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Abstract: In this paper, we study the existence of solution of pre-variational inequality in the
setting of reflexive Banach spaces. We see that the existence theorems of Yang and Chen (Ref.6)

are also hold good in the setting of reflexive Banach spaces with some less assumptions.
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1. Introduction

Let E be a normed space with its dual £* and K C E be a closed convex subset. We denote
the pairing between E* and E by (-,-). Given twomaps T : K — E* andn: K x K — E,

then the pre-variational inequality problem is to find v € K such that
(T'(u), n(v,u)) > 0, VvekK. (1.1)

We note that problem (1.1) was investigated in Refs.(4,6), where E is the n-dimensional
Euclidean space.
Let ¢ : K — IR be Fréchet differentiable. Then v is called n — conver on K (Ref.3) if there

exists a continuous map n : K X K — E such that

Y() = Y(u) = @), n(v,u)),  Vuvek,

where ¢'(u) is the Fréchet derivative of ¢ at w.
Suppose that f is n — convexr on K for some continuous map n : K x K — FE. Then the

minimization problem

min f(u)  subject to u € K, (1.2)

where f is Fréchet differentiable with f’(u) = T'(u), has a solution w if it is a solution of pre-
variational inequality problem (1.1) (Refs.1,4).

In this paper, we prove the existence of solution of (1.1) in the setting of reflexive Banach
spaces. We see that the existence Theorems 9 and 10 in Ref.6 are also hold good in the setting
of reflexive Banach spaces without the assumption that 7(.,.) is normal and regular, respectively,

on K in these theorems.

2. Existence Results

Through out in this section, we will consider X as a real reflexive Banach space with its dual X*.

The bilinear form (-, -) is supposed to be continuous.

We need the following concepts and results.



A multivalued map S : X — 2% is called K K M — map, if for every finite subset {uy,us, -, u,}
of X, conv({uy,us,- -, un}) C UL, S(u;),
where 2% is the set of all subsets of X and conv(A4), VA C X, the convex hull of A.

Lemma 2.1 (Ref.2). Let A be an arbitrary nonempty set in a topological vector space Y and
S: A — 2Y be a KKM-map. If S(u) is closed for all u € A and is compact for at least one u € A
then

() S(u) #0.

u€A

We now establish the main result of this paper.
Theorem 2.1. Let K be a nonempty closed convex bounded subset of a real reflexive Banach

space X. Assume that:
(i) n(u,u) =0, Yue K;
(17) h(v) := (T'(u), n(v,u)) is convex in v, Yu € K;
(1ii) g(u) := (T'(u), n(v,u)) is upper semicontinuous and concave in u, Yv € K.
Then there exists an element ug € K such that
(T(ug), n(v,ug)) > 0, YveK.

Proof. Let

Fw)={ue K:(T(u), n(v,u)) > 0}, VveK.

We note that since n(v,v) =0, Vv € K, we have v € F'(v) and hence F'(v) is nonempty, Vv € K.
By the same arguments as in Theorem 2.1 of Ref.5, we see that F'is a KKM-map. We remark
that F'(v) is closed, Vv € K. Indeed, let {u,} be a sequence in F(v) such that u, — u € K.

Since u,, € F(v) Vn, we have
(T'(un), n(v,un)) > 0, VveK.
Since g(u) = (T'(u), n(v,u)) is upper semicontinuous, Vv € K, we have

lim sup (7 (un), 1(v,un)) < AT (u), 1(v,u))

n—oo



and hence

(T'(u), n(v,u)) >0, YveK.

This implies that v € F'(v) and hence F'(v) is norm closed.
Next we will see that F'(v) is convex. Let uy,us € F(v) and «, 5 > 0 such that a« 4+ 5 = 1. Then

we have
(T(ur), nv,uw)) = 0 (2.1)

and

(T'(uz), n(v,uz)) > 0. (2.2)

Multiplying (2.1) by « and (2.2) by  and adding the resulting inequalities, we have
Oé<T(u1), 77(?1,“1» + B(T(UQ)a 77(%”2» > Oa Vo € K.
Since g(u) = (T'(u), n(v,u)) is concave, Vv € K, we have

(T(auy + Bug), (v, auy + Buz)) = glau; + Puy)

ag(ur) + Bg(uz)

a(T'(ur), n(v,ur)) + B{T (u2), n(v,uz))
0.

v

v

This implies that au; + fus € F(v) and hence F(v) is convex.

Now, we equip X with the weak topology. Then K, as a closed bounded convex subset in
the real reflexive Banach space X, is weakly compact. Since F'(v) is a closed convex subset of a
reflexive Banach space, F'(v) is weakly closed. From the facts that F'(v) C K and weak closedness
of F(v), we have F'(v) is weakly compact. Then by Lemma 2.1, we have

() F(v) #0.

veEK

Hence there exists uy € K such that

(T'(ug), n(u,ug)) > 0, VueK.



If we take X = IR", then there is no need to prove that F(v) is convex, and hence we have

the following result:

Corollary 2.1. Let K be closed bounded convex subset of R" and T : K — R". Assume
that
(2) n(u,u) =0, Yué€ K;
(17) h(v) :=(T(u), n(v,u)) is convex in v, Yu € K;
(731) g(u) := (T(u), n(v,u)) is upper semicontinuous in u, Vv € K.
Then there exists an element ug € K such that

(T(up), n(v,ug)) > 0, YveK.
Remark 2.1. Corollary 2.1 covers Theorem 8 in Ref.6 as a special case where T is assumed

to be continuous.

A map T : K — X* is said to be pre-coercive with respect to n(y,z) (Ref.6) if there exists

ug € K such that
(T(u) — T(uo), n(u,uo))
|1 (w, uo) ||

— +00, (2.3)

whenever ||u|| — +o0.

When K is not bounded, we have the following result:
Theorem 2.2. Let K be a nonempty closed convex subset of a real reflexive Banach space X.

Assume that:

(i) n(u,u) =0, Yue K;

(1) T : K — X* is pre-coercive with respect to n(v, u);

(731) h(v) := (T(u), n(v,u)) is convex in v for each fixed u € K;

() g(u) := (T(u), n(v,u)) is upper semicontinuous and concave in u, Vv € K.



Then the pre-variational inequality (1.1) has solutions.

Proof: As in Ref.6, let B, denote the closed ball of centre 0 and radius r in X. If we substitute

KN B, for K then the assumptions of Theorem 2.1 are satisfied. Hence there exists a solution wu,

of the following per-variational inequality problem:

Find w € KN B, such that (T'(u), n(v,u)) >0, Yve KNB,.
Choose 7 > ||up|| with ug as in the pre-coercive condition. Then
<T(ur)7 U(Umur)) 2 0

As in Ref.6, we have

—(T'(uo) = T(ur), n(uo, ur))
[0 (uo, wr )|

(T'(ur), (o, ur)) < [[n(uo, ur)l[l + |7 (uo)]
If ||u,|| = r for all r, we choose r large enough that (2.5) and condition (2.3) imply

<T(u7")7 U(UO,UT) <0

(2.4)

(2.5)

which is a contradiction of (2.4). Hence, there exists r such that ||u,|| < r. For each v € K, we

choose a > 0 small enough that av + (1 — a)u, € K N B,. Therefore
(T'(uy), n(av + (1 — a)u,,u,) > 0.
Since h(v) = (T'(u), n(v,u)) is convex in v, Yu € K, we have
a(T'(ur), n(v,ur)) + (1 = a)(T(ur), nur, up)) > 0.
But by assumption (i), n(u,,u,) = 0, and hence
(T'(u,), n(v,u.) >0, YvekK.

Hence u, is a solution of pre-variational inequality problem (1.1).

Now, again if X = R" then from Corollary 2.1 and Theorem 2.2, we have the following result:

Corollary 2.2. Let K be a nonempty closed convex subset of R". Assume that:



(i) n(u,u) =0, Yue K;

(1) T : K — IR is pre-coercive with respect to n(v,u);

(1ii) h(v) == (T(u), n(v,u)) is convex in v for each fixed u € K;
() g(u) := (T(u), n(v,u)) is upper semicontinuous in u, Vv € K.
Then the pre-variational inequality (1.1) has solutions.

Remark 2.2. We note that Corollary 2.2 generalizes Theorems 9 and 10 in Ref.6. In this corollary,
we have neither assumed that n(v, u{ is normal nor regular on K as these conditions were taken
in Ref.6.
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