQFH�VWDWH�IRU�DOO�
VXEVWDQFHV��
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7KH�FKRVHQ�UHIHUHQFH�VWDWH�LV����&�����)��DQG���DWP��ZKLFK�LV�NQRZQ�DV�WKH
VWDQGDUG�UHIHUHQFH�VWDWH��

3URSHUW\�YDOXHV�DW�WKH�VWDQGDUG�UHIHUHQFH�VWDWH�DUH�LQGLFDWHG�E\ D�VXSHUVFULSW�
�����VXFK�DV�K� DQG�X����

:KHQ�DQDO\]LQJ�UHDFWLQJ�V\VWHPV��ZH�PXVW�XVH�SURSHUW\ YDOXHV�UHODWLYH�WR�WKH�
VWDQGDUG�UHIHUHQFH�VWDWH��

+RZHYHU�� LW� LV�QRW�QHFHVVDU\�WR�SUHSDUH D�QHZ�VHW�RI�SURSHUW\�WDEOHV�IRU� WKLV�
SXUSRVH��

:H� FDQ� XVH� WKH� H[LVWLQJ� WDEOHV E\� VXEWUDFWLQJ� WKH� SURSHUW\� YDOXHV� DW� WKH�
VWDQGDUG�UHIHUHQFH�VWDWH�IURP�WKH�YDOXHV�DW�WKH�VSHFLILHG�VWDWH�

7KH�LGHDO�JDV�HQWKDOS\�RI�1 � DW�����. UHODWLYH�WR�WKH�VWDQGDUG�UHIHUHQFH�VWDWH��
IRU�H[DPSOH��LV�K r�s�s^t � K� ��������� ����� ������N-�NPRO��
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2)�5($&7,1*�6<67(06

7KH�HQHUJ\�EDODQFH� �RU� WKH� ILUVW�ODZ�� UHODWLRQV�GHYHORSHG� LQ�SUHYLRXV�
&KDSWHUV�DUH�DSSOLFDEOH�WR�ERWK UHDFWLQJ�DQG�QRQ�UHDFWLQJ�V\VWHPV��

+RZHYHU�� FKHPLFDOO\� UHDFWLQJ� V\VWHPV� LQYROYH� FKDQJHV� LQ� WKHLU�
FKHPLFDO�HQHUJ\��DQG�WKXV�LW� LV�PRUH�FRQYHQLHQW�WR�UHZULWH WKH�HQHUJ\�
EDODQFH� UHODWLRQV� VR� WKDW� WKH� FKDQJHV� LQ� FKHPLFDO� HQHUJLHV� DUH�
H[SOLFLWO\�H[SUHVVHG��

:H�GR�WKLV�ILUVW�IRU�VWHDG\�IORZ V\VWHPV�DQG�WKHQ�IRU�FORVHG V\VWHPV�

6WHDG\�)ORZ�
6\VWHP

&ORVHG�
6\VWHP
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%HIRUH� ZULWLQJ WKH� HQHUJ\� EDODQFH� UHODWLRQ�� ZH� QHHG� WR� H[SUHVV� WKH�
HQWKDOS\ RI�D�FRPSRQHQW�LQ�D�IRUP�VXLWDEOH�IRU�XVH IRU�UHDFWLQJ�V\VWHPV��

7KDW� LV�� ZH� QHHG� WR� H[SUHVV� WKH� HQWKDOS\� VXFK� WKDW� LW� LV� UHODWLYH� WR� WKH�
VWDQGDUG�UHIHUHQFH�VWDWH DQG�WKH�FKHPLFDO�HQHUJ\�WHUP�DSSHDUV�H[SOLFLWO\��

6WHDG\�)ORZ�
6\VWHP

:KHQ� H[SUHVVHG� SURSHUO\�� WKH�
HQWKDOS\� WHUP�VKRXOG�UHGXFH� WR� WKH�
HQWKDOS\� RI� IRUPDWLRQ� K�� DW� WKH�
VWDQGDUG�UHIHUHQFH�VWDWH��
:LWK� WKLV� LQ� PLQG�� ZH� H[SUHVV� WKH�
HQWKDOS\�RI� D� FRPSRQHQW�RQ� D�XQLW�
PROH�EDVLV�DV���6HH�)LJXUH��
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ZKHUH� WKH� WHUP� LQ� WKH� SDUHQWKHVHV UHSUHVHQWV� WKH� VHQVLEOH� HQWKDOS\�
UHODWLYH�WR�WKH�VWDQGDUG�UHIHUHQFH�VWDWH��ZKLFK�LV�WKH�GLIIHUHQFH�EHWZHHQ�
K� WKH� VHQVLEOH� HQWKDOS\� DW� WKH� VSHFLILHG� VWDWH�� DQG� K� �WKH� VHQVLEOH�
HQWKDOS\�DW�WKH�VWDQGDUG�UHIHUHQFH�VWDWH�RI����&�DQG���DWP���

7KLV�GHILQLWLRQ�HQDEOHV�XV�WR�XVH�HQWKDOS\�YDOXHV�IURP�WDEOHV�UHJDUGOHVV�
RI�WKH�UHIHUHQFH�VWDWH�XVHG LQ�WKHLU�FRQVWUXFWLRQ��

:KHQ� WKH� FKDQJHV� LQ� NLQHWLF� DQG� SRWHQWLDO� HQHUJLHV� DUH� QHJOLJLEOH�� WKH�
VWHDG\�IORZ� HQHUJ\� EDODQFH� UHODWLRQ�( u v  �( wyx�� FDQ� EH� H[SUHVVHG� IRU� D�
FKHPLFDOO\�UHDFWLQJ�VWHDG\�IORZ�V\VWHP PRUH�H[SOLFLWO\�DV�

6WHDG\�)ORZ�
6\VWHP
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2)�5($&7,1*�6<67(06

7KH�HQHUJ\�EDODQFH�UHODWLRQ�MXVW�GLVFXVVHG�FDQ�EH�H[SUHVVHG�PRUH FRPSDFWO\ DV�

6WHDG\�)ORZ�
6\VWHP

7KH� HQHUJ\� EDODQFH� UHODWLRQV� DERYH� DUH� VRPHWLPHV� ZULWWHQ� ZLWKRXW� WKH� ZRUN�
WHUP VLQFH� PRVW� VWHDG\�IORZ� FRPEXVWLRQ� SURFHVVHV� GR� QRW� LQYROYH� DQ\� ZRUN�
LQWHUDFWLRQV�
$�FRPEXVWLRQ�FKDPEHU�QRUPDOO\�LQYROYHV�KHDW�RXWSXW�EXW�QR�KHDW�LQSXW��
7KHQ�WKH�HQHUJ\�EDODQFH�IRU�D�W\SLFDO�VWHDG\�IORZ�FRPEXVWLRQ�SURFHVV EHFRPHV�

�*�

),567�/$:�$1$/<6,6�2)�
5($&7,1*�6<67(06
7KH�JHQHUDO�FORVHG�V\VWHP�HQHUJ\�EDODQFH�UHODWLRQ�( u v � ( wyx��  �'( � z$� � � {
FDQ�EH�H[SUHVVHG�IRU�D�VWDWLRQDU\�FKHPLFDOO\�UHDFWLQJ�FORVHG�V\VWHP DV��

&ORVHG�
6\VWHP

ZKHUH� 8 |�� w�} UHSUHVHQWV� WKH� LQWHUQDO� HQHUJ\� RI� WKH� SURGXFWV� DQG� 8 � ����� �
UHSUHVHQWV�WKH�LQWHUQDO�HQHUJ\�RI�WKH�UHDFWDQWV��

7R�DYRLG�XVLQJ DQRWKHU�SURSHUW\² WKH�LQWHUQDO�HQHUJ\�RI�IRUPDWLRQ�X � � ²
ZH�XWLOL]H�WKH�GHILQLWLRQ�RI�HQWKDOS\

DQG�H[SUHVV�WKH�DERYH�HTXDWLRQ�DV�
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(;$03/(���±��
)LUVW�/DZ�$QDO\VLV�RI�6WHDG\�)ORZ�&RPEXVWLRQ

� /LTXLG�SURSDQH��& ~ + p ��HQWHUV�D�FRPEXVWLRQ�FKDPEHU�DW����&�DW�D� UDWH�RI�
�����NJ�PLQ�ZKHUH�LW�LV�PL[HG�DQG�EXUQHG�ZLWK����SHUFHQW�H[FHVV�DLU�WKDW�
HQWHUV� WKH� FRPEXVWLRQ� FKDPEHU� DW� ��&�� DV� VKRZQ�� $Q� DQDO\VLV� RI� WKH�
FRPEXVWLRQ�JDVHV�UHYHDOV�WKDW�DOO�WKH�K\GURJHQ�LQ�WKH�IXHO�EXUQV WR�+ � 2�EXW�
RQO\����SHUFHQW�RI�WKH�FDUERQ�EXUQV�WR�&2 � ��ZLWK�WKH�UHPDLQLQJ����SHUFHQW�
IRUPLQJ� &2�� ,I� WKH� H[LW� WHPSHUDWXUH� RI� WKH� FRPEXVWLRQ� JDVHV� LV����� .��
GHWHUPLQH��

� �D��WKH�PDVV�IORZ�UDWH�RI�DLU�DQG�
� �E��WKH�UDWH�RI�KHDW�WUDQVIHU�IURP�WKH�FRPEXVWLRQ�FKDPEHU�

�<�

(;$03/(���±��
)LUVW�/DZ�$QDO\VLV�RI�6WHDG\�)ORZ�&RPEXVWLRQ

� 7KH� WKHRUHWLFDO� DPRXQW� RI� DLU� LV� GHWHUPLQHG� IURP� WKH� VWRLFKLRPHWULF
UHDFWLRQ�WR�EH�

� �D��WKH�PDVV�IORZ�UDWH�RI�DLU�DQG�

� 7KHQ�WKH�EDODQFHG�HTXDWLRQ�IRU�WKH�DFWXDO�FRPEXVWLRQ�SURFHVV�ZLWK����
SHUFHQW�H[FHVV DLU�DQG�VRPH�&2 LQ�WKH�SURGXFWV�EHFRPHV
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(;$03/(���±��
)LUVW�/DZ�$QDO\VLV�RI�6WHDG\�)ORZ�&RPEXVWLRQ

� �E��WKH�UDWH�RI�KHDW�WUDQVIHU�IURP�WKH�FRPEXVWLRQ�FKDPEHU�

�$�

(;$03/(���±��
)LUVW�/DZ�$QDO\VLV�RI�6WHDG\�)ORZ�&RPEXVWLRQ

� �E��WKH�UDWH�RI�KHDW�WUDQVIHU�IURP�WKH�FRPEXVWLRQ�FKDPEHU�
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(;$03/(���±��
)LUVW�/DZ�$QDO\VLV�RI�&RPEXVWLRQ�LQ�D�%RPE

� 7KH�FRQVWDQW�YROXPH�WDQN�VKRZQ�FRQWDLQV��� OEPRO RI�PHWKDQH��&+ � ��JDV�
DQG���OEPRO RI�2 � DW����)�DQG���DWP��7KH�FRQWHQWV�RI�WKH�WDQN�DUH�LJQLWHG��
DQG�WKH�PHWKDQH�JDV�EXUQV�FRPSOHWHO\��,I�WKH�ILQDO�WHPSHUDWXUH�LV������5��
GHWHUPLQH��

� �D��WKH�ILQDO�SUHVVXUH�LQ�WKH�WDQN�DQG�
� �E��WKH�KHDW�WUDQVIHU�GXULQJ�WKLV�SURFHVV�

�<


$',$%$7,&�)/$0(�7(03(5$785(
,Q� WKH� DEVHQFH� RI� DQ\� ZRUN� LQWHUDFWLRQV� DQG� DQ\� FKDQJHV� LQ� NLQHWLF� RU�
SRWHQWLDO� HQHUJLHV�� WKH� FKHPLFDO� HQHUJ\� UHOHDVHG� GXULQJ� D� FRPEXVWLRQ�
SURFHVV�HLWKHU�LV�ORVW DV�KHDW�WR�WKH�VXUURXQGLQJV�RU�LV�XVHG LQWHUQDOO\�WR�UDLVH�
WKH�WHPSHUDWXUH�RI�WKH�FRPEXVWLRQ�SURGXFWV��

7KH� VPDOOHU� WKH� KHDW� ORVV�� WKH� ODUJHU� WKH� WHPSHUDWXUH� ULVH�� ,Q� WKH� OLPLWLQJ�
FDVH� RI� QR� KHDW� ORVV� WR� WKH� VXUURXQGLQJV� �4� � ���� WKH� WHPSHUDWXUH� RI� WKH�
SURGXFWV� UHDFKHV� D� PD[LPXP�� ZKLFK� LV� FDOOHG� WKH� DGLDEDWLF� IODPH RU�
DGLDEDWLF�FRPEXVWLRQ�WHPSHUDWXUH RI�WKH�UHDFWLRQ��6HH�)LJXUH���

7KH� DGLDEDWLF� IODPH� WHPSHUDWXUH� RI� D� VWHDG\�IORZ� FRPEXVWLRQ� SURFHVV� LV�
GHWHUPLQHG�IURP�WKLV�(TXDWLRQ�E\�VHWWLQJ�4� ���DQG�:� ����,W�\LHOGV�
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$',$%$7,&�)/$0(�7(03(5$785(
2QFH� WKH� UHDFWDQWV� DQG� WKHLU� VWDWHV� DUH� VSHFLILHG�� WKH� HQWKDOS\� RI� WKH�
UHDFWDQWV + � ����� � FDQ�EH�HDVLO\ GHWHUPLQHG��

7KH� FDOFXODWLRQ� RI� WKH� HQWKDOS\� RI� WKH� SURGXFWV + |�� w�} LV� QRW� VR
VWUDLJKWIRUZDUG�� KRZHYHU�� EHFDXVH� WKH� WHPSHUDWXUH� RI� WKH� SURGXFWV� LV� QRW�
NQRZQ�SULRU�WR�WKH�FDOFXODWLRQV��

7KHUHIRUH��WKH�GHWHUPLQDWLRQ�RI�WKH�DGLDEDWLF�IODPH�WHPSHUDWXUH�UHTXLUHV�WKH�
XVH� RI� DQ� LWHUDWLYH� WHFKQLTXH XQOHVV� HTXDWLRQV� IRU� WKH� VHQVLEOH� HQWKDOS\�
FKDQJHV�RI�WKH�FRPEXVWLRQ�SURGXFWV�DUH�DYDLODEOH��

$�WHPSHUDWXUH�LV�DVVXPHG IRU�WKH�SURGXFW�JDVHV��DQG�WKH�+ |�� w�} LV�GHWHUPLQHG�
IRU�WKLV�WHPSHUDWXUH��,I�LW�LV�QRW�HTXDO�WR�+ � ����� � ��FDOFXODWLRQV�DUH�UHSHDWHG ZLWK�
DQRWKHU� WHPSHUDWXUH�� 7KH� DGLDEDWLF� IODPH� WHPSHUDWXUH� LV� WKHQ� GHWHUPLQHG�
IURP�WKHVH�WZR�UHVXOWV�E\�LQWHUSRODWLRQ��

:KHQ�WKH�R[LGDQW�LV�DLU��WKH�SURGXFW�JDVHV�PRVWO\�FRQVLVW�RI�1 � ��DQG�D�JRRG�
ILUVW� JXHVV IRU� WKH� DGLDEDWLF� IODPH� WHPSHUDWXUH� LV� REWDLQHG� E\� WUHDWLQJ� WKH
HQWLUH�SURGXFW�JDVHV�DV�1 � �

�*�

$',$%$7,&�)/$0(�7(03(5$785(
,Q�FRPEXVWLRQ�FKDPEHUV��WKH�KLJKHVW�WHPSHUDWXUH�WR�ZKLFK�D�PDWHULDO�FDQ�EH�
H[SRVHG�LV�OLPLWHG�E\�PHWDOOXUJLFDO FRQVLGHUDWLRQV��

7KHUHIRUH��WKH�DGLDEDWLF�IODPH�WHPSHUDWXUH�LV�DQ�LPSRUWDQW�FRQVLGHUDWLRQ LQ�
WKH�GHVLJQ�RI�FRPEXVWLRQ�FKDPEHUV��JDV�WXUELQHV��DQG�QR]]OHV��

7KH� PD[LPXP� WHPSHUDWXUHV� WKDW� RFFXU� LQ� WKHVH� GHYLFHV� DUH� FRQVLGHUDEO\�
ORZHU�WKDQ�WKH�DGLDEDWLF�IODPH�WHPSHUDWXUH��KRZHYHU��VLQFH�WKH�FRPEXVWLRQ�
LV� XVXDOO\� LQFRPSOHWH�� VRPH� KHDW� ORVV� WDNHV� SODFH�� DQG� VRPH� FRPEXVWLRQ�
JDVHV�GLVVRFLDWH�DW�KLJK�WHPSHUDWXUHV��6HH�)LJXUH���
1RWH�WKDW�WKH�DGLDEDWLF�IODPH�WHPSHUDWXUH�
GHSHQGV�RQ ���� WKH� VWDWH� RI� WKH� UHDFWDQWV��
���� WKH� GHJUHH� RI� FRPSOHWLRQ RI� WKH�
UHDFWLRQ�� DQG� ���� WKH� DPRXQW� RI� DLU XVHG��
)RU� D� VSHFLILHG� IXHO� DW� D� VSHFLILHG� VWDWH�
EXUQHG�ZLWK�DLU�DW�D�VSHFLILHG�VWDWH��
WKH�DGLDEDWLF� IODPH�WHPSHUDWXUH�DWWDLQV��UHDFKHV�� LWV�PD[LPXP�YDOXH�ZKHQ�
FRPSOHWH�FRPEXVWLRQ�RFFXUV�ZLWK�WKH�WKHRUHWLFDO�DPRXQW�RI�DLU�
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(;$03/(���±��
$GLDEDWLF�)ODPH�7HPSHUDWXUH�LQ�6WHDG\�&RPEXVWLRQ

� /LTXLG� RFWDQH� �& p + q p �� HQWHUV� WKH� FRPEXVWLRQ� FKDPEHU� RI� D� JDV� WXUELQH�
VWHDGLO\� DW� �� DWP� DQG� ���&�� DQG� LW� LV� EXUQHG� ZLWK� DLU� WKDW� HQWHUV� WKH�
FRPEXVWLRQ�FKDPEHU�DW�WKH�VDPH�VWDWH��DV�VKRZQ��'HWHUPLQH�WKH�DGLDEDWLF�
IODPH�WHPSHUDWXUH�IRU�

� �D��FRPSOHWH�FRPEXVWLRQ�ZLWK�����SHUFHQW�WKHRUHWLFDO�DLU��
� �E��FRPSOHWH�FRPEXVWLRQ�ZLWK�����SHUFHQW�WKHRUHWLFDO�DLU��DQG�
� �F�� LQFRPSOHWH� FRPEXVWLRQ� �VRPH� &2� LQ� WKH� SURGXFWV�� ZLWK� ��� SHUFHQW�

WKHRUHWLFDO�DLU�

�D�

�E�

�F�
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7KH�HQWURS\�EDODQFH�UHODWLRQ�FDQ�EH�H[SUHVVHG�PRUH�H[SOLFLWO\�IRU�D�FORVHG�
RU�VWHDG\�IORZ UHDFWLQJ�V\VWHP�DV��

)RU�DQ�DGLDEDWLF�SURFHVV �4� ����WKH�HQWURS\�WUDQVIHU�WHUP�GURSV�RXW�DQG�
WKLV�(TXDWLRQ�UHGXFHV�WR�

7KH� GHWHUPLQDWLRQ� RI� WKH� HQWURS\� FKDQJH� DVVRFLDWHG� ZLWK� D� FKHPLFDO�
UHDFWLRQ�VHHPV�WR�EH�VWUDLJKWIRUZDUG��H[FHSW�IRU�RQH�WKLQJ��

7KH� HQWURS\� UHODWLRQV� IRU� WKH� UHDFWDQWV� DQG� WKH� SURGXFWV� LQYROYH WKH�
HQWURSLHV RI�WKH�FRPSRQHQWV� QRW�HQWURS\�FKDQJHV��ZKLFK�ZDV�WKH�FDVH�IRU�
QRQ�UHDFWLQJ�V\VWHPV��

7KXV� ZH� DUH� IDFHG� ZLWK� WKH� SUREOHP� RI� ILQGLQJ� D� FRPPRQ� EDVH IRU� WKH�
HQWURS\�RI�DOO�VXEVWDQFHV��DV�ZH�GLG�ZLWK�HQWKDOS\��
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(17523<�&+$1*(�2)�
5($&7,1*�6<67(06

7KH�VHDUFK� IRU� VXFK�D�FRPPRQ�EDVH� OHG� WR� WKH�HVWDEOLVKPHQW�RI� WKH�7+,5'�
/$:�2)�7+(502'<1$0,&6 LQ�WKH�HDUO\�SDUW�RI�WKLV�FHQWXU\��

7KH�WKLUG�ODZ�ZDV�H[SUHVVHG�LQ�SUHYLRXV�FKDSWHU�DV�IROORZV��7KH�HQWURS\�RI�D�
SXUH�FU\VWDOOLQH�VXEVWDQFH�DW�DEVROXWH�]HUR�WHPSHUDWXUH�LV�]HUR�

(QWURS\�YDOXHV�UHODWLYH�WR�WKLV�EDVH�DUH�FDOOHG�WKH�DEVROXWH�HQWURS\��

7KH�V� YDOXHV�OLVWHG�LQ�7DEOHV�$±���WKURXJK�$±���IRU�YDULRXV�JDVHV�VXFK�DV�
1 � ��2 � ��&2��&2 � ��+ � ��+ � 2��2+�� DQG�2� DUH� WKH� LGHDO�JDV� DEVROXWH� HQWURS\�
YDOXHV�DW�WKH�VSHFLILHG�WHPSHUDWXUH�DQG�DW�D�SUHVVXUH�RI���DWP��

7KH� DEVROXWH� HQWURS\� YDOXHV� IRU� YDULRXV� IXHOV� DUH� OLVWHG� LQ� 7DEOH� $±���
WRJHWKHU�ZLWK�WKH�K�I YDOXHV�DW�WKH�VWDQGDUG�UHIHUHQFH�VWDWH�RI����&�DQG���DWP��

7KH� HTXDWLRQ� DERYH� UHTXLUHV� WKH� GHWHUPLQDWLRQ� RI� WKH� HQWURS\ RI� HDFK�
LQGLYLGXDO� FRPSRQHQW RI� WKH� UHDFWDQWV� DQG� WKH�SURGXFWV��ZKLFK� LQ� JHQHUDO� LV�
QRW�YHU\�HDV\ WR�GR��
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5($&7,1*�6<67(06

7KH� HQWURS\� FDOFXODWLRQV� FDQ� EH� VLPSOLILHG� VRPHZKDW� LI� WKH� JDVHRXV�
FRPSRQHQWV� RI� WKH� UHDFWDQWV� DQG� WKH� SURGXFWV� DUH� DSSUR[LPDWHG� DV LGHDO�
JDVHV��

+RZHYHU�� HQWURS\� FDOFXODWLRQV� DUH� QHYHU� DV� HDV\� DV HQWKDOS\� RU� LQWHUQDO�
HQHUJ\� FDOFXODWLRQV�� VLQFH� HQWURS\� LV� D� IXQFWLRQ� RI� ERWK� WHPSHUDWXUH� DQG�
SUHVVXUH�HYHQ�IRU�LGHDO�JDVHV�

:KHQ� HYDOXDWLQJ� WKH� HQWURS\ RI� D� FRPSRQHQW� RI� DQ� LGHDO�JDV� PL[WXUH�� ZH�
VKRXOG�XVH�WKH�WHPSHUDWXUH�DQG�WKH�SDUWLDO�SUHVVXUH�RI�WKH�FRPSRQHQW��

1RWH�WKDW� WKH� WHPSHUDWXUH�RI�D�FRPSRQHQW�LV� WKH�VDPH�DV� WKH� WHPSHUDWXUH�RI�
WKH�PL[WXUH��DQG� WKH�SDUWLDO�SUHVVXUH�RI�D�FRPSRQHQW� LV�HTXDO� WR�WKH�PL[WXUH�
SUHVVXUH�PXOWLSOLHG�E\�WKH�PROH�IUDFWLRQ�RI�WKH�FRPSRQHQW��
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2QFH� WKH� WRWDO� HQWURS\� FKDQJH� RU� WKH� HQWURS\� JHQHUDWLRQ� LV� HYDOXDWHG�� WKH
H[HUJ\� GHVWUR\HG ; }��y� � � w�z6��} DVVRFLDWHG� ZLWK� D� FKHPLFDO� UHDFWLRQ� FDQ� EH�
GHWHUPLQHG�IURP�

WKH� UHYHUVLEOH� ZRUN UHODWLRQ� IRU� D� VWHDG\�IORZ� FRPEXVWLRQ� SURFHVV� WKDW�
LQYROYHV� KHDW� WUDQVIHU�ZLWK� RQO\� WKH� VXUURXQGLQJV� DW�7 w FDQ� EH� REWDLQHG� E\�
UHSODFLQJ�WKH�HQWKDOS\�WHUPV�K E\�

\LHOGLQJ��
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(;$03/(���±���
6HFRQG�/DZ�$QDO\VLV�RI�$GLDEDWLF�&RPEXVWLRQ

� 0HWKDQH��&+ � ��JDV�HQWHUV�D�VWHDG\�IORZ�DGLDEDWLF�FRPEXVWLRQ�FKDPEHU�DW�
���&�DQG���DWP��,W�LV�EXUQHG�ZLWK����SHUFHQW�H[FHVV�DLU�WKDW�DOVR�HQWHUV�DW�
���&�DQG���DWP��DV�VKRZQ��$VVXPLQJ�FRPSOHWH�FRPEXVWLRQ��GHWHUPLQH��

� �D��WKH�WHPSHUDWXUH�RI�WKH�SURGXFWV��
� �E��WKH�HQWURS\�JHQHUDWLRQ��DQG�
� �F��WKH�UHYHUVLEOH�ZRUN�DQG�H[HUJ\�GHVWUXFWLRQ��
� $VVXPH�WKDW�7 s ����.�DQG�WKH�SURGXFWV�OHDYH�WKH�FRPEXVWLRQ�FKDPEHU�DW�

��DWP�SUHVVXUH�


