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In this paper, we introduce a more general form of variational-like inequalities for multivalued maps and prove
the existence of ats soluten in the setting of reflexive Banach spaces.
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l. INTRODUCTION

Let X be a reflexive Banach space with its dual X" and, K and C be nonemply subsets of X and
X respectively. Given two maps M KxC—=X" and n:KxK—X, and a multivalued map
T:K— EC, then we consider the following problem:

Problem 1 — Find xy€ K such that for each ye K, 3 uy € T(xy) such that

{ M(xg. ug), My, xg) ) + bixg, y) - blxg, x5) 2 0, wakld)

where b: Kx K — IR is not necessarily differentiable and satisfies some proper conditions, and
{- -} is the pairing between X and X,

If =0, then Problem 1 reduces to the problem of finding Xg € K such that for each
ye K, Juy e T(xy) such that

{ M(xg, ug), Ny, x5) ) 2 0. AL

This poblem is the weak formulation of generalized vanational-like inequality problem
(GVLIP), introduced by Parida and Sen’ in finite dimensional spaces. They have also shown the
relationship betwen (GVLIP) and convex mathematical programming. It has been further studied by
Yao™®  with applications in complementarity problems.

If we take M(r, u) = u and nix,y)=gh)-gx), Vx.ye K, where g: K— K then
Problem 1 is equivalent to find x; € K such that for each ye K, Ju, € Tix,) such that

{ g 80 = glxg) ) + blxg ¥) - b(xg, xg) 2 0. 3

Such problem was introduced and studied by Ding and Tarafdar' in the setting of locally
convex Hausdorff topological vector spaces.
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If M(x,u)=u and b(x, y) =h(y), Vxe K then Problem 1 becomes to the problem of finding
xo € K such that for each y e K, Ju, € T(xy) such that -

( ug, Ny, xp) ) + h(y) = hixp) 2 0. . (14)

It has been introduced and studied by Siddigi, Ansari and Ahmad®,

In this paper, we prove the existence of solution qf Problem 1, which is more general and
unifying one. We also derive the existence theorem for a special case of Problem 1.

We need the following concept and result for the proof of our main result. We denote

conv {A), vV Ac X, the convex hull of A.
Definition 1.1 — A map T:X—2% is called KKM-map, if for every finite subset

¥ n

[11,....1“] of X, conv {[xl. e e L) FE)

i=]
Lemma 1.1 {KKM-FANZ} — Let A be an arbitrary nonempty set in a topological vector
space E and T:A>2% be a KKM-map. If T(x) is closed for all xe A and is compact for at least

one x€ A then ™y Tix)=0.
IEA

3

2. EXISTENCE RESULTS

First, we give some definitions which are necessary for the proof of existence theorem for
Problem 1.

Definition 2.1 — Let X be a normed space with its dual X", C be a nonempty subset of
X" and K be a nonempty convex subset of X. Given two maps M:KxC— X" and
n:KxK—X, then a multivalued map T': K — 2% is called :

() mn-monotone with respect to M il for every pair of points xe K,ye K and for all
ue T{x),ve T(y) such that { M(x, u) - M(y, v), n(x, ) } 2 0; and

(i)  V-hemicontinuous with respect to M if Vx, ye K, @20 and u € T(x+ ay), there exists
ug € T(x) such that for any z€ K, (M(x, ug).z) = (M(x, up), 2) as a— 0",
Remark 2.1 : If M(x, u) = u and n(y,x)=y-x, ¥x,ye K then above definitions (1) and
(i) reduce to the definitions of monotonicity and V-hemicontinuity of T, respectively.
Now we prove the main result of this paper.
Theorem 1.1 — Assume that

1" K is a nonempty. closed bounded convex subset of a reflexive Banach space X;

2" C is a nonempty subset of X %

M:KxC— X" is continuous and affine in the first argument;

n:KxK—X is continuous and affine in both the argument such that 1(x, x)=0,
Ve K

3
4

§ AT B2 is n-monotone and V-hemicontinuous with respect to M such that T(x)
is compact, Vxe K;
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If M(x, u)=u and b(x,y) =h(y), ¥x € K then Problem 1 becomes to the problem of finding
x5 € K such that for each ye K, Jug € T(xg) such that -

g, N0 Xg) ) + h(y) - h(xg) 2 0. e (14)

It has been introduced and studied by Siddigi, Ansari and Ahmad®.

In this paper, we prove the existence of solution of Problem 1, which is more general and
unifying one. We also derive the existence theorem for a special case of Problem 1.

We need the following concept and result for the proof of our main result. We denote
conv (A), V Ac X, the convex hull of A.

Definition 1.1 — A map T:X—2" is called KKM-map, if for every finite subset

n

{xl,...,xn] of X, conv H.rl,....x"}} c U Tx).

i=1
Lemma 1.1 [KKM-FANE} — Let A be an arbitrary nonempty set in a topological vector
space E and T: A -2 be a KKM-map. If T{(x) is closed for all xe A and is compact for at least

one x€ A then ™y Tix)=0,
xE A

€

2. EXISTENCE RESULTS

First, we give some delinitions which are necessary for the proof of existence theorem for
Problem 1.

Definition 2.1 — Let X be a normed space with its dual X Clen noncmpty subset of
X" and K be a nonempty convex subset of X. Given two maps M:KxC— X" and
n:KxK—X, then a multivalued map T: K — 20 is called :

(1) m-monotone with respect to M if for every pair of points xe K, ye K and for all
ue T(x),ve T(¥) such that { M(x, ) - M(y, v), n(x,¥))20; and

(if) V-hemicontinuous with respect to M if Vx, yve K, a20 and uy € Tlx+ ay), there exists
ug € T(x) such that for any z € K (M(x, 1), 2) = (M(x, 1), 2} as a— 0",

Remark 2.1 : If M(x, u) = u and n{y,2x)=y-x, Vx,y€ K then above definitions (i) and

(i) reduce to the definitions of monotonicity and V-hemicontinuity of T, respectively.
Now we prove the main result of this paper.
Theorem 2.1 — Assume that

1” K is a nonempty, closed bounded convex subset of a reflexive Banach space X;

C is a nonempty subset of Xt;

M:KxC—X is continuous and affine in the first argument;

* n:KxK—X is continuous and affine in both the argument such that nx, x)=0,
Vxe K

2
3
4

L n-monotone and V-hemicontinuous with respect to M such that T{(x)
is compact, Vxe K;
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6 b:KxK— R is continuous and convex in the second argument;

7" the set (xe& K:3Jve T(y) such that {M(y,v), n(y, x)) + b(x, ) - b(x, x) 20, Vye K] is

convex.
Then there exists a solution of Problem 1.
PROOF : For each ye K, we define

* F\0) = {xe K: Jue T(x) such that  M(x, ), 7y, )) + b(x, y) - b(x, x) 2 0}.

I Then F, is a KKM-map. Indeed, let (x,....x,}) cK 20 Vi =1, 2, .., n with

n : n n
E ;=1 and x= E ax; € \J) F(x). Then for any ue T(x), we have
i=1] i=1 im]

(M(Z, ), n(x, %)) +b(%x,)-b(%5)<0, Vi=1,2 ., n

or Y e (M(Za)n(x, %))+ Y ab(xx)-KXLX) <O

i=l =1
Since n(-, ) is affine and b(-, ) is convex in the second argument, we have
n

(M| T ez P+dE Y ax [-653)

i= i=]

" n
< Y o (MG nxD+ Y ab(Xx)(XX)<O0.

i=1 i=|

This implies that { M(x, ), n{ii‘} +b(x,x)-b(x,x)<0. But, since n(x,x)=0, Vxe K,
we have

(M(%.3), (% %)) =0,
Therefore, we reach to a contradiction. Hence, F, is a KKM-map.
Define a multivalued map F, : K -2 as, for each ye K,
. -

Fy(») = (xe K:.:.ITI-I'E.TI:)"] such that { M(y, v), n(y, x) ) + b(x, y) - b(x, x) 2 0}.

Then Fi(y)c Fy(y), Vye K :
Let x€ F(y) then Jue€ T(x) such that

( M(x, ), N(y, x) ) + b(x, y) - b(x,x) 2 0.
For all ve T(y), we have

(M(y, v) = M(x, w), y, ) ) < (M, ¥), 10y, x) ) + blx, y) - blx, x).

e T —r——— e ——— e . — —— “ —r— - —— EE——r——
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Since T is 1-monotone with respect to M, we have
( Mb'- p]l rj{yr I:l } + b{x» }'] Lk b[.!. 1} =0.

So, x e Fy(y). Therefore, Fi(y) < Fy(y), Vye K and hence F,(y) is also a KKM-map.

= Fy(»), ¥Vye K is closed: Let [x,} be sequence in F,(y) such that x, — x; Then x € K.
Since x, € Fy(y) Vn, Jv, e<T(y) such that

(M(y, v,). n(y. x.) ) + blx,, ¥) = blx,, x,) 2 0.

Since T(y) is compact, without loss of generality, we assume that there exists Vo € Tly) such
that v —»v,. Since M(.,-), (-, -). b(-,-) and {-,-) are continuous, we have

{M{}’. VHL niy. x"} :' + 'b{x"- }'} = b{xﬂl xﬂ_} = { M{:}'. vﬂ}: iy, 10:' + bfr‘f{y .}'} = b{xu- xﬂl-

Therefore, (M(y, vy), N0y, xg) ) + blx,, ¥) = blxg, x5) 20. So, xpe Fy(y) and hence Fy(y) is
| closed. :
L‘*_'""_—FB_y assumption 7°, Fo(y) is convex, Now we equip X with weak topology. Then K, as a
closed convex subset in the reflexive Banach space X, is weakly compact. Since Fy(y) is a closed
convex subset of a reflexive Banach space then F,(y) is weakly closed. Fy(y)c K and weak
closedness of F,(y), we have F,(y) is weakly compact. Then by Lemma 1.1, we have

N Fp)=0.
ye K

Letxe F,(y). Then for any ye K, 3v,€ T(y) such that
YE

(M, v ) Ny, x) ) + b(x, y) = bix, x) 2 0.
By convexity of K, for any ae (0, 1) there exists v € Tlay + (1 — a)x) such that
(M(ay + (1 - a)x, v), n(ay + (1 - @)x, x) ) + b(x, ay + (1 - a)x) - b(x, x) 2 0.

Since M(:,:) and 7n(, ) are affine in the first argument and b(, ') is convex in the second
argument, we have

& (M(y, v, 10, 3)) + o1 = @) { My, o). (. %) ) + a1 — @) ( M(x, v), M)y, ) )
+ (1= ) (M(x, v), n(x, x) ) + @b(x, y) + (1 = @) b(x, x) — bx, x) 20
Since 7{x,x)=0, ¥Vre K, we have

& (M(y, vg), N0 X)) + a1 = @) { M(x, v,), 10y, X)) + Gb(x, y) - Gb(x, x) 2 0,
Dividing by a, we get
a My, v, 0% 2) ) + (1 = @) ( M(x, v,), N0y x) ) + b(x, ) = b(x, x) 2 0.

e e e e e e r e e e e e S CArhe S N S e T
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Taking @ — 0" and by V-hemicontinuity of Twith respect to M, there exists vy € T{x) such

“that

( M(xg. ug), M0, Xg) ) + bxg, ¥) = blxg, x,) 2 0.

Theorem 2.2 — Assume that

1" K is a nonempty closed bounded convex subset of a reflexive Banach space X,

C is a nonempty subset of X T

-

2
]
3 M:KxC=X is continuous and affine in the first argument; 2
™
4

N:KxK—=X is continuous and affine in both the argument such thar __:I']II[J:-...Z} =0
Ve K

=S i n-monotone and V-hemicontinuous with respect to M such that Ti(x) is
compact, Vxe K;

6 h:K— IR is convex and lower semicontinuous proper functional.

Then there exist Xg € K such that for each ye K, S'uufz 'H’x[]] such that
{M{-ru- “g}n niy, xg} )+ hiy) - h(-r{]] 2 0.

PROOF : Take bix, ¥) = h(y), Vxe€ K in Theorem 2.1, then the proof follows by the proof
of Theorem 2.1, if we prove that the set

A= {xe K : Jve T(y) such that (M(y, v), n(y, x) ) + h(¥) - h(x) 2 0, ¥ ye K}

is convex.
Indeed, let x|, x,€ A, @ §20 such that @+ f=1. Then for all ye K, Ive T(y) such that

{M{_}F.V}', ??{J’ull}}““hb“}—h[ﬁ}Eﬂ . . {E”‘

(M(y, v), 10y, x5) ) + h(y) = h(xy) 2 0. g (22)
Multiplying (2.1) and (2.2) ..by a and f, respectively and then adding, we gr:-r.:-i

T a (M, v), 0, x) )+ BUMG, v, N0, X))+ ah(y) + Bh(y) - ah(x,) - h(x,) 20,

Sincs (<) is affine and b is. convex, we hate
{ M(y, v), N0y, @x; + fixy) ) + h(y) = h(ax; — fr,) 2 0.

This implies that ox, + fix, € A and hence A is convex.

Corollary 2.1 — Assume that

1 K is a nonempty closed bounded convex subset of a reflexive Banach space X;

2 Cis a nonempty subset of X"

T T R T T TR T T i e T T I B e R S T
A ¥ 32 ST -
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3" M:KxC— X" is continuous and affine in the first argument;

4" 7M:KxK—X is continuous and affine in both the argument such that nix, x)=0,
Vxe K;

L -2 is n-monotone and V-hemicontinuous with respect to M such that T(x) is
compact, ¥ xe K.

Then there exist x; € K such that for each y & K, Fuye Tlxg) such that

{ M(xg, ug), N0, X Y+ 20.
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