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1. (a) Show that if a varies, then the polar equation r = asec (..=2 < < ..=2) describes a
family of lines perpendicular to the polar axis. (3 marks)

(b) Identify the polar curve r =sec tan by transforming it to rectangular coordinates.

(2 marks)
Solution: (a)
1
r=asec , r=a—— , a=rcos , X=a
cos
which represents the family of lines perpendicular to the polar axis (x-axis).
Solution: (b)
1 sin 2 :
r=sec tan =——¢—— , rcos® =sin
COS  COS
or r’cos> =rsin , X?=ysincex =rcos andy = rsin . y = Xx? represents the
parabola.
2. Sketch the polar curve r = §5+5sin  and find its arc length. (5 marks)
OR

Sketch the polar curve r = sin2 and flnd the polar equations of the tangent lines to this
polar curve at the pole. (5 marks)

Solution: Since & = 5cos
Z,p
Arc length = (i5+5sin )2+ (5cos )2d
2 b
= 50(1 § sin )d
0
zZ, P
— P 1+
= I:)50 (1 j§sin) ﬂ
Zo (1+sin )
R— 2“' —_—
= Pyp TS 4 =oPs
0 (1 +sin )

by using the substitution method.

Solution of OR PART: r =sin2 =0when =0;..=2. This implies that the curve passes
through the origin at = 0;.=2. §* = 2cos2 and j —o, -, & 0, we have that = 0 and
= ..=2 are the tangent lines to the curve at pole.
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3. Sketch the polar curves r = 1+ cos and r = 3cos and flnd the area of the region inside

both the curves. (5 marks)
Solution: To find the points of intersection, we take 1 +cos = 3cos which implies that
cos =1=2andso =3;i3.
1 Z .= 1 Z .=
Area = 2£§ (1+cos )d +2£§ (3cos )?d
— 0 1 .=3
"3 3. o3
= 2 — —_—t ] —
4 16 8 16
_ 5.
4

(Use cos? = 12y

4. A sphere S has center in the flrst octant and is tepgent to each of the three coordinate planes.
The distance from the origin to the sphereis 3 § = 3 units. What is the equation of the sphere?

(5 marks)

Solution: Let P (Xo; Yo; Zo) and r denote the center and radius of S, respectively. In order
for S to be tangent to the xy-plane, the distance jzoj from P (Xo;Yo;Zo) to the xy-plane
must equal r. Since P (Xo;Yo;Zo) is in the flrst octant, we conclude that zo = jzoj = .
Similarly, Xo = yo =& and the centerrgf S is R{r;r;r). The distance from the origin to the
centg of Spls B1en rZ+r2+r2 =" 3r2 = 3r, fromywhich it foIBws that the distance

3(C 3i 1)pfro the origin to S is given by F;’;r ir=( 3iDr. Solving the
equatlon (3ibr=" 3 3 i 1) yields the solution r =" 3. Therefore, the equation of the

h
sphere is + p§'2 + p§'2 + pg_z
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5. Use vectors to find the lengths of the diagonals of parallelogram that has * + f and f i Zf
as adjacent sides. (5 marks)
Solution: The diagonals are th = h1;1i +h1; j 2i = h2; jdi and & = h1; 1i j h1; j 2i = ho; 3i.
Therefore, the magnitude of these diagonals are kalk = 5and kk = 3.

6. Find two unit vectors in 2-space that make an angle of 45~ with 4¥ + 3f : (5 marks)

Solution: By inspection, 3? i 4f is orthogonal to and has the same length as 4¥ + 3f SO
7 = h3; j4i+h4;31 =h7; j1i and sz = jh3; i41+i14;31 = hl;_7i make an angle of 45~ with
h4; 31. The unit vectors in the direction of Lﬂ and lfz are §h—?9;%'

3 -4 3 —4j

ar+37| 0
3 —4j

7. Eind two unit vectors that are parallel to the yz-plane and orthogonal to the vector 3* i
j" +2K. (5 marks)

OR

Using a scalar triple product to determine whether the vectors E =h4; §8;1i, G =h2;1; j2i
and W = h3; j4,;12i lie in the same plane. (5 marks)

So|utioF: A yector parallel to the yz-plar*e must ?e perpendicular to g . Therefore f £
@1 i i f

+ 2K ) is perpendicular to both T and 3T j J +2K.

Feeli § b= i g 5 =2l i k.

3 11 2
iteat i b 2ki=iii2f i ki="s
The unit vectors are §2—pr%—£.
Solution of OR PART:

4 8 1
2 1 §2}1=4(12;8)+8(24+6)j1(i8i3)=16+240; 11&0:
3 j4 12

So the vectors ﬁ = h4; j8; 11, v = h2;1; j 2i and & = h3; §4; 121 do not lie in the same
plane.
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8. Show that the following lines are skew. (5 marks)
Ly, : x=2+8t y=6ij8t z=10t
L, : x=3+8t y=533t z=6+1

Solution: The vectors \’1 = h8; §8;101 and \’2 = h8; j 3; li are parallel to the lines L; and L,
respectively. Since \f’l and \fz are not scalar multiple of each other, \f’l and ¥, are not parallel
an so lines L; and L, are not parallel.

Let us re-write L; and L, as follows:
Ly @ x=2+8t y=6j8 z=10t

L, : X=3+8s; y=5j3s; z=6+s:

They are intersecting if there exist values of s and t such that

2+8t=3+8s (@)
6j8t=5j3s (2
10t=6+s ?3)

From (1) and (2), we obtain s = 0 and t = 1=8 but these values of s and t does not satisfy
(3). Hence L; and L, are not intersecting. Thus L; and L, are skew.



