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.. The notion of n—psepdohpear;ty is mtroducecl Fmst, some 'c:haréctexizations" of an
" #-pseudolinear function are obtained. Then characterizations of the sohition set of an -
pseudolinear program are derived. The paper generalizés various results on pseudolinear

_ functions and programs. ’ »
" {KEYWORDS: ri-pseudoconvex function n-pseudotin

1, Introduction

ear function, solution'set. -
1991 MS Classification: 26825 I I : '

In response to medeling needs in. various disciplines, the classical notion of con-
vexity has been generalized in many ways ([1]). Among others, pseudoconvexity
introduced by Mangasarian (1965), proved to be very useful in ‘economic: theory
and optimization, for example [1]. A real-valued differenitiable function f defined
on an open set D in R™ is called pseudolinear ([4]) if f and — f are pseudoconvex.
Hannor'(1881) considered the ¢lass of funttions f with the followitg property:

- 1@ 2

(w)\Th(y,ovcv)’  forall wseDd, ()
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for-some-given ‘vector-valued function 7(y;x) defined on D x D. Subsequently,
Craven (1981a, 1981b) called the functions satisfying (1) “invex functions” while
- Kaul and Kaur (1985) called such functions “p-convex functions”.

To generalize both n-convexity and pseudoconvexxty, Hanson (1981) intro-
duced a more general class of functions defined in the followmg way

Vi) Tn(y,z) 20 implies  f(y) > f(z) for all x, y € D‘ N (2)

Later Kaul and Kaur (1985) called functions satisfying (2) “n-pseudoconvex
functions” while Craven (1981a) called such functions-“pseudoinvex functions”.
Ben-Israel and Mond (1986) pointed out, the class of psendoinvex funetiéns eoin-
cides with the class of invex functions. But it should be noted that a pseudomvex
function may not be invex with respect to the same vector function:s. In order
to avoid confus:on, we will adopt the notion'of 7-pseudoconvexity-ifs this paper.

Clearly, f is n-pseudoconvex on D if and only if f(y).< f(x) implies

Vf(x) n(y,x) <0 for all z,y € D.

If n(y,z) =y —z for all z,y € D, then the definitions of n-convexity :and
n-pseudoconvexity reduce to the deﬁmtlons of convemty and pseudoconvemty,
respectively.

There is a sizable literature on pseudohnear functlons, see for example {1, 3,
4, 8, 10, 11, 13} and the references therein. In this paper we introduce and study
the followmg generalization.

DEFINITION 1. A differentiable function f defined on an open set D in R" is
called 7-pseudolinear if f and — f are n-pseudoconvex with respect to the same 7.

We note that every pseudolmear function is n—pseudolmear with n(z,y) =
T — y, but the converse is not true. The function in the following example is
n-pseudolinear but not pseudolinear. . o

EXAMPLE 1. Let D = {(z1,22) € Rx R : z1.> -1 -z < wz < 5} and
n: D x D — R? defined as follows .

sinyy — sin

n(y, z) = (y1 B v

T
) forall z=(z1,22), ¥y = (y1,42) € D.
~ Then the function f : D — R defined by '

' f(a:) = +sinzy forall - @ = (ml,mz) € D

is n-pseudolinear but’ not pseudolmear To see the latter, take ¢ = (% -5) and
y=(%,0). Then Vf(w)T(y*- z) =0, but f(y) < f(fb') ~

DEFINITION 2. [14] For a given n+ K x K s R” 8 nonempt.y subset K of R‘".
is called n-convex (or 1nvex), if foreachz,ye K, 0<t<1, & + tn(y,z) € K.

DEFINITION 3. [15] Let n: KxK - ]R” be a given functxon and K be a
nonempty n-convex subset of R". A function f : K — R is said to be pre-invex
on K if : - f A

fla+tn(y, ) <tf () + (1 1) f(x) forall te [0, 1’}.
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Many results in this paper assume that the function 5 : K x K — R" satisfies -
condition C in [14], i.e., for any z,y € K -

n(z, + tn(y, z)) = ~tn(y, =),

n(y,z + tn(y, z)) = (1= tn(y,z)
for all t € [0,1]. '

This condition ensures. that an n-convex (invex) function is. also pre-invex
([14]). For an example :of a function 7 which satisfies COIldltlQn C, see. [14
Example 2.4]. : L

2. Characterizations of n-Pseudolinear Functions
In this sectmn, ‘we pmwde some characterizations of n—pseudohnear functmns

PROPOSITION 1. Let f be a dzﬁerentmble function deﬁned on-an open set
D in R™ and K be an n-convez subset of D such that n : K x K — R"
satisfies condition C. Suppese that f is n-pseudolinear on K. Tb.en for all
&,y € K, Vf() n(y,z) =0 if and only if f(z) = f(y). e

Proof Suppose that f is n—pseudohnear on K. Then for all z y € K we have

Vf(:r)Tn(y, ) > 0 1mp11es f(y) > f(z')
and _ : o ; ’
Vf{(z)Tn(y,x)'<0 implies f(y) < f(z).
Combining these two inequalities, we obtain-
o "7']"(:11:)_'r (y,2) =0 implies f(z)=f(y) forsll z,y €K

Now we prove that f(z) = f(y) implies Vf(2)Tn(y,z) = 0 for all z,y € K.
For that, we show that for any x,y € K such that f (:1:) f (y) xmphes that

flx +tn(y,a:)) = f(z) forall t € (0 1).
If f(z +tn(y,z)) > f(z), then by the definition of n—pseudoconvexxty of f we

have
o VA=) (e, 2) <0 IR

where 2 =z + tny(y, x).
We show that n(z, z) = —‘-‘;‘?n(y, z): From condition C, we have

n(w,?) n(w z +1in(y,z)) = —tn(y, )
= "‘—‘17(?!7 z)

Therefore from (3), we obtain
Vf(z)T(m)n(y, z) <0
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and-hence-V f (z)Tn(y, z) > 0.By mpseudoconvexlty of f, we have .
fy) 2 f(= )

~ This contradicts the assumption that

f(2) > fz) = f(y).

Smﬁ%axly, we'can also show that f (z+tn(y,z)) < f(z) leads to a contradlctlon,
using’n-pseudotonvexity of - f. This proves the claim that'f (a:+tn(y, z)) = f (m)
forallt e (0 1). Thus

t
Vi@ Tnwe) = tim LELWA I@ o,
‘Now we give an-example where the converse of Proposition 1 is not true, that

is, if for all z,y € K, Vf(z)Tn (y,x) =0if and only if f(z) = f(y), then f need
not be: n—pseudolinear o

EXAMPLE 2. DetD::K-—-(-—oo,+oo) andf D«-»]R 7 DxD-—-»Rbe
defined as follows v

: - f(.'E)—-e, n(y,x)—ey_em.
Then Vf(z)Tn(y,z) = Oﬁy—x@f(m) f(¥). But fora;—2andy_1 we

have
V@) T(,z) = e e D) =e~150

and f(y) = e < e? = f(z). Hence f is not 5-pseudoconvex on D.

PROPOSITION 2. Let f be a differentiable function defined on an open set D
in R™ and K be an n-convexr subset of D. Then f is n-pseudolinesr on K if
and only if there exists a function p defined on K x K such that p(z,y) > 0 and
f (y) f(@) +p(x,y)Vf(z) n(y, ) for all z,y € K. \ v

' Proof Let f be an n-pseudolinear function. We have to construct a function
, pnon K x If’( such that p(:v y) > 0 and f(y) = f(z) + p(z,y)V () Tn(y, z) for
allz,y €
1If Vf(z)Tn(y,z) = 0 for z,y € K, then we define p(z,y) = 1. In this case we
have f(y) = f(z), due to Proposutlon 1. On the other hand, if V f (x)T (y,z) #
0, then we define
f) = f(=)

PEY) = G oy, o)

>
We have to show that p(x,y) > 0. Suppose that f (ny ). Then by n-pseudocon-
vexity of — f, we have V f(z 2_ n(y, ) > 0. Hence p(Z,y) > 0. Similarly, if f(y) <
((:1:), then we have Vf(z) n(y,z) < 0 by n—pseudoconvex1ty of f. Therefore
plz,y) > 0.
To prove the converse, we first show that f is n-pseudoconvex ie., for any

T,y €K, ‘
V(=) Ty, z) 20 implies f(y) > £(2).
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IE9f (@) n(g,2) 2 0, thenwe have - .

- @) =pey)s (2)Tn(y,2) 20.
is n-pseudolinear. SR TR T R f

REMARK 1, Proposition 1 generalizes an ‘ea‘rly:result by Kortanek and Evans
£1967), see also [4]. Proposition'? generalizes arosult by Chew and: Choo (1984).

RRGS%’I‘I@N Bidet f (D R™ be an n-pseudolinear finction defined oh db
operveetD of R™and et F': < R be differentiable with F (t):>'0 on Pty <0
for alit € R. Then the composite function F o f 4s also yspsevdoliviear. i -

. oo Lot fa) = F(4(e)) ol 2 € . 1o st pove e ssis o
F'(t) > 0 since the negative of an 7-pseudolinear function is n-pseudolinear. We

V@) ) = FU@YI@ T,

Then Wog(z)T#(y,z) > 0 (£ 0) implies V#(2) n(y,x)} 2 0 (< 0) since F is

. strictly increasing. This yields f(y) > f(z) (f(y) < f(z)), due to 7-pseudolinear-
ity of f. Thus g(y) 2 glx) (9(y) < g(x)) €ince F is strictly increasing. Hence g
ig n-paeudolinear, o ‘ ‘m
" The following exami)'le shows ‘that Proposition 3 no longer holds if F'(t) =0
for some ¢. , ‘

* EXAMPLE 3. Let fyand D be defined a5 in Example 1 and let F(f) = 17

- defined on R. Qbviously, F/(0) = 0. STy : LT

. For x = (0,0), y = (0, —-%), we have“Vg'(On, 0)’“=V0 and therefbre,, i
Vg(0,0)"n(y, ) = 0. But g(y) = F(f(y)) = (sin(—F))3 = *-Q’a@< 0 = g(z).

Thus g is not nspseudoconvex, so not 7-pseudolinear..
3. Characterizations of Sglu;’ieq ,Se,ts
We_consider the follqwing problem:
 minf(@  sbjecite cek ()

‘where f: D — R, D is.an open suhset of R, and K is an 7-convex set of D.
We assume throughout this section that the solution set

S = arg min f(z)
is nonempty.

PROPOSITION 4. Jf f is a pre-invex function on K, then the: salution; set & of
problem (P) is an n-convex set. ‘ R Coirona WED st
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Proof. Let z1,z2 € S. Then f(z1) < f(y) and f(zz) £ £(¥) for all y € K.
Since f is pre-invex, we have

f(au +t17(a:2,a:1)) < tf(.’l?z) + (1 - t)f(ml) for ail te[0,1]
CosH@ra-ge
= f(y).

Haence 3 ’+‘vt1}(~'zv:g,~m1':);é:§ and so, § is an'«wcbn#éx"set-.ﬂ-’} o -

REMARK 2. From the pmof of. Proposmon 1, it is easy to show that the solutjon
~ get. S of problem:(P) is g-convex if f : D — ]R is n—psgudolmeax where, m:
- K x K -+ R" satisfies condition C, - .

Now we state a first-order characterlzatmn of the solutlon set of an n—pseudo—
Iinear progr}xm in terms of any of 1ts solutlons :

THEOREM 1. Let f : D — R be differentiable on an open set D and let f be.
. n-pseudolinear on an n-convez subset K ¢ D where n satwﬁes condition C and

n(x.y)+n(y, ):Oforallm yeK L@tmES ThenS S Swhere

={cek: Vf(w‘)Tﬂ(:v B=0}, 4
e K:V/@TnED=0) )
- Proof. The point z € § if and only if f(z) = f(Z). By Propomtlogl we
- have f(z) = #(:E) if and only if Vf (w) ‘WE,z) = 0. Also f_g_ F(z) ifand
or(xly 1§ A\ (53% n()x :E) = 0 ‘The latter is equlvalent to Vf(i‘) n(m m) 0 smde
i, x) = -z, & [ ]

COROLLARY 1. Let fandn be the same as in Theorem 1. Then 5= 31 = Sl
where
Sl ={reK: Vf(z)Tn(:c z) > 0},

={reK: Vf(w)Tn(x w) > 0}
Proof. Tt is clear from Theorem 1 that 5 c .5'1 We prove that Sl C S
Assume that « € S, that is,
' e K such that- Vf(x)Tn(z z) 2 0

In view of Proposition 2, there ex1sts a functlon P deﬁned on K x K such that
p(z, %) > 0 and :

f@) = f(z) +p(z,2)Vf(z) n(Z, ) 2 f(2).

This implies that z'€ 3, and hence 8y € §: Slmﬂarly we can prove that § = Sl,
using the identity 7z, a:) = —n(Z, z). .



THEOREM 2. In problem (P), ‘assume that. f is differentiable on D and n-
‘pseudolinear on an n-conver set K C D where 1 satisfies condition C and
n(z, y) + n(y, z)=0forallz,ye K. IfT €8, then § = §* = S} where

W e Stamfe € K Vf(f)T (z a:) Vf(a:) (e, z)}, i

 Si={eeK: Vf(x)Tn(w w) > Vf(w)Tn(x x)}

| Proof (1) S c S‘ Let z€ S It follows from Theorem 1 that B
| Vf(w)Tn(w ) =0= 91"tz ).
Since n(Z,2) = —(z, 2), we have
VI H(e2) = 0= V) TH(a, ).

‘Thuswe S* ‘andheme§<:5~ o

~ (if) §* C 8t is obvious. - ' ‘ : R
(iif} ST C 5. Assume that z € S7. Then re K satisﬁes it

V@@ 2V ). 6
Suppose that o ¢ .S' Then f (x) > f(m) B’y n~PSeudoconvex1ty of: ~f we hava
‘ Vf(x) 77(z x) >0
Since 1z, 2) = ~n(2, @), we have V£(z)"n(&,) < 0. Using (6), we have
' \% f(z)Tﬁ(z £)<0 or Vi(2)Tn(z)> 0. =

vamv of Propos:tion 2 there exxstas a funct;on 0 deﬁned on K x K. such that
p(z a:) >0, and

f(a‘r) f(x) +p(:z: z)V f(:c)Tn(m x) > f(m)’
a contradiction. Hence z € §. EEE | TR

‘REMARK 3. :This section generalizes regults by Jeyakumar and Yang (1995).
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n-Pseudolinearita

; - RIASSUNTO
11 lavoro introduce la nozione di 7-pseudolinearitd,. Dopo avere ottenuto al-
cune caratterizzazioni delle funzioni n-pseudolineari, si derivano caratterizzazioni’
dell'insieme delle soluzioni di un programma n-pseudolineare, Lo studio gene-
ralizza diversi risultati sulle funzioni e sui programmi pseudolineari.
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