10.7 Maclaurin and Taylor Polynom*~'~
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F(X0) = p(Xp), and 1(x;) = p'(%) et A_L ;

Local Quadratic Approximations of f at x = x,
f(X) = p(X) =Cy +C,X+C,X°,at X = X,
satisfying f(X) = p(Xy), T'(X)=p'(Xp),and T7(x,) = p"(X,)
For simplicity, take x, =0
p(X) =, +C X +C,x* = p(0) =¢, = f(0)
p'(x) =¢,+2¢,x= p(0) =c, = 1 (0)
p“(x) =2¢c, = p"(0)=2c, =  *(0)
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10.1.1 PROBLEM. Given a function f that can be differentiated n times at x = x,
find a polynomial p of degree n with the property that the value of p and the values of
its first n derivatives match those of f at x;,.

We will begin by solving this problem in the case where xy = 0. Thus, we want a
polynomial

p(x) =co+c1x + cax” +e3x” + -+ - + cpx” (6)
such that

fO)y=p@, fO=pw, FFO=pW,. .., [0 =p™0) (7)
But

plx) =cp+ax+cx® +cax’ 4 -0 4 cpa”
plix) =c 4 2cx +3csx2 4+ +nc,x™!

p(x) =2c2+3-2cx +-- -+ nn — Degx™>
pix) =3-2ca+--+nn—1)n — 2y x" "

P x) =n(n — Dn —2) - (1)ca



Thus, to satisfy (7) we must have
f(0) =p0) =co
fFloy =p0) =a
R0 = p'0) =2¢; = 2lc,
F7(0)y = p"(0) =3-2c3 =3le;

N0y = p"(0)=nn—Dn—2)---(l)c, =nlc,
which vields the following values for the coefficients of p(x):
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co= fi0), e =f(0), c2=
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DEFINITION. If f can be differentiated n times at 0, then we define the nth
Maclaurin polynomial for f to be

" o (n
1O o, 11O s, PO
21 3! n!

palx) = fIO)+ f(0)x + x" (8)

This polynomial has the property that its value and the values of its first n derivatives
match the values of f and its first n derivatives at x = (.



Example 1Find the Maclaurin polynomial for f(X) =sinx
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Example 2 Find the Maclaurin polynomial for f(x) =



DEFINITION. If f can be differentiated n times at xp, then we define the nth
Tavlor polynomial for f about x = xy to be

f[u}

Pal(x) = flxg) + Filxp)x — xp) + (x — xg)*

(Xp) [”[}
f’;‘n o)’ + - _l_f Xp

— xg)"

n fk
(=3 P (x-x,)
k=0

Example 3 Find the Taylor polynomial forf (x) =Inx, at x, =1

HW  Find the Maclaurin polynomial for f (x) = cosh x



