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Abstract. In this paper, we consider the system of vector quasi-equilibrium problems with or
without involving �-condensing maps and prove the existence of its solution. Consequently, we
get existence results for a solution to the system of vector quasi-variational-like inequalities. We
also prove the equivalence between the system of vector quasi-variational-like inequalities and the
Debreu type equilibrium problem for vector-valued functions. As an application, we derive some
existence results for a solution to the Debreu type equilibrium problem for vector-valued functions.
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1. Introduction and Formulations

In the recent years, the vector equilibrium problem (for short, VEP) has
been studied in [1–7] and the references therein which is a unified model of
several problems, for instance, vector variational inequality, vector variational-
like inequality (also called pre-variational inequality), vector complementarity
problems, vector saddle point problems and vector optimization problems. A
comprehensive bibliography on vector equilibrium problems, vector variational
inequalities, vector variational-like inequalities and their generalizations can be
found in a recent volume [3]. Very recently, Ansari and Yao [8] generalized
the quasi-equilibrium problem, studied in [9, 10] to the case of vector-valued
functions, called vector quasi-equilibrium problem (for short, VQEP). They estab-
lished some existence results for a solution to (VQEP) with or without generalized
pseudomonotonicity assumption. As a result, they also derived the existence
results for a solution to the vector quasi-optimization problem, vector quasi-saddle
point problem, vector quasi-variational inequality and vector quasi-variational-
like inequality [11, 12]. The system of vector equilibrium problems (for short,
SVEP), that is, a family of equilibrium problems for vector-valued bifunctions
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defined on a product set, is introduced by Ansari et al. [13] with applications
in vector optimization problems and Nash equilibrium problem [14] for vector-
valued functions. The (SVEP) contains system of equilibrium problems, systems
of vector variational inequalities, system of vector variational-like inequalities,
system of optimization problems and the Nash equilibrium problem for vector-
valued functions as special cases.
But, by using (SVEP), we cannot establish the existence of a solution to the

Debreu type equilibrium problem [15] for vector-valued functions which extends
the classical concept of Nash equilibrium problem for a noncooperative game.
For this purpose, we introduce the following concept of system of vector quasi-
equilibrium problems.
Let I be any index set and for each i∈ I , let Xi be a topological vector space.

Consider a family of nonempty convex subsets �Ki�i∈I with Ki in Xi. We denote
by K=∏

i∈I Ki and X=∏
i∈I Xi. For each i∈ I , let Yi be a topological vector

space and let Ci
 K⇒Yi be a multivalued map such that for each x∈K, Ci�x

is a proper (i.e., Ci�x
 �=Yi), closed and convex cone with apex at the origin and
int Ci�x
 �=∅, where int C denotes the topological interior of C. For each i∈ I ,
let fi
 K×Ki→Yi be a bifunction and Ai
 K⇒Ki be a multivalued map with
nonempty values. We consider the following system of vector quasi-equilibrium
problems (in short, SVQEP), that is, to find a x̄∈K such that for each i∈ I ,

x̄i∈Ai�x̄

 fi�x̄�yi
�−int Ci�x̄
� ∀ yi∈Ai�x̄
�
If, ∀ i∈ I , Yi=� and Ci�x
=�+ ∀ x∈K, then (SVQEP) is known as a system

of quasi-equilibrium problems, see [16, 17] and references therein.
When Ai�x
=Ki ∀ x∈K, then (SVQEP) reduces to (SVEP).
If the index set I is singleton, then (SVQEP) becomes the vector quasi-

equilibrium problem which contains vector quasi-optimization problem, vector
quasi-variational inequality, vector quasi-variational-like inequality and vector
quasi-saddle point problem as special cases, see [8].

2. Examples of (SVQEP)

For each i∈ I , we denote by L�Xi�Yi
 the space of continuous linear operators
from Xi into Yi and let Ti
 K→L�Xi�Yi
 be a map. We denote by �si�xi
 the
evaluation of si∈L�Xi�Yi
 at xi∈Xi.
(1) For each i∈ I , let �i
 Ki×Ki→Xi be a map. If, ∀ i∈ I ,

fi�x�yi
=�Ti�x
��i�yi�xi


then (SVQEP) is equivalent to the following problem of finding x̄∈K such
that ∀ i∈ I ,

x̄i∈Ai�x̄
 
�Ti�x̄
��i�yi�x̄i

�−int Ci�x̄
� ∀ yi∈Ai�x̄
�
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We call it a system of vector quasi-variational-like inequalities (for short,
SVQVLI).

When �i�yi�xi
=yi−xi, then (SVQVLI) is called a system of vector
quasi-variational inequalities (for short, SVQVI). If, ∀ i∈ I , Yi=� and
Ci�x
 = �+ ∀ x∈K, (SVQVI) is studied in [16, 17].

If, ∀ i∈ I , Ai�x
=Ki ∀ x∈K, (SVQVLI) and (SVQVI) reduce to the
system of vector variational-like inequalities and system of vector variational
inequalities, respectively, which are studied by Ansari et al. [13].

(2) For each i∈ I , let �i
 K→Yi be a vector-valued function and let Ki=∏
j∈I� j �=iKj and we write K=Ki×Ki. For x∈K, xi denotes the projection of

x onto Ki and hence we write x=�xi�xi
. If, ∀ i∈ I ,
fi�x�yi
=�i�xi�yi
−�i�x


then (SVQEP) is equivalent to the following Debreu type equilibrium problem
for vector-valued functions (for short, Debreu VEP): Find x̄∈K such that
∀ i∈ I ,

x̄i∈Ai�x̄
 
 �i�x̄i�yi
−�i�x̄
�−int Ci�x̄
� ∀ yi∈Ai�x̄
�
Of course, if ∀ i∈ I , �i is a scalar-valued function, then (Debreu VEP) is the

same as the one introduced and studied by Debreu in [15]. In this case, a large
number of papers have already been appreared in the literature; see [16, 17] and
references therein. To the best of our knowledge, there is no study yet when each
�i is a vector-valued function. This paper is the first effort in this direction.
The rest of the paper is arranged in the following manner. The next section deals

with some preliminary definitions, notations and results which will be used in
the sequel. In Section 3, we establish existence results for a solution to (SVQEP)
with or without involving �-condensing maps by using well-known maximal
element theorems for a family of multivalued maps, and consequently, we also
get some existence results for a solution to (SVQVLI). In Section 4, we first prove
the equivalence between (SVQVLI) and (Debreu VEP) and, as an application
of results of Section 3, we then derive some existence results for a solution to
(Debreu VEP) for convex or nonconvex functions.

3. Preliminaries

Let E and Z be topological vector spaces and Q
 E⇒Z be a multivalued map.
The inverse Q−1 of Q is the multivalued map from the range of Q to E defined
by

x∈Q−1�y
⇔y∈Q�x
�

DEFINITION 1 [2, 7, 18]. Let M be a nonempty subset of a topological vector
space E, and let Z be a topological vector space with a proper, closed and convex
cone P with apex at the origin and intP �=∅. A vector-valued function �
 M→Z
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is said to be P-lower semicontinuous (respectively, P-upper semicontinuous) at
x0∈M iff, for any neighbourhood V of ��x0
 in Z, ∃ a neighbourhood U of x0
in E such that

��x
∈V+P� ∀ x∈U ∩M
�respectively� ��x
∈V−P� ∀ x∈U ∩M
�

Furthermore, � is P-lower semicontinuous (respectively, P-upper semi-
continuous) on M iff, it is P-lower semicontinuous (respectively, P-upper
semicontinuous) at each x∈M�
� is P-continuous on M iff, it is both P-lower semicontinuous and P-upper

semicontinuous on M.

Remark 1. In [2] it is shown that a function �
 M→Z is P-lower semi-
continuous iff, ∀ !∈Z, the set

L�!

=�x∈M 
��x
−!� intP�

is closed in M .
Similarly we can show that � is P-upper semicontinuous iff, ∀ !∈Z, the set

U�!

=�x∈M 
��x
−!�−intP�

is closed in M .

DEFINITION 2. 1Let M be a nonempty and convex subset of a topological
vector space, and let Z be a topological vector space with a closed and convex
cone P with apex at the origin. A vector-valued function �
 M→Z is called

(i) P-function iff, ∀ x�y∈M and ∀ "∈ #0�1$,
��"x+�1−"
y
∈"��x
+�1−"
��y
−P%

(ii) natural P-quasifunction iff, ∀ x�y∈M and ∀ "∈ #0�1$,
��"x+�1−"
y
∈ conv ���x
���y
�−P�

where convB denotes the convex hull of B.
(iii) P-quasifunction iff, ∀ !∈Z, the set �x∈M
 ��x
−!∈−P� is convex.
Remark 2. (a) Every P-function is natural P-quasifunction and every natural

P-quasifunction is P-quasifunction, but converse assertions are not true; see, for
example, Remark 2.1 in [19].
(b) � is natural P-quasifunction iff, ∀ x�y∈M and ∀ "∈ #0�1$, ∃ '∈ #0�1$ such
that

��"x+�1−"
y
∈'��x
+�1−'
��y
−P�

1The terms P-convex, natural P-quasiconvex and P-quasiconvex are used in [2, 7, 19] instead of P-function,
natural P-quasifunction and P-quasifunction which are suggested by Prof. F. Giannessi.
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(c) If � is P-quasifunction, then the set �x∈M
 ��x
−!∈−intP� is also convex;
see [2].

DEFINITION 3 [20]. Let E be a Hausdorff topological vector space and L a
lattice with least element, denoted by 0. A mapping�
 2E→L is called a measure
of noncompactness provided that the following conditions hold ∀ M�N ∈2E:
(i) ��M
=0 iff M is precompact (i.e., it is relatively compact).
(ii) ��convM
=��M
, where convM denotes the convex closure of M .
(iii) ��M∪N
=max���M
���N
��

It follows from (iii) that, if M⊆N , then ��M
���N
.

DEFINITION 4 [20]. Let �
 2E→L be a measure of noncompactness on E and
D⊆E. A multivalued map Q
 D⇒E is called �-condensing provided that, if
M⊆D with ��Q�M

���M
, then M is relatively compact.

Remark 3. Note that every multivalued map defined on a compact set is
�-condensing. If E is locally convex, then a compact multivalued map (i.e.,
Q�D
 is precompact) is �-condensing for any measure of noncompactness �.
Obviously, if Q
 D⇒E is �-condensing and Q′
 D⇒E satisfies Q′�x
⊆Q�x
 ∀
x∈D, then Q′ is also �-condensing.

We shall use the following particular form of a maximal element theorem for
a family of multivalued maps due to Deguire et al. (Theorem 7 in [21]).

THEOREM 1. Let I be any index set. ∀ i∈ I , let Ki be a nonempty and convex
subset of a Hausdorff topological vector space Xi, and let Si
 K=∏

i∈I Ki⇒Ki

be a multivalued map. Assume that the following conditions hold:

(i) ∀ i∈ I and ∀ x∈K, Si�x
 is convex.
(ii) ∀ i∈ I and ∀ x∈K, xi�Si�x
, where xi is the ith component of x.
(iii) ∀ i∈ I and ∀ yi∈Ki, S

−1
i �yi
 is open in K.

(iv) There exist a nonempty and compact subset N of K and a nonempty, compact
and convex subset Bi of Ki ∀ i∈ I , such that ∀ x∈K\N ∃ i∈ I satisfying
Si�x
∩Bi �=∅.

Then ∃ x̄∈K such that Si�x̄
=∅ ∀ i∈ I .
Remark 4. If ∀ i∈ I , Ki is a nonempty, closed and convex subset of a locally

convex Hausdorff topological vector space Xi, then condition (iv) of Theorem 1
can be replaced by the following condition:

(iv)′ The multivalued map S
 K⇒K defined as S�x

 =∏
i∈I Si�x
 ∀ x∈K, is

�-condensing.

(See, Corollary 4 in [22]).
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4. Existence Results

Throughout the paper, unless otherwise specified, we assume that I is any index
set and ∀ i∈ I , Yi is a topological vector space, K=∏

i∈I Ki, Ci
 K⇒Yi is a
multivalued map such that ∀ x∈K, Ci�x
 is a proper, closed and convex cone
with int Ci�x
 �=∅ and Pi=

⋂
x∈KCi�x
. We also assume that ∀i∈ I , Ai
 K⇒Ki

is a multivalued map such that ∀ x∈K, Ai�x
 is nonempty and convex, A−1
i �yi


is open in K ∀ yi∈Ki and the set �i
 =�x∈K
 xi∈Ai�x
� is closed in K, where
xi is the ith component of x.

THEOREM 2. For each i∈ I , let Ki be a nonempty and convex subset of a
Hausdorff topological vector space Xi and fi
 K×Ki→Yi a bifunction. Assume
that the following conditions hold:

(i) ∀ i∈ I and ∀ x∈K, fi�x�xi
 �∈−intCi�x
, where xi is the ith component of
x.

(ii) ∀ i∈ I and ∀ x∈K, the vector-valued function yi �→fi�x�yi
 is natural
Pi-quasifunction.

(iii) ∀ i∈ I and ∀ yi∈Ki, the set �x∈K
 fi�x�yi
 �∈−intCi�x
� is closed in K.
(iv) There exist a nonempty and compact subset N of K and a nonempty, compact

and convex subset Bi of Ki ∀ i∈ I , such that ∀ x∈K\N ∃ i∈ I and ∃ ỹi∈Bi,
such that ỹi∈Ai�x
 and fi�x�ỹi
∈−intCi�x
.

Then (SVQEP) has a solution.
Proof. For each given i∈ I , we define a multivalued map Qi
 K⇒Ki by

Qi�x
=�yi∈Ki
 fi�x�yi
∈−intCi�x
�� ∀ x∈K�
Then ∀ i∈ I and ∀ x∈K, Qi�x
 is convex.
To prove it, let us fix arbitrary i∈ I and x∈K. Let yi1�yi2 ∈Qi�x
 and "∈ #0�1$,

then we have

fi�x�yij 
∈−intCi�x
� for j=1�2� (1)

Since fi�x�·
 is natural Pi-quasifunction, ∃ '∈ #0�1$ such that

fi�x�"yi1+�1−"
yi2
∈'fi�x�yi1
+�1−'
fi�x�yi2
−Pi� (2)

From (1) and (2), we get

fi�x�"yi1+�1−"
yi2
∈−intCi�x
−intCi�x
−Pi⊆−intCi�x
�

Hence "yi1+�1−"
yi2 ∈Qi�x
 and therefore Qi�x
 is convex. Since i∈ I and
x∈K are arbitrary, Qi�x
 is convex ∀ x∈K and ∀ i∈ I . By condition (iii), ∀ i∈ I
and ∀ yi∈Ki, the complement of Q−1

i �yi
 in K

#Q−1
i �yi
$

c=�x∈K 
fi�x�yi
�−intCi�x
�

is closed in K.
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∀ i∈ I and ∀ x∈K, we define another multivalued map Si
 K⇒Ki by

Si�x
=
{
Ai�x
∩Qi�x
� if x∈�i
Ai�x
� if x∈K\�i�

Then, it is clear that ∀ i∈ I and ∀ x∈K, Si�x
 is convex, and by condition (i),
xi �∈Si�x
. Since ∀ i∈ I and ∀ yi∈Ki,

S−1
i �yi
=�A−1

i �yi
∩Q−1
i �yi

∪��K\�i
∩A−1

i �yi



(see, for example, the proof of Lemma 2.3 in [9]), and A−1
i �yi
, Q

−1
i �yi
 and

K\�i are open in K, we have S−1
i �yi
 is open in K.

Condition (iv) of Theorem 1 is followed from condition (iv). Hence by
Theorem 1, ∃ x̄∈K such that Si�x̄
=∅ ∀ i∈ I . Since ∀ i∈ I and ∀ x∈K, Ai�x

is nonempty, we have Ai�x̄
∩Qi�x̄
=∅ ∀ i∈ I . Therefore, ∀ i∈ I ,

x̄i∈Ai�x̄
 and fi�x̄�yi
 �∈−int Ci�x̄
� ∀ yi∈Ai�x̄
�

Remark 5. (1) The condition (iii) of Theorem 2 is satisfied if the following
conditions hold ∀ i∈ I :
(a) The multivalued mapWi
 K⇒Yi defined byWi�x
=Yi\�−int Ci�x
� ∀ x∈K,

is closed in K×Ki.
(b) ∀ yi∈Ki, fi�·�yi

 K→Yi is continuous (in the usual sense) on K.

(2) If ∀ i∈ I and ∀ x∈K, Ci�x
=Ci, a (fixed) proper, closed and convex cone
in Yi, then conditions (ii) and (iii) of Theorem 3 can be replaced, respectively, by
the following conditions:

(c) ∀ i∈ I and ∀ x∈K, the vector-valued function yi �→fi�x�yi
 is
Ci-quasifunction.

(d) ∀ i∈ I and ∀ yi∈Ki the vector-valued function x �→fi�x�yi
 is Ci-upper
semicontinuous on K.

(3) Theorem 3 extends and generalizes Theorem 6 in [16], Theorem 2.1 in [13]
and Corollary 3.1 in [8] in several ways.
(4) If ∀ i∈ I , Ki is a nonempty, compact and convex subset of a Hausdorff

topological vector space Xi, then the conclusion of Theorem 3 holds without
condition (iv).

Now we establish an existence result for a solution to (SVQEP) involving
�-condensing maps.

THEOREM 3. For each i∈ I , let Ki be a nonempty, closed and convex subset
of a locally convex Hausdorff topological vector space Xi, fi
 K×Ki→Yi a
bifunction and let the multivalued map A=∏

i∈I Ai
 K⇒K defined as A�x
=∏
i∈I Ai�x
 ∀ x∈K, be �-condensing. Assume that the conditions (i), (ii) and

(iii) of Theorem 2 hold. Then (SVQEP) has a solution.
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Proof. In view of Remark 4, it is sufficient to show that the multivalued
map S
 K⇒K defined as S�x
=∏

i∈I Si�x
 ∀ x∈K, is �-condensing, where Si’s
are the same as defined in the proof of Theorem 2. By the definition of Si,
Si�x
⊆Ai�x
 ∀ i∈ I and ∀ x∈K and therefore S�x
⊆A�x
 ∀ x∈K. Since A is
�-condensing, by Remark 3, we have S is also �-condensing.
Let E and Z be Hausdorff topological vector spaces and - be the family

of bounded subsets of E whose union is total in E, that is, the linear hull of⋃
�U 
 U ∈-� is dense in E. Let � be a neighbourhood base of 0 in Z. When U

runs through - , V through �, the family

M�U�V 
=
{
.∈L�E�Z

⋃

x∈U
�.�x
⊆V

}
is a neighbourhood base of 0 in L�E�Z
 for a unique translation-invariant
topology, called the topology of uniform convergence on the sets U ∈- , or,
briefly, the --topology (see [23], pp. 79–80).
In order to derive existence results for a solution to (SVQVI) from Theorems

2 and 3, we need the following result of Ding and Tarafdar [24].

LEMMA 1. Let E and Z be Hausdorff topological vector spaces and L�E�Z
 be
the topological vector space under the --topology. Then, the bilinear mapping
����

 L�E�Z
×E→Z is continuous on L�E�Z
×E.
In addition to the assumptions on Ci
 K⇒Yi, in the following Corollaries 1

and 2, we further assume that Ci�x
 is pointed, ∀ i∈ I and ∀ x∈K. Then the
following results can be easily derived, respectively, from Theorems 2 and 3 by
setting

fi�x�yi
=�Ti�x
��i�yi�xi

�
COROLLARY 1. For each i∈ I , let Ki� Xi and Wi be the same as in Theorem 2
and Remark 5, respectively, and let L�Xi�Yi
 be equipped with the --topology.
∀ i∈ I , let �i
 Ki×Ki→Xi be continuous in the second variable such that
�i�xi�xi
=0 ∀ xi∈Ki, and let Ti
 K→L�Xi�Yi
 be continuous on K such that the
map yi �→�Ti�x
��i�yi�xi

 is natural Pi-quasifunction, ∀ x∈K. Assume that there
exist a nonempty and compact subset N of K and a nonempty, compact and con-
vex subset Bi of Ki ∀ i∈ I , such that ∀ x∈K\N ∃ i∈ I and ∃ ỹi∈Bi such that
ỹi∈Ai�x
 and �Ti�x
��i�ỹi�xi

∈−int Ci�x
. Then (SVQVLI) has a solution.

COROLLARY 2. For each i∈ I , let Ki� Xi and �i� Ti� Wi� L�Xi�Yi
 be the
same as in Theorem 3 and Corollary 1, respectively. Let the multivalued map
A=∏

i∈I Ai
 K⇒K defined as A�x
=∏
i∈I Ai�x
 ∀ x∈K, be�-condensing. Then

(SVQVLI) has a solution.

Remark 6. To the best of our knowledge, there is only one paper [25] appeared
in the literature on the scalar quasi-variational-like inequality problems involv-
ing �-condensing maps. Since the approach in this paper is different from the
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one adopted in [25], Corollary 2 is a new result in the literature, not only for
vector-valued case but also for scalar-valued case.

5. Applications

Let I=�1�2�����n� be a finite index set and ∀ i∈ I , let Xi be a normed space. Let
Z be a normed space. We recall the following definition.

DEFINITION 5 [26]. The function �
X=∏
i∈I Xi→Z is said to be partial

Gâteaux differentiable at x=�x1�����xj−1�xj�xj+1�����xn
∈X w. r. t. the jth
variable xj if,

�Dxj
��x
�hj
= lim

t→0

��x1�����xj−1�xj+thj�xj+1�����xn
−��x

t

exists�

∀ hj ∈Xj� Dxj
��x
∈L�Xj�Z
 is called partial Gâteaux derivative of � at x∈X

w.r.t. the jth variable xj .
� is called partial Gâteaux differentiable on X if, it is partial Gâteaux

differentiable at each point of K w.r.t. each variable.

DEFINITION 6 [27]. Let E be a normed space, Z a normed space with a closed
and convex cone P with apex at the origin, M a nonempty subset of E, �
 M×
M→E a function. A Gâteaux differentiable function �
 M→Z is said to be
P-invex w.r.t. � iff, ∀ x�y∈M ,

��y
−��x
−�Dx��x
���y�x

∈P�
where Dx��x
 denotes the Gâteaux derivative of � at x.

DEFINITION 7 [28]. A subset M of a vector space E is said to be invex w.r.t.
�
 M×M→E iff, ∀ x�y∈M and ∀ "∈ #0�1$, x+"��y�x
∈M�

DEFINITION 8 [27]. Let M be an invex set in a normed space E w.r.t. �
 M×
M→E. A vector-valued function �
 M→Z is said to be P-preinvex iff, ∀ x�y∈
M and ∀ "∈ #0�1$,

"��y
+�1−"
��x
−��x+"��y�x

∈P�

Remark 7. It can be easily seen that ifM is an invex set of E w.r.t. �
 M×M→
E and �
 M→Z is Gâteaux differentiable on M and P-preinvex, then � is
P-invex w.r.t. �. But the converse assertion is, in general, not true.

Now we establish the following sufficient condition for a solution to (Debreu
VEP) which will be useful in deriving some existence results for a solution to
(Debreu VEP) for nonconvex functions.
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PROPOSITION 1. Let I be a finite index set. ∀ i∈ I , let Xi and Yi be normed
spaces, Ki a nonempty, open and convex subset of Xi, Ai
 K⇒Ki nonempty
and convex-valued multivalued map, �i
 Ki×Ki→Xi, and �i
 K=∏

i∈I Ki→Yi
partial Gâteaux differentiable on K and Pi-invex w.r.t. �i in each argument. Then
every solution of (SVQVLI) with Ti�x
=Dxi

�i�x
 is also a solution of (Debreu
VEP).
Proof. Assume that x̄∈K is a solution of (SVQVLI) with Ti�x
=Dxi

�i�x
.
Then ∀ i∈ I ,

x̄i∈Ai�x̄
 
 �Dxi
�i�x̄
��i�yi�x̄i

�−int Ci�x̄
� ∀ yi∈Ai�x̄
� (3)

Since ∀ i∈ I , �i is Pi-invex w.r.t. �i in each argument, we have ∀ "∈ #0�1$,
�i�x̄

i�yi
−�i�x̄
−�Dxi
�i�x̄
��i�yi�x̄i

∈Pi⊆Ci�x̄
� (4)

Since a−b∈P and b�−intP⇒a�−intP, it follows from (3) and (4) that

x̄i∈Ai�x̄
 
 �i�x̄i�yi
−�i�x̄
�−int Ci�x̄
� ∀ yi∈Ai�x̄
�
Hence x̄∈K is a solution of (Debreu VEP).
The next result provides the equivalence between (SVQVLI) and (Debreu

VEP).

PROPOSITION 2. Let I be a finite index set. ∀ i∈ I , let Xi and Yi be normed
spaces, Ki⊆Xi nonempty, open and invex w.r.t. �i
 Ki×Ki→Xi, Ai
 K⇒Ki

nonempty and invex-valued multivalued map and �i
 K=∏
i∈I Ki→Yi partial

Gâteaux differentiable on K and Pi-preinvex in each argument. Then x̄∈K is a
solution of (SVQVLI) with Ti�x
=Dxi

�i�x
 iff it is a solution of (Debreu VEP).
Proof. Assume that x̄∈K is a solution of (SVQVLI). Then by Proposition 1,

x̄∈K is a solution of (Debreu VEP).
Conversely, let x̄∈K be a solution of (Debreu VEP). Then ∀ i∈ I ,
x̄i∈Ai�x̄
 
 �i�x̄i�yi
−�i�x̄
�−int Ci�x̄
� ∀ yi∈Ai�x̄
� (5)

Since x̄i�yi∈Ai�x̄
 and each Ai�x̄
 is invex, we have x̄i+"�i�yi�x̄i
∈Ai�x̄
∀
"∈ #0�1$. Therefore from (5), we get

�i�x̄
i�x̄i+"�i�yi�x̄i

−�i�x̄
∈Wi�x̄
=Yi\�−int Ci�x̄
��

Since, ∀ i∈ I , Wi�x̄
 is a closed cone, we have

lim
"→0

�i�x̄
i�x̄i+"�i�yi�x̄i

−�i�x̄


"
∈Wi�x̄
�

From the partial Gâteaux differentiability of each �i, we get, ∀ i∈ I
x̄i∈Ai�x̄
 
 �Dxi

�i�x̄
��i�yi�x̄i

�−int Ci�x̄
� ∀ yi∈Ai�x̄
�
Hence x̄∈K is a solution of (SVQVLI) with Ti�x̄
=Dxi

�i�x̄
 ∀ i∈ I .
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Remark 8. If ∀ i∈ I and ∀ x∈K, �i�yi�xi
=yi−xi, Ai�x
=Ki, Ci�x
=�+ and
Yi=�, then Proposition 2 reduces to Proposition 4 in ([29], pp. 269). Hence
Proposition 2 extends Proposition 4 in [29] in several ways.

By using Proposition 1 and Corollary 1, we can easily derive the following
existence result for a solution to (Debreu VEP).

THEOREM 4. Let I be a finite index set and ∀ i∈ I , let Xi and Yi be normed
spaces, Ki be a nonempty, open and convex subset of Xi and Wi be the same as in
Remark 5. ∀ i∈ I , let �i
 Ki×Ki→Xi be continuous in the second argument such
that �i�xi�xi
=0 ∀ xi∈Ki, and �i
 K→Yi partial Gâteaux differentiable on K
and Pi-invex in each variable such that the function yi �→�Dxi

�i�x
��i�yi�xi


is natural Pi-quasifunction, ∀ x∈K. Assume that there exist a nonempty and
compact subset N of K and a nonempty, compact and convex subset Bi of
Ki ∀ i∈ I , such that ∀ x∈K\N ∃ i∈ I and ∃ ỹi∈Bi, such that ỹi∈Ai�x
 and
�Dxi

�i�x
��i�ỹi�xi

∈−intCix. Then (Debreu VEP) has a solution.

If the index set I need not be finite and ∀ i∈ I , �i need not be partial Gâteaux
differentiable, then we can also easily derive the following existence results for
a solution to (Debreu VEP) from Theorems 2 and 3 by setting, ∀ i∈ I ,

fi�x�yi
=�i�xi�yi
−�i�x
�

THEOREM 5. For each i∈ I , let Ki� Xi and Wi be the same as in Theorem 2 and
Remark 5, respectively, and let �i
 K→Yi be a vector-valued function. Assume
that the following conditions hold:

(i) ∀ i∈ I , �i is natural Pi-quasifunction in the ith argument.
(ii) ∀ i∈ I , �i is continuous on K.
(iii) There exist a nonempty and compact subset N of K and a nonempty, compact

and convex subset Bi of Ki ∀ i∈ I , such that ∀ x∈K\N ∃ i∈ I and ∃ ỹi∈Bi,
such that ỹi∈Ai�x
 and �i�xi�ỹi
−�i�x
∈−int Ci�x
.

Then (Debreu EP) has a solution.

THEOREM 6. For each i∈ I , let Ki� Xi and Wi be the same as in Theorem 3 and
Theorem 5, respectively. Let the multivalued map A=∏

i∈I Ai
 K⇒K defined as
A�x
=∏

i∈I Ai�x
 ∀ x∈K, be �-condensing. Assume that the conditions (i) and
(ii) of Theorem 5 hold. Then (Debreu EP) has a solution.

Remark 9. (1) If ∀ i∈ I and ∀ x∈K, Ci�x
=Ci, a (fixed) proper, closed and
convex cone in Yi, then conditions (i) and (ii) in Theorem 5, and subsequently,
in Theorem 6 can be replaced, respectively, by the following conditions:

(i)′ ∀ i∈ I and ∀ x∈K, �i is Ci-quasifunction in the ith argument.
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(ii)′ ∀ i∈ I , �i is Ci-upper semicontinuous on K.

(2) Theorem 6 provides the existence of a solution to the Debreu type
equilibrium problem for vector-valued functions involving �-condensing map
and, consequently, for scalar-valued functions. Therefore, Theorem 6 is a new
result in the literature in this direction.
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