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,QWURGXFWLRQ��*DV�0L[WXUHV
8S�WR�WKLV�SRLQW��ZH�KDYH�OLPLWHG�RXU�FRQVLGHUDWLRQ WR�WKHUPRG\QDPLF�
V\VWHPV�WKDW�LQYROYH�D�VLQJOH�SXUH�VXEVWDQFH VXFK�DV�ZDWHU��

0DQ\� LPSRUWDQW� WKHUPRG\QDPLF� DSSOLFDWLRQV�� KRZHYHU�� LQYROYH�
PL[WXUHV RI�VHYHUDO�SXUH�VXEVWDQFHV�UDWKHU�WKDQ�D�VLQJOH�SXUH�VXEVWDQFH�

7KHUHIRUH��LW�LV�LPSRUWDQW�WR�GHYHORS�DQ�XQGHUVWDQGLQJ RI�PL[WXUHV�DQG�
OHDUQ�KRZ�WR�KDQGOH�WKHP��

,Q�WKLV�FKDSWHU��ZH�GHDO�ZLWK�QRQ�UHDFWLQJ JDV�PL[WXUHV��

$�QRQUHDFWLQJ�JDV�PL[WXUH�FDQ�EH�WUHDWHG�DV D�SXUH�VXEVWDQFH�VLQFH�LW�LV�
XVXDOO\�D�KRPRJHQHRXV PL[WXUH�RI�GLIIHUHQW�JDVHV��

7KH�SURSHUWLHV�RI�D�JDV�PL[WXUH�REYLRXVO\�GHSHQG�RQ WKH�SURSHUWLHV�RI�
WKH� LQGLYLGXDO�JDVHV �FDOOHG�FRPSRQHQWV�RU FRQVWLWXHQWV��DV�ZHOO�DV�RQ�
WKH�DPRXQW�RI�HDFK�JDV�LQ�WKH�PL[WXUH��
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,QWURGXFWLRQ��*DV�0L[WXUHV
7KHUHIRUH��LW�LV�SRVVLEOH�WR�SUHSDUH�WDEOHV RI�SURSHUWLHV�IRU�PL[WXUHV��

7KLV�KDV�EHHQ�GRQH�IRU�FRPPRQ�PL[WXUHV VXFK�DV�DLU��

,W� LV� QRW� SUDFWLFDO WR� SUHSDUH� SURSHUW\� WDEOHV� IRU� HYHU\� SRVVLEOH
�FRQFHLYDEOH�� PL[WXUH� FRPSRVLWLRQ�� KRZHYHU�� VLQFH� WKH� QXPEHU� RI�
SRVVLEOH�FRPSRVLWLRQV�LV�HQGOHVV��

7KHUHIRUH��ZH�QHHG�WR�GHYHORS�UXOHV IRU�GHWHUPLQLQJ�PL[WXUH�SURSHUWLHV
IURP� D� NQRZOHGJH� RI� PL[WXUH� FRPSRVLWLRQ� DQG� WKH� SURSHUWLHV� RI� WKH�
LQGLYLGXDO�FRPSRQHQWV��

:H�GR�WKLV�ILUVW�IRU�LGHDO�JDV�PL[WXUHV DQG�WKHQ�IRU�UHDO�JDV�PL[WXUHV��

7KH� EDVLF� SULQFLSOHV� LQYROYHG� DUH� DOVR� DSSOLFDEOH� WR OLTXLG� RU� VROLG�
PL[WXUHV��FDOOHG�VROXWLRQV�
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7R�GHWHUPLQH�WKH�SURSHUWLHV�RI�D�PL[WXUH��ZH�QHHG�WR�NQRZ WKH�FRPSRVLWLRQ
RI�WKH�PL[WXUH�DV�ZHOO�DV�WKH�SURSHUWLHV�RI�WKH�LQGLYLGXDO�FRPSRQHQWV��

7KHUH� DUH� WZR� ZD\V� WR� GHVFULEH� WKH� FRPSRVLWLRQ� RI� D� PL[WXUH�� HLWKHU� E\�
VSHFLI\LQJ�WKH�QXPEHU�RI�PROHV�RI�HDFK�FRPSRQHQW��FDOOHG�PRODU�DQDO\VLV��
RU�E\�VSHFLI\LQJ�WKH�PDVV�RI�HDFK�FRPSRQHQW��FDOOHG�JUDYLPHWULF�DQDO\VLV�
&RQVLGHU� D� JDV� PL[WXUH�
FRPSRVHG� RI� N� FRPSRQHQWV��
7KH�PDVV� RI� WKH� PL[WXUH P �
LV� WKH� VXP� RI� WKH� PDVVHV� RI�
WKH� LQGLYLGXDO� FRPSRQHQWV��
DQG� WKH� PROH� QXPEHU� RI� WKH�
PL[WXUH�1 � LV� WKH�VXP�RI� WKH�
PROH� QXPEHUV� RI� WKH�
LQGLYLGXDO� FRPSRQHQWV�� 7KDW�
LV�� P P 1 1� ��
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7KH�UDWLR�RI� WKH�PDVV�RI�D�FRPSRQHQW� WR� WKH�PDVV�RI� WKH�PL[WXUH� LV�FDOOHG�
WKH�PDVV�IUDFWLRQ PI��DQG�WKH�UDWLR�RI�WKH�PROH�QXPEHU�RI�D�FRPSRQHQW�WR�
WKH�PROH�QXPEHU�RI�WKH�PL[WXUH�LV�FDOOHG�WKH�PROH�IUDFWLRQ \�


1RWH� WKDW�� WKURXJKRXW� WKLV� FKDSWHU�� WKH� VXEVFULSW� P GHQRWHV� WKH� JDV�
PL[WXUH�DQG�WKH�VXEVFULSW�L GHQRWHV�DQ\�VLQJOH�FRPSRQHQW�RI�WKH�PL[WXUH�
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7KH�PDVV�DQG�PROH�QXPEHU�IRU�D�JLYHQ�FRPSRQHQW�DUH�UHODWHG WKURXJK�WKH�
PRODU�PDVV��RU�PROHFXODU�ZHLJKW���
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2 2 2P 1 0 
7KHQ

7KH�DSSDUHQW �RU�DYHUDJH��JDV�FRQVWDQW RI�D�PL[WXUH�LV�H[SUHVVHG�DV
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&DQ�\RX�VKRZ�WKDW�5 D LV�JLYHQ�DV E FHGIEJ K�KK
LMON¦P

7R� FKDQJH� IURP� D� PROH� IUDFWLRQ�
DQDO\VLV�WR�D�PDVV�IUDFWLRQ�DQDO\VLV��
ZH�FDQ�VKRZ�WKDW�
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7R� FKDQJH� IURP� D� PDVV� IUDFWLRQ�
DQDO\VLV� WR� D� PROH� IUDFWLRQ� DQDO\VLV��
ZH�FDQ�VKRZ�WKDW
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&RQVLGHU�D�JDV�PL[WXUH�WKDW�FRQVLVWV�RI���NJ�RI�2 h ����NJ�RI�1 h ��DQG����NJ�
RI�&+ i ��DV�VKRZQ��'HWHUPLQH��

�D� WKH�PDVV�IUDFWLRQ�RI�HDFK�FRPSRQHQW��
�E��WKH�PROH�IUDFWLRQ�RI�HDFK�FRPSRQHQW��DQG�
�F��WKH�DYHUDJH�PRODU�PDVV�DQG�JDV�FRQVWDQW�RI�WKH�PL[WXUH�

([DPSOH�����
0DVV�DQG�0ROH�)UDFWLRQV�RI�D�*DV�0L[WXUH
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$Q�LGHDO�JDV� LV�GHILQHG DV�D�JDV�ZKRVH�PROHFXOHV�DUH�VSDFHG�IDU�DSDUW�VR� WKDW�
WKH�EHKDYLRU�RI�D�PROHFXOH�LV�QRW�LQIOXHQFHG E\�WKH�SUHVHQFH�RI�RWKHU�PROHFXOHV��

:H�DOVR�PHQWLRQHG�WKDW�UHDO�JDVHV�DSSUR[LPDWH�WKLV�EHKDYLRU FORVHO\�ZKHQ�WKH\�
DUH�DW�D�ORZ�SUHVVXUH DQG�KLJK�WHPSHUDWXUH UHODWLYH�WR�WKHLU�FULWLFDO�SRLQW�YDOXHV��

7KH�3�Y�7 EHKDYLRU�RI�DQ�LGHDO�JDV�LV�H[SUHVVHG�E\�WKH�VLPSOH�UHODWLRQ�3Y  �57��
ZKLFK�LV�FDOOHG�WKH�LGHDO�JDV�HTXDWLRQ�RI�VWDWH��

:KHQ�WZR�RU�PRUH�LGHDO JDVHV�DUH�PL[HG��WKH�EHKDYLRU�RI�D�PROHFXOH�QRUPDOO\�
LV�QRW�LQIOXHQFHG�E\�WKH�SUHVHQFH RI�RWKHU�VLPLODU�RU�GLVVLPLODU�PROHFXOHV��DQG�
WKHUHIRUH�D�QRQUHDFWLQJ�PL[WXUH�RI�LGHDO�JDVHV�DOVR�EHKDYHV�DV�DQ�LGHDO�JDV��

$LU�� IRU� H[DPSOH�� LV� FRQYHQLHQWO\� WUHDWHG DV� DQ� LGHDO� JDV� LQ� WKH� UDQJH� ZKHUH�
QLWURJHQ�DQG�R[\JHQ�EHKDYH�DV�LGHDO�JDVHV��
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'DOWRQ¶V�ODZ�RI�DGGLWLYH�SUHVVXUHV��7KH�
SUHVVXUH�RI�D�JDV�PL[WXUH�LV�HTXDO�WR�WKH�
VXP� RI� WKH� SUHVVXUHV� HDFK� JDV� ZRXOG�
H[HUW� LI� LW� H[LVWHG� DORQH� DW� WKH� PL[WXUH�
WHPSHUDWXUH�DQG�YROXPH�

$PDJDW¶V�ODZ�RI�DGGLWLYH�YROXPHV��7KH�
YROXPH�RI�D�JDV�PL[WXUH�LV�HTXDO�WR�WKH�
VXP� RI� WKH� YROXPHV� HDFK� JDV� ZRXOG�
RFFXS\�LI�LW�H[LVWHG�DORQH�DW�WKH�PL[WXUH�
WHPSHUDWXUH�DQG�SUHVVXUH�

7KH�SUHGLFWLRQ�RI� WKH�3�Y�7�EHKDYLRU�RI�JDV�PL[WXUHV� LV� XVXDOO\�EDVHG RQ� WZR�
PRGHOV�� 'DOWRQ¶V� ODZ� RI� DGGLWLYH� SUHVVXUHV� DQG� $PDJDW¶V� ODZ� RI� DGGLWLYH�
YROXPHV��
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$OVR�� WKH� UDWLR� 3 � �3 � LV� FDOOHG� WKH�
SUHVVXUH�IUDFWLRQ DQG�WKH�UDWLR�9 � �9 �
LV� FDOOHG� WKH� YROXPH� IUDFWLRQ RI�
FRPSRQHQW�L�

,Q� WKHVH� UHODWLRQV��3 � LV� FDOOHG� WKH�FRPSRQHQW�SUHVVXUH DQG�9 � LV� FDOOHG� WKH
FRPSRQHQW�YROXPH�

1RWH�WKDW�9 � LV�WKH�YROXPH�D�FRPSRQHQW ZRXOG�RFFXS\�LI�LW�H[LVWHG�DORQH�DW�7 �
DQG�3 � ��QRW�WKH�DFWXDO�YROXPH�RFFXSLHG�E\�WKH�FRPSRQHQW�LQ�WKH�PL[WXUH��
,Q�D�YHVVHO�WKDW�KROGV�D�JDV�PL[WXUH��HDFK�FRPSRQHQW�ILOOV WKH�HQWLUH�YROXPH�RI�
WKH�YHVVHO��
7KHUHIRUH��WKH�YROXPH�RI�HDFK�FRPSRQHQW�LV�HTXDO WR�WKH�YROXPH�RI�WKH�YHVVHO�

z��

,GHDO�*DV�0L[WXUHV

1RWH� WKDW� IRU� DQ� LGHDO�JDV� PL[WXUH�� WKH� PROH IUDFWLRQ�� WKH� SUHVVXUH
IUDFWLRQ��DQG�WKH�YROXPH IUDFWLRQ�RI�D�FRPSRQHQW�DUH�LGHQWLFDO��

7KLV�HTXDWLRQ�LV�VWULFWO\�YDOLG IRU�LGHDO�JDV�PL[WXUHV�VLQFH�LW�LV�GHULYHG�
E\� DVVXPLQJ� LGHDO�JDV� EHKDYLRU� IRU� WKH� JDV� PL[WXUH� DQG� HDFK� RI� LWV�
FRPSRQHQWV�

7KH� TXDQWLW\� \ �3 � LV� FDOOHG� WKH� SDUWLDO� SUHVVXUH �LGHQWLFDO� WR� WKH�
FRPSRQHQW�SUHVVXUH�IRU�LGHDO�JDVHV���DQG�WKH�TXDQWLW\�\ �9 � LV�FDOOHG�WKH�
SDUWLDO�YROXPH �LGHQWLFDO�WR�WKH�FRPSRQHQW�YROXPH�IRU�LGHDO�JDVHV���
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$�ULJLG�WDQN�FRQWDLQV���NPRO�RI�2 h DQG����NPRO�RI�&2 h JDVHV�DW�����.�
DQG�����N3D��(VWLPDWH�WKH�YROXPH�RI�WKH�WDQN��
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$�ULJLG� WDQN�FRQWDLQV�����NPRO RI�$U DQG���NPRO RI�1 h DW�����N3D�DQG�
����.��7KH�PL[WXUH�LV�QRZ�KHDWHG�WR�����.��'HWHUPLQH�WKH�YROXPH�RI�
WKH�WDQN�DQG�WKH�ILQDO�SUHVVXUH�RI�WKH�PL[WXUH�
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&RQVLGHU�D�JDV�PL[WXUH�WKDW�FRQVLVWV�RI���NJ�RI�1 h DQG���NJ�RI�&2 h ��
7KH�WRWDO�PDVV��DQ�H[WHQVLYH�SURSHUW\��RI�WKLV�PL[WXUH�LV���NJ��
ZH�VLPSO\�DGGHG WKH�PDVV�RI�HDFK�FRPSRQHQW�

7KLV� H[DPSOH� VXJJHVWV� D� VLPSOH� ZD\� RI� HYDOXDWLQJ WKH� H[WHQVLYH�
SURSHUWLHV� RI� D� QRQUHDFWLQJ� LGHDO� RU� UHDO�JDV� PL[WXUH�� -XVW� DGG WKH�
FRQWULEXWLRQV�RI�HDFK�FRPSRQHQW�RI�WKH�PL[WXUH��

7KHQ�WKH�WRWDO�LQWHUQDO�HQHUJ\��HQWKDOS\��DQG�HQWURS\�RI�D�JDV�PL[WXUH�FDQ�
EH�H[SUHVVHG��UHVSHFWLYHO\��DV�
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%\� IROORZLQJ� D� VLPLODU� ORJLF�� WKH� FKDQJHV� LQ� LQWHUQDO� HQHUJ\�� HQWKDOS\��
DQG� HQWURS\� RI� D� JDV� PL[WXUH� GXULQJ� D� SURFHVV� FDQ� EH� H[SUHVVHG��
UHVSHFWLYHO\��DV
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7KH�H[WHQVLYH�SURSHUWLHV RI�D�JDV�PL[WXUH��LQ�JHQHUDO��FDQ�EH�GHWHUPLQHG�E\�
VXPPLQJ�WKH�FRQWULEXWLRQV�RI�HDFK�FRPSRQHQW�RI�WKH�PL[WXUH��

7KH�HYDOXDWLRQ�RI�LQWHQVLYH�SURSHUWLHV RI�D�JDV�PL[WXUH��KRZHYHU�� LQYROYHV�
DYHUDJLQJ�LQ�WHUPV�RI�PDVV�RU�PROH�IUDFWLRQV��
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1RWLFH� WKDW�SURSHUWLHV�SHU�XQLW�PDVV� LQYROYH�PDVV� IUDFWLRQV� �PI à ��DQG�
SURSHUWLHV�SHU�XQLW�PROH�LQYROYH�PROH�IUDFWLRQV��\ à ���
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,GHDO�*DV�0L[WXUHV

8QGHU� WKH� LGHDO�JDV� DSSUR[LPDWLRQ�� WKH� SURSHUWLHV� RI� D� JDV� DUH� QRW�
LQIOXHQFHG�E\�WKH�SUHVHQFH�RI�RWKHU�JDVHV��DQG�HDFK�JDV�FRPSRQHQW� LQ�
WKH�PL[WXUH�EHKDYHV�DV�LI� LW�H[LVWV�DORQH�DW�WKH�PL[WXUH�WHPSHUDWXUH�7 é
DQG�PL[WXUH�YROXPH�9 é ��
7KLV� SULQFLSOH� LV� NQRZQ� DV� WKH� *LEEV±'DOWRQ� ODZ�� ZKLFK� LV� DQ�
H[WHQVLRQ�RI�'DOWRQ¶V�ODZ�RI�DGGLWLYH�SUHVVXUHV��

$OVR�� WKH�K��X��F ê �� DQG�Fë RI� DQ� LGHDO� JDV�GHSHQG�RQ� WHPSHUDWXUH� RQO\�
DQG� DUH� LQGHSHQGHQW� RI� WKH� SUHVVXUH� RU� WKH� YROXPH� RI� WKH� LGHDO�JDV�
PL[WXUH��

7KH�SDUWLDO�SUHVVXUH�RI�D�FRPSRQHQW� LQ�DQ� LGHDO�JDV�PL[WXUH� LV� VLPSO\�
3 à  �\ à3 é ��ZKHUH�3P�LV�WKH�PL[WXUH�SUHVVXUH��
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,GHDO�*DV�0L[WXUHV
(YDOXDWLRQ�RI�'X�RU�'K�RI�WKH�FRPSRQHQWV�RI�DQ�LGHDO�JDV�PL[WXUH�GXULQJ�D�
SURFHVV�LV�UHODWLYHO\�HDV\�VLQFH�LW�UHTXLUHV�RQO\�D�NQRZOHGJH�RI WKH�LQLWLDO�
DQG�ILQDO�WHPSHUDWXUHV��

&DUH� VKRXOG� EH� H[HUFLVHG�� KRZHYHU�� LQ� HYDOXDWLQJ� WKH� 'V� RI� WKH�
FRPSRQHQWV�VLQFH� WKH�HQWURS\�RI�DQ� LGHDO�JDV�GHSHQGV�RQ�WKH�SUHVVXUH�RU�
YROXPH�RI�WKH�FRPSRQHQW�DV�ZHOO�DV�RQ�LWV�WHPSHUDWXUH��

7KH�HQWURS\� FKDQJH�RI� LQGLYLGXDO� JDVHV� LQ� DQ� LGHDO�JDV�PL[WXUH�GXULQJ� D�
SURFHVV�FDQ�EH�GHWHUPLQHG�IURP�

ZKHUH�3 à í î  �\ à í î 3 éHí î
DQG�3 à í ï  �\ à í ï 3 éHí ï ��

1RWLFH� WKDW� WKH� SDUWLDO� SUHVVXUH� 3 à RI� HDFK� FRPSRQHQW� LV� XVHG� LQ� WKH�
HYDOXDWLRQ�RI�WKH�HQWURS\�FKDQJH��QRW�WKH�PL[WXUH�SUHVVXUH�3 é]ð

æ�æ

$Q�LQVXODWHG�ULJLG�WDQN�LV�GLYLGHG�LQWR�WZR�FRPSDUWPHQWV�E\�D�SDUWLWLRQ��
DV� VKRZQ� LQ� )LJ�� ��±����2QH� FRPSDUWPHQW� FRQWDLQV��� NJ� RI� R[\JHQ�
JDV�DW���r&�DQG�����N3D��DQG�WKH�RWKHU�FRPSDUWPHQW�FRQWDLQV���NJ�RI�
QLWURJHQ�JDV�DW���r&�DQG�����N3D��1RZ�WKH�SDUWLWLRQ�LV�UHPRYHG��DQG�
WKH�WZR�JDVHV�DUH�DOORZHG�WR�PL[��'HWHUPLQH�

�D� WKH�PL[WXUH�WHPSHUDWXUH�DQG�
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