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Abstract. In this paper, a general version of the KKM theorem is
derived by using the concept of generalized KKM mappings introduced
by Chang and Zhang. By employing our general KKM theorem, we
obtain a general minimax inequality which contains several existing
ones as special cases. As applications of our general minimax inequality,
we derive an existence result for saddle-point problems under general
setting. We also establish several existence results for generalized variation inequalities and generalized quasi-variational inequalities.
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1. Introduction
Let E be a Hausdorff topological vector space, and let X be a nonempty
subset of E. A multivalued mapping F: X → 2E is called a KKM-map if
n
co{x1 , . . . , xn }⊂ *i G1 F(xi ) for each finite subset {x1 , . . . , xn }⊂X, where
co{x1 , . . . , xn } denotes the convex hull of the set {x1 , . . . , xn }. In Ref. 1,
Fan proved the following celebrated lemma which asserts that, given an
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arbitrary set X in E and a KKM mapping F: X → 2 E, if F has closed values
and F(x) is compact for at least one x∈X, then )x ∈X F(x)≠∅. This lemma
generalizes a classical finite-dimensional result of Knaster, Kuratowski, and
Mazurkiewicz (Ref. 2). Since then, many results in this direction have been
obtained; see for example Refs. 3–8. The purpose of this paper is to derive
a more general version of the KKM theorem by using the concept of generalized KKM mappings introduced by Chang and Zhang (Ref. 7). Then,
by employing our general KKM theorem, we obtain a general minimax
inequality, which contains several existing ones as special cases. As applications of our general minimax inequality, we derive an existence result for
saddle-point problems under general setting. We also establish some existence results for generalized variational inequalities and generalized quasivariational inequalities.

2. General KKM Theorem
First, we recall the following definition due to Chang and Zhang (Ref.
7).
Definition 2.1. Let X be a nonempty convex subset of a topological
vector space E. A multivalued mapping F: X → 2 E is called a generalized
KKM mapping if, for any finite set {x1 , . . . , xn }⊂X, there is a finite subset
{y1 , . . . , yn }⊂E such that, for any subset {yi 1 , . . . , yik }⊂{y1 , . . . , yn },
1YkYn, we have
k

co{yi 1 , . . . , yik }⊂ * F(xi j).
j G1

In proving the main result of this section, we need the following result
from Ref. 7.
Lemma 2.1. See Ref. 7, Theorem 3.1. Let X be a nonempty convex
subset of a Hausdorff topological vector space E. Let F: X → 2 E be a multivalued mapping such that, for each x∈X, F(x) is finitely closed; that is, for
every finite-dimensional subspace L in E, F(x)∩L is closed in the Euclidean
topology in L. Then, the family of sets {F(x): x∈X} has the finite intersection property if and only if F: X → 2 E is a generalized KKM mapping.
Definition 2.2. See Ref. 9. Let Y and Z be two topological spaces. A
multivalued mapping F: Y → 2 Z is said to be transfer closed-valued on Y if,
for every x∈Y, y∉F(x), there exists an element x′∈Y such that y∉F(x′),
where Ar denotes the closure of a subset A of a topological space.
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It has been shown in Refs. 9–10 that F is a transfer closed-valued mapping if and only if
) F(x)G ) F(x).

x ∈Y

x ∈Y

Now, we state and prove the main result of this section which will be used
in the sequel.
Theorem 2.1. Let X be a nonempty convex subset of a Hausdorff
topological vector space E. Let F: X → 2 E be a transfer closed-valued mapping such that F(x0 )G: K is compact for at least one x0 ∈X, and let
Fr : X → 2 E be a generalized KKM mapping. Then,
) F(x)≠∅.

x ∈X

Proof. Since Fr : X → 2 E is defined by Fr (x)GF(x), for each x∈X, we
have that Fr is a generalized KKM mapping with closed values. By Lemma
2.1, the family of sets {F(x): x∈X} has the finite intersection property.
Since F(x0 ) is compact, we have
) F(x)≠∅.

x ∈X

Since F is a transfer closed-valued mapping,
) F(x)G ) F(x)≠∅.

x ∈X

x ∈X

h

Remark 2.1. Theorem 2.1 generalizes Theorem 3.2 in Ref. 7 in several
ways.

3. General Minimax Inequality
To state the main result of this section, we recall some definitions. Let
E be a topological vector space, and let X be a nonempty convex subset of
E.
A function φ : X → (−S, CS ) is said to be quasiconvex if, for each λ ∈
(−S,CS ), the set {x∈X: φ (x)Yλ } is convex; φ is said to be quasiconcave
if Aφ is quasiconvex. We note that φ is quasiconcave [resp., quasiconvex] if
and only if, for each λ ∈(−S, CS ), the set {x∈X: φ (x)Hλ } [resp., {x∈
X: φ (x)Fλ }] is convex.
A function φ (x, y): XBX → (−S, CS ) is said to be diagonally quasiconvex in y (Ref. 11) if, for any finite subset {y1 , . . . , yn }⊂X and any
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y0 ∈co{y1 , . . . , yn }, we have

φ (y0 , y0 )Y max φ (y0 , yi );
1YiYn

φ (x, y) is said to be diagonally quasiconcave in y if Aφ (x, y) is diagonally
quasiconvex in y.
A function φ (x, y): XBX → (−S, CS ) is said to be γ -diagonally
quasiconvex in y (Ref. 11) for some γ ∈(−S, CS ) if, for any finite subset
{y1 , . . . , yn }⊂X and any y0 ∈co{y1 , . . . , yn }, we have
γ Y max φ (y0 , yi );
1YiYn

φ (x, y) is said to be γ -diagonally quasiconcave in y for some γ ∈(−S, CS )
if Aφ (x, y) is Aγ -diagonally quasiconvex in y.
Definition 3.1. See Ref. 7. Let E be a topological vector space, and
let X be a nonempty convex subset of E. A function φ (x, y):
XBX → (−S, CS ) is said to be γ -generalized quasiconvex in y for some γ ∈
(−S, CS ) if, for any finite subset {y1 , . . . , yn }⊂X, there is a finite subset
{x1 , . . . , xn }⊂X such that, for any subset {xi 1 , . . . , xik }⊂{x1 , . . . , xn } and
any x0 ∈co{xi 1 , . . . , xik }, we have

γ Y max φ (x0 , yi j );
1Y jYk

φ (x, y) is said to be γ -generalized quasiconcave in y for some γ ∈(−S, CS )
if Aφ (x, y) is Aγ -generalized quasiconvex in y.
The relation between generalized KKM mappings and γ -generalized
convexity (concavity) is the following.
Proposition 3.1. See Ref. 7, Proposition 2.1. Let E be a topological
vector space, and let X be a nonempty convex subset of E. Let
φ (x, y): XBX → (−S, CS ) and γ ∈(−S, CS ). Then, the following conclusions are equivalent:
(i)

The mapping G: X → 2 X defined by
G(y)G{x∈X: φ (x, y)Yγ } [resp., G(y)G{x∈X: φ (x, y)Xγ }]

is a generalized KKM mapping.
(ii) φ (x, y) is γ -generalized quasiconcave [resp., quasiconvex] in y.
Let Y and Z be two topological spaces. A function φ (x, y):
YBZ → (−S, CS ) is said to be γ -transfer lower semicontinuous function
in x for some γ ∈(−S, CS ) (Ref. 9) if, for all x∈Y and y∈Z with
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φ (x, y)Hγ , there exist some point y′∈Z and some neighborhood N(x) of x
such that φ (z, y′)Hγ for all z∈N(x).
Let A be a nonempty subset of a topological vector space E. A subset
B of A is called precompact if B is contained in some compact subset of A.
We now state and prove the following general minimax inequality.
Theorem 3.1. Let E be a Hausdorff topological vector space, and let
X be a nonempty closed convex subset of E. Let γ ∈(−S, CS ) be a given
number, and let φ, ψ : XBX → (−S, CS ) satisfy the following conditions:
For any fixed y∈X, φ (x, y) is a γ -transfer lower semicontinuous
function in x.
(ii) For any fixed x∈X, ψ (x, y) is a γ -generalized quasiconcave function in y.
(iii) φ (x, y)Yψ (x, y), for all (x, y)∈XBX.
(iv) The set {x∈X: φ (x, y0 )Yγ } is precompact for at least one y0 ∈X.
(i)

Then, there exists x̄∈X such that

φ (x̄, y)Yγ ,

for all y∈X.

In particular, we have
inf sup φ (x, y)Yγ .

x ∈X y ∈X

Proof. Define two multivalued mappings T, G: X → 2 X by
T( y)G{x∈X: ψ (x, y)Yγ } and G(y)G{x∈X: φ (x, y)Yγ },
for all y∈X. Condition (i) implies that G is a transfer closed-valued mapping
on X. Indeed, if x∉G( y), then φ (x, y)Hγ . Since φ (x, y) is γ -transfer lower
semicontinuous in x, there is a y′∈X and a neighborhood N(x) of x such
that

φ (z, y′)Hγ ,

for all z∈N(x).

Then, G(y′)⊂X\N(x). Hence, x∉G(y′). Thus, G is transfer closed-valued.
From (ii), T is a generalized KKM mapping. From condition (iii), we have
that
T(y)⊂G(y),

for all y∈X,

r is also a generalized
and hence G is also a generalized KKM mapping. So, G
KKM mapping. Now, condition (iv) implies that G(y0 ) is precompact.
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Hence, G(y0 ) is compact. By Theorem 2.1, we have
) G(y)≠∅.

y ∈X

As a result, there exists x̄∈X such that

φ (x̄, y)Yγ ,

h

for all y∈X.

Remark 3.1.
(a) If for every fixed y∈X, the function φ (x, y) is lower semicontinuous in x, then condition (i) of Theorem 3.1 is satisfied immediately.
(b) The following condition (iv)′ implies condition (iv) in Theorem
3.1:
(iv)′ There exist a compact subset L of X and y0 ∈X such that
φ (x, y0 )Hγ , for all x∈X \L.
As an application of Theorem 3.1, we derive the following existence
result for saddle-point problems.
Theorem 3.2. Let E be a Hausdorff topological vector space, and let
X be a nonempty closed convex subset of E. Let γ ∈(−S, CS ) be a given
number. Suppose that φ : XBX → (−S, CS ) satisfies the following
conditions:

φ (x, y) is γ -transfer lower semicontinuous in x and γ -generalized
quasiconcave in y.
(ii) φ (x, y) is γ -transfer upper semicontinuous in y and γ -generalized
quasiconvex in x.
(iii) There exist x1 , y1 ∈X such that the sets

(i)

{x∈X: φ (x, y1 )Yγ } and {y∈X: φ (x1 , y)Xγ }
are precompact.
Then, there exists a saddle point of φ (x, y); that is, there exists (x̄, ȳ )∈XBX
such that

φ (x̄, y)Yφ (x̄, ȳ )Yφ (x, ȳ ),

for all x, y∈X.

Moreover, we also have
inf sup φ (x, y)Gsup inf φ (x, y)Gγ .

x ∈X y ∈X

y ∈X x ∈X

Proof. By Theorem 3.1 with φ Gψ, there exists x̄∈X such that

φ (x̄, y)Yγ ,
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Let f: XBX → (−S, CS) be defined as f (y, x)G−φ (x, y). By assumption
(ii), f (x, y) is γ -transfer lower semicontinuous in x and Aγ -generalized
quasiconcave in y. Therefore, again by Theorem 3.1, there exists ȳ∈X such
that
f (ȳ, x)G−φ (x, ȳ)YAγ ,

for all x∈X,

from which it follows that

φ (x, ȳ)Xγ ,

for all x∈X.

(2)

Combining (1) and (2), we have φ (x̄, ȳ )Gγ and

φ (x̄, y)Yφ (x̄, ȳ )Yφ (x, ȳ ),

for all x, y∈X.

(3)

Finally, again by (1) and (2), we have that
sup inf φ (x, y)
y ∈X x ∈X

Y inf sup φ (x, y)
x ∈X y ∈X

Ysup φ (x̄, y)
y ∈X

Yφ (x̄, ȳ), by (3),
Y inf φ (x, ȳ), by (3),
x ∈X

Ysup inf φ (x, y).
y ∈X x ∈X

Consequently,
inf sup φ (x, y)Gsup inf φ (x, y)Gγ ,

x ∈X y ∈X

y ∈X x ∈X

and the proof is completed.

h

Remark 3.2. Condition (iii) in Theorem 3.2 can be replaced by the
following condition:
(iii)′ There exist a compact subset L of X and x1 , y1 ∈X such that

φ (x, y1 )Hγ ,

for all x∈X \L,

φ (x1 , y)Fγ ,

for all y∈X \L.

For results related to Theorem 3.2, see for example Refs. 12–18.
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4. Generalized Variational Inequalities
In this section, we shall employ Theorem 2.1 to derive some existence
results for generalized variational inequalities. Let Y and Z be two topological spaces. The multivalued mapping T: Y → 2 Z is said to be upper semicontinuous at x0 ∈Y (Ref. 19) if, for any open set V in Z containing T(x0 ),
there is an open neighborhood U of x0 in Y such that T(x)⊂V, for all x∈
U. We say that T is upper semicontinuous in Y (Ref. 19) if it is upper
semicontinuous at each point of Y and if also T(x) is a compact set for each
x∈Y. For any topological vector space E over real or complex numbers,
E* denotes the vector space of all linear continuous functionals on E and
〈u, v〉 denotes the paring between u∈E* and v∈E.
Theorem 4.1. Let E be a Hausdorff topological vector space, and let
X be a nonempty closed convex subset of E. Let γ ∈(−S, CS ) be a given
number. Suppose that the following conditions are satisfied:
(i)

(ii)

f: XBX → (−S, CS ) is lower semicontinuous in the first variable
and γ -diagonally concave in the second variable such that
f (x, x)Yγ , for all x∈X.
T: X → 2 E * has nonempty values such that, for each fixed y∈X,

5x∈X:

inf Re〈u, xAy〉Cf (x, y)Yγ

u ∈T (x)

5

6
6

⊂ x∈X: sup Re〈w, xAy〉Cf (x, y)Yγ .
w ∈T ( y )

(iii) There exist a nonempty compact subset L of X and y0 ∈X such
that
sup Re〈w, xAy0 〉Cf (x, y0 )Hγ ,

w ∈T (y0 )

for all x∈X \L.

Then, there exists x̄∈L⊂X such that
sup Re〈w, x̄Ay〉Cf (x̄, y)Yγ ,

w ∈T ( y )

for all y∈X.

Proof. We define two multivalued mappings G, F: X → 2 X by

5

w ∈T ( y )

5

u ∈T (x)

6

G(y)G x∈X: sup Re〈w, xAy〉Cf (x, y)Yγ ,

6

F(y)G x∈X: inf Re〈u, xAy〉Cf (x, y)Yγ ,
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for all y∈X. Then, G( y) is nonempty since y∈G( y), for each y∈X. For
each fixed y∈X, since the mapping
x > sup Re〈w, xAy〉Cf (x, y)
w ∈T (y)

is lower semicontinuous, G(y) is closed for each y∈X. So, y > G(y) is
transfer closed-valued.
Let φ : XBX → (−S, CS ) be defined as follows:

φ (x, y)G inf Re〈u, xAy〉Cf (x, y).
u ∈T (x)

For each fixed x∈X, the mapping
y > inf Re〈u, xAy〉
u ∈T (x)

is concave, and hence is 0-diagonally concave. Therefore, φ (x, y) is γ -diagonally concave in y. In particular, φ (x, y) is γ -generalized quasiconcave in
y. As a result, F is a generalized KKM mapping by Proposition 3.1. Since
F(y)⊂G(y),

for all y∈X,

r is also a
by assumption (ii), G is also a generalized KKM mapping. So, G
generalized KKM mapping. Also, G(y0 ) is compact by assumption (iii).
Therefore, by Theorem 2.1,
) G(y)≠∅.

y ∈X

That is, there exists x̄∈L∩G(y0 )⊂X such that
sup Re〈w, x̄Ay〉Cf (x̄, y)Yγ ,

w ∈T ( y )

for all y∈X,
h

and the proof is completed.

By adopting the argument of Shih and Tan (Ref. 20, Lemma 1), we
derive the following lemma which will be used to prove the next theorem.
Lemma 4.1. Let B be a reflexive Banach space, and let X be a nonempty convex subset of B. Let T: X → 2 B * be upper semicontinuous from
the line segments in X to the weak topology of B*, and let
h: X → (−S, CS ) be a convex and lower semicontinuous function. Then,
for each fixed y∈X, the intersection of the following set:

5

AG x∈X: inf Re〈u, xAy〉Ch(x)Y0
u ∈T (x)

with any line segment is closed in X.
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Proof. For x1 , x2 ∈X, let [x1 , x2] denote the line segment
[x1 , x2 ]G{tx1C(1At)x2 : t∈[0, 1]}.
Let {xn } be a sequence in A∩[x1 , x2 ] such that xn → x0 ∈[x1 , x2 ]. For each
n, since T(xn ) is weakly compact, there exists un ∈T(xn ) such that
Re〈un , xnAy〉Ch(xn )G inf Re〈u, xnAy〉Ch(xn )Y0.
u ∈T (xn )

As T is upper semicontinuous on [x1 , x2 ], which is compact, and since each
T(xn ) is weakly compact, the set *x ∈[x1,x2] T(x) is also weakly compact (Theorem 3, p. 110, Ref. 19). By the Eberlein–Smulian theorem (Ref. 21),
*x ∈[x1,x2] T(x) is weakly sequentially compact. Thus, there exists a subsequence {unk } of {un } such that unk → u0 in the weak topology for some
u0 ∈*x ∈[x1,x2]T(x). By the upper semicontinuity of T, u0 ∈T(x0 ). We note
that Re〈unkAu0 , x0Ay〉 → 0, since unk → u0 in the weak topology and since
Re〈unk , xnkAx0〉 → 0 as {unk } is bounded. Consequently,
Re〈unk , xnkAy〉ARe〈u0 , x0Ay〉
GRe〈unkAu0 , x0Ay〉CRe〈unk , xnkAx0〉 → 0,
so that
Re〈u0 , x0Ay〉Glim Re〈unk , xnkAy〉.
k

Since h is a convex and lower semicontinuous function, it is also lower
semicontinuous in the weak topology of B. Hence, we have
h(x0 )Ylim inf h(xnk)
k

Ylim inf (−Re〈unk , xnkAy〉)
k

G−lim sup Re〈unk , xnkAy〉
k

G−Re〈u0 , x0Ay〉.
Therefore,
inf Re〈u, x0Ay〉Ch(x0 )YRe〈u0 , x0Ay〉Ch(x0 )Y0,

u ∈T (x0)

and hence
x0 ∈A∩[x1 , x2 ].
As a result, the set A∩[x1 , x2 ] is closed, and the proof is completed.
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Now, we can derive the following result for generalized variational
inequalities.
Theorem 4.2. Let B be a reflexive Banach space, and let X be a nonempty closed convex subset of B. Suppose that the following conditions are
satisfied:
(i)

(ii)

f: XBX → (−S, CS ) is convex and lower semicontinuous in the
first variable and concave in the second variable such that
f (x, x)G0, for all x∈X.
T: X → 2 B * is upper semicontinuous from the line segments in X
to the weak topology of B* such that, for each x∈X, T(x) is a
nonempty subset of B* and, for each fixed y∈X,

5x∈X:
5

6

inf Re〈u, xAy〉Cf (x, y)Y0

u ∈T (x)

6

⊂ x∈X: sup Re〈w, xAy〉Cf (x, y)Y0 .
w ∈T ( y )

(iii) There exist a nonempty weakly compact subset L of X and y0 ∈
X such that
sup Re〈w, xAy0〉Cf (x, y0 )H0,

w ∈T ( y0)

for all x∈X \L.

Then, there exists x̄∈L⊂X such that
inf Re〈u, x̄Ay〉Cf (x̄, y)Y0,

u ∈T (x̄)

for all y∈X.

(4)

In addition, if T(x̄) is convex, then there exists ū ∈T(x̄) such that
Re〈ū, x̄Ay〉Cf (x̄, y)Y0,

for all y∈X.

(5)

Proof. By assumption (i), f (x, y) is γ -diagonally concave in y with

γ Gsup f (x, x)G0.
x ∈X

Since all the assumptions of Theorem 4.1 are satisfied, there exists x̄∈L⊂X
such that
sup Re〈w, x̄Ay〉Cf (x̄, y)Y0,

w ∈T (y)

for all y∈X.

(6)

Suppose that there exists ȳ∈X such that
inf Re〈u, x̄Aȳ〉Cf (x̄, ȳ)H0.

u ∈T (x̄)
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Let
yt GtȳC(1At)x̄ ∈X, t∈[0, 1].
By (6), we have that, for each t∈[0, 1],
sup Re〈w, x̄Ayt〉Cf (x̄, yt )Y0,

w ∈T ( yt)

from which together with the facts that f (x, y) is concave in y and f (x̄, x̄)G
0, it follows that
sup Re〈w, x̄Ayt〉

w ∈T ( yt)

Gt sup Re〈w, x̄Aȳ〉
w ∈T ( yt)

YAf (x̄, yt )
YAtf (x̄, ȳ)A(1At) f (x̄, x̄)
GAtf (x̄, ȳ).
Consequently,
sup Re〈w, x̄Aȳ〉Cf (x̄, ȳ )Y0,

w ∈T (yt)

for all t∈[0, 1].

(8)

Now, by Lemma 4.1 and (7), the set

5

6

UG x∈X: inf Re〈u, xAȳ〉Cf (x, ȳ )H0 ∩[ȳ, x̄]
u ∈T (x)

is open in [ȳ, x̄] and contains x̄. Since yt → x̄ as t → 0+, there exists t0 ∈(0, 1]
such that yt ∈U for all t∈(0, t0 ), so that
inf Re〈w, ytAȳ〉Cf (yt , ȳ )H0,

w ∈T (yt)

Since f (x, y) is convex in x and
ytAȳG(1At)(x̄Aȳ),
it then follows that, for each t∈(0, t0 ),
(1At) inf Re〈w, x̄Aȳ〉
w ∈T ( yt)

HAf (yt , ȳ)
XAtf (ȳ, ȳ)A(1At)f (x̄, ȳ)
G−(1At)f (x̄, ȳ).
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Consequently,
inf Re〈w, x̄Aȳ〉Cf (x̄, ȳ)H0,

w ∈T ( yt)

for all t∈(0, t0 ],

which contradicts (8). This contradiction proves (4).
In addition, if the set T(x̄) is convex, by the Kneser minimax theorem
(Ref. 22), we have
inf sup Re〈u, x̄Ay〉Cf (x̄, y)

u ∈T (x̄) y ∈X

Gsup inf Re〈u, x̄Ay〉Cf (x̄, y)Y0.
y ∈X u ∈T (x̄)

(9)

Note that the function
u > sup Re〈u, x̄Ay〉Cf (x̄, y)
y ∈X

is convex and weakly lower semicontinuous on B*. Since T(x̄) is weakly
compact, it follows from (9) that there exists ū ∈T(x̄) such that
Re〈ū, x̄Ay〉Cf (x̄, y)Y0,

for all y∈X,

and hence Inequality (5) is proved.

h

A multivalued mapping T: X → 2 B * is said to be monotone if
Re〈uAv, xAy〉X0,

for all x, y∈X and for all u∈T(x), v∈T(y).

Remark 4.1. Condition (ii) of Theorem 4.2 can be replaced by the
following condition:
(ii)′ T: X → 2 B * is monotone and upper semicontinuous from the line
segments in X to the weak topology of B* such that, for each x∈
X, T(x) is a nonempty subset of B*.

5. Generalized Quasi-Variational Inequalities
In this section, we shall derive some existence results for generalized
quasi-variational inequalities.
Theorem 5.1. Let E be a locally convex Hausdorff topological vector
space, and let X be a nonempty closed convex subset of E. Let γ ∈
(−S, CS ) be a given number. Suppose that the following conditions are
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satisfied:
F: X → 2 X is upper semicontinuous with nonempty convex values
such that F(X )G*x ∈X F(x) is a precompact subset of X.
(ii) f: XBX → (−S, CS ) is convex and lower semicontinuous in the
first variable and γ -diagonally concave in the second variable
such that f (x, x)Yγ , for all x∈X.
(iii) T: X → 2 E * has nonempty values such that, for each fixed y∈X.

(i)

5x∈X:

inf Re〈u, xAy〉Cf (x, y)Yγ

u ∈T (x)

5

6
6

⊂ x∈X: sup Re〈w, xAy〉Cf (x, y)Yγ .
(iv)

w ∈T ( y )

There exists a set {y(z): z∈X} such that, for each z∈X, y(z)∈
F(z), we have
sup Re〈w, xAy(z)〉Cf (x, y(z))Hγ ,

w ∈T (y (z))

for all x∈X \F(z).

Then, there exists x̄∈X such that:
(a) x̄ ∈F(x̄),
(b) supw ∈T ( y ) Re〈w, x̄Ay〉Cf (x̄, y)Yγ ,

for all y∈X.

Proof. Define a multivalued mapping G: X → 2 X by

5

6

G(z)G z*∈F(z): sup sup Re〈w, z*Ay〉Cf (z*, y)Yγ ,
y ∈X w ∈T ( y )

for each z∈X. We note that G(z) is nonempty for each z∈X, by Theorem
4.1 with LGF(z) and y0 Gy(z). Since f (x, y) is convex and lower semicontinuous in x by (ii), the set G(z) is closed and convex for each z∈X. Since F
is upper semicontinuous and the mapping
z* > sup sup Re〈w, z*Ay〉Cf (z*, y)
y ∈X w ∈T ( y )

is lower semicontinuous in X, the graph of G is closed in XBX. Since F(X )
is precompact, there is a compact set C containing F(X ), so G(z)⊂C, for
each z∈X. Therefore, by Theorem 7, page 112, Ref. 19, G is also upper
semicontinuous in X. It follows from the Himmelberg fixed-point theorem
(Theorem 2, Ref. 23) that G has a fixed point. Hence, there exists x̄ ∈X such
that
(a) x̄∈F(x̄),
(b) supw ∈T ( y ) Re〈w, x̄Ay〉Cf (x̄, y)Yγ ,
and the proof is completed.
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Finally, we have the following result for generalized quasivariational
inequalities.
Theorem 5.2. Let B be a reflexive Banach space, and let X be a nonempty closed convex subset of B. Suppose that the following conditions are
satisfied:
F: X → 2 X is upper semicontinuous with nonempty convex values
such that F(X ) is a precompact subset of X.
(ii) f: XBX → (−S, CS ) is convex and lower semicontinuous in the
first variable and concave in the second variable such that
f (x, x)G0, for all x∈X.
(iii) T: X → 2 B * is upper semicontinuous from the line segments in X
to the weak topology of B* such that, for each x∈X, T(x) is a
nonempty subset of B* and, for each fixed y∈X,

(i)

5x∈X:

inf Re〈u, xAy〉Cf (x, y)Y0

u ∈T (x)

5

6
6

⊂ x∈X: sup Re〈w, xAy〉Cf (x, y)Y0 .
w ∈T ( y )

(iv) There exists a set {y(z): z∈X} such that, for each z∈X, y(z)∈
F(z), we have
sup Re〈w, xAy(z)〉Cf (x, y(z))H0 ,

w ∈T ( y (z))

for all x∈X \F(z).

Then, there exists x̄∈X such that:
(a) x̄ ∈F(x̄),
(b) infu ∈T (x̄) Re〈u, x̄Ay〉Cf (x̄, y)Y0, for all y∈F(x̄).
In addition, if T(x̄) is convex, then there exists ū ∈T(x̄) such that:
(c) x̄∈F(x̄),
(d) Re〈ū, x̄Ay〉Cf (x̄, y)Y0, for all y∈F(x̄).
Proof. By Theorem 5.1, there exists x̄∈X such that x̄∈F(x̄) and
sup Re〈w, x̄Ay〉Cf (x̄, y)Y0,

w ∈T ( y )

for all y∈F(x̄).

By the same argument as that in the proof of Theorem 4.2, we have that:
(a) x̄ ∈F(x̄),
(b) infu ∈T (x̄) Re〈u, x̄Ay〉Cf (x̄, y)Y0,
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In addition, if T(x̄) is convex, then by the Kneser minimax theorem
(Ref. 22), there exists ū ∈T(x̄) such that:
(c) x̄∈F(x̄),
(d) Re〈ū, x̄Ay〉Cf (x̄, y)Y0,
and the proof is completed.

for all y∈F(x̄),
h

For other results related to Theorems 5.1–5.2, see for example Theorem
3.3 in Ref. 11, Theorems 5–6 in Ref. 24, and Theorems 1–4 in Ref. 25,
where the lower semicontinuity of the multivalued mapping T is assumed.
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Rendus de l’Académie des Sciences de Paris, Vol. 234, pp. 2418–2420, 1952.
23. HIMMELBERG, C. J., Fixed Points of Compact Multifunctions, Journal of Mathematical Analysis and Applications, Vol. 38, pp. 205–207, 1972.
24. DING, X. P., and TAN, K. K., Generalized Variational Inequalities and Generalized Quasivariational Inequalities, Journal of Mathematical Analysis and
Applications, Vol. 148, pp. 497–508, 1990.
25. SHIH, M. H., and TAN, K. K., Generalized Quasivariational Inequalities in
Locally Convex Topological Vector Spaces, Journal of Mathematical Analysis
and Applications, Vol. 108, pp. 333–343, 1985.

ps893$p222

10-01-:0 11:30:39

