| 6.2 Solutions About Singular Points ||

Obijectives:

o Define regular and irregular singular points
e The solution of ODEs which have singular points.
e To study the Frobenius method to find a series solutions of a

second order ODE about regular singular points

Reqular and Irregular Sinqular Points:

= Given|y"+P(X)y' +Q(x)y =0 (*)
= Given asingular point x,. (Recall, a point X ,is called a singular point of

ODE (*) if at least one of the functions P (X )and Q (X ) is not analytic at

X4.)

LI X, is regular singular pointgi
(x =X, ) P(x) Bl (x—xo)ZQ(x)

LI X, is irregular singular pointgyelalRelelelisRel islRiVgleiiTe]pls
(X=X, ) POx) EER (% — xo)2 Q(x)




Is x =1a regular singular point of
(X=D2y"+2x(x =Dy +3(x+1)y=07?

e Writing as y,,+2x(x—1) y Sx+1)

+
(x-1)° (x-1)°
3(x+1)
(x-1)°

y =0, we see that

. P(x):% and Q(x) =

e Hence (x—1)P(x)=2x is analyticat x=1 ; ;
[ Hence x =1is regular singular }

e and (x-1)*Q(x) =3(x+1) is analytic at x =1

Is x =0a regular singular point of x°y” +2(x-1)y'+xy=0?

e Writing as y"+ 2(x2—1) y' +£y =0, we see that
X X

2(x 2_1) and Q(x) 1
X X

2(x-1)
X

o P(x)=

e Since xP(x) =

Is not analytic at x =0, it is not a regular singular

point.

Question 2/257: Determine singular points and classify as regular or

irregular singular points of the ODE x (x +3)°y" -y =0.

Question 7/257: Determine singular points and classify as regular or

irregular singular points of the ODE

(X>+Xx =6)y"+(x +3)y'+(x —=2)y =0.



Frobenius Theorem:

o Given[y"+P(x)y'+Q(x)y=0 (*)

o If x=1x, is a [(eEIE]Ils[VEI@ele]lali then
o we EUIEWYEVYARIlRat |leastelglRe O VEIgREI (el ¥ jife]y of the

form

C in an interval S Here r is a number to
onverges in an interva _ Gl Here r is a number to

| y=2 Co(X=%)""]
around the point x = x, 7 = be determined

See Frobenius’ method

below to see how to

find r /

Our strategy
e We have a guarantee of at least one

solution.

CIRTEAWill find one solution by Frobenius

method and then use this solution to
find the other solution using reduction
of order [(EHUAIEWS




Preparation for Frobenius’ method

Practice of reduction of order

e We see from above that we would need to use reduction of order to find

the second solution.

First we do practice of
using reduction of order to find second solution using a

given series solution of a second order linear equation

Some tricks to handle series will be needed.

/ Recall Reduction of Order \

e Given|Y"+P(X)y'+Q(x)y=0

e Givena/solution y,(x)

e Thena y,(x) is given by




Method of Frobenius to find series solution
near a regular singularpoint

SREN Y + P(X)Y +Q(x)y =0 (*)

Choose the regular singular point to center the series solution.

n+r

ofeliN[e[T@iglRsOlution of the form y = ch (X —X,)

Take necessary derivatives and [JUHiK)

SIS EIESRwrite the equation as one series

Compare coefficients of smallest power of x.

0 an equation (of degree <2) in r called

equationMlFind roots of indicial equation and take ras the

largest rooth

Compare other coefficients and use the value of r to get the

relation
Use recurrence relation to [jlslekcU loR].

These give one solution.

[ ipleRel gl [WliLely by reduction of order.




Roots of Indicial Equation and Solutions of the ODE

with Regular Singular Point at x =0

e Distinct Roots of indicial Equation 71, 7) such that 71 — 77 is not +ve integer

e Solutions are:

0
V= chanl ,co %0,
n=0

00
Yy = anxnﬂg ,bo #0,
n=0
e Distinct Roots of indicial Equation 71, 79 such that 71 — 79 is +ve integer

e Solutions are:

o0
V] = chxnﬂl ,Co %0,
n=0

o0
y2 =cy1(x)lnx+ anxnﬂz ,by %0,

n=0
e Equal Roots of indicial Equation 7], 71
e Solutions are:

0.0]
V= chxn—wl ,Co %0,
n=0

o0
y2 =y1(x)Inx+ ananl
n=1




Exercise 6.2

Q1  Determine singular points of the ODE X3 y"+4x2 y+3y=0

e Stepl: Re-write ODE

" 4 ' 3
y'+—y'+—y=0
X 3

e Step2 Identify Singular points

Xy =0 is a singular point of ODE

e Step3 Classification of Singular point
. Xo =0
| X, =0 is a an irregular
(x)|:—} =1 Analytic at 0 singular point of the
X ODE. Hence series

solution of Frobenius type
does not exist.

(x2 )|:i3} = 1 Not Analytic at 0
X
X

Q2 Determine singular points of the ODE x(x + 3)2 y'-y=0

e Stepl: Re-write ODE
% "_ 3 y =
x(x +3)2
e Step2 Identify Singular points

Xp =0 and x, = —3 are singularities of ODE

e Step3 Classification of Singular point
e (A) x,=0

x, =018 a regular
singular point of the
ODE. Hence series
solution of Frobenius
type exists.

(x2) ! 5 |= al 5 Analytig
x(x+3) (x+3)
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e(B) x,=-3 x, =-3is a regular
singular point of the
ODE. Hence series
solution of Frobenius
()c+3)2 L =l Analytic Ype exists.
Xx+3)2 | *

Q7  Determine singular points of the ODE (x2 +x-6)y'"+(x+3)y'+(x-2)y =0

e Stepl:

e Step2

e Step3

Re-write ODE

(x+3) N (x—-2) y=oor

yVV+
(x2+x-6) (x2+x-6)

1 1

'

-2 (x13)

"

y +

Identify Singular points

Xy =2 and x, =—3are singularities of ODE

Classification of Singular point

°*(A) xp=2
Xp = 21is a regular
1 . singular point of the
(x-2) =1, Analytic ODE. Hence series
(x+2) : )
solution of Frobenius

type exists.

o 1] (=27 .
(x—2) {(X N 3)} = (1 3) , Analytic
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eB) x,=-3
x=-3is a regular
1 x+3 singular point of the
(x+ 3)|: } = , Analytic ODE. Hence series
(x+2) r solution of Frobenius
\ type exists.
(x+3)2{ }z x+3, Analytic
(x+3)

Q13 x=0is a regular singularity of the ODE x2y”+(§x 42 )y'_;y — (0 . With out

solving discuss the number of series solutions we expect using Frobenius method.

e Stepl Substitute in the ODE

o0
.« y= chxn+r
n=0

o0
.« )= ch(n+r)xn+r_l
n=0

00
o )''= ch (n+ry(n+r- l)xnw_2
n=0
e Step2 The ODE becomes

00 o0 00 o0
Z cn(n+r)(n+r—1)xn T +§ ch(n +r)xn+r + ch(n+r)xn H7 —% chxn+r=0
n=0 n=0 n=0 n=0
Step3 Indicial Equation (Expand above in lowest power of x i.e. x=0) is:
(r)(r—l)+§r—1 =0
3 3
Step4 Difference of Roots
Roots are neither integers and nor differ by integer. Two solutions may be

found using Frobenius method.
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Q15 x=0 is a regular singularity of the ODE2xy''—'+2y = 0. Show that the

indicial roots of the singularity do not differ by an integer. Use Frobenius
method to find two linearly independent series solutions about x=0.

Solution

e Stepl Substitute Series solution in the ODE

o0
.« y= chxn+r
n=0

o0
o yv: ch(n_l_r)xn'i‘l"—l
n=0

o0
o )''= ch (n+r)(n+r —l)xn—i_r_2
n=0
e Step2 Substitute above in the ODE to get

0 0 0
x| 2 Z cn(n+r)(n+r—l)xn_1 — Z cn(n—i-r)xn_1 +2 Z cpX' =0 (1)

n=0 n=0 n=0
e Step3 Indicial Equation

[ o0 o8]

2c0r(r—1)x_1 +2 Z cp(n+r)(n+ r—l)xn_1 —corx_1 - Z cp(n+r)x"”
r n=1 n=1

x
o0
+2 Z cpx”
L n=0

X 2c r(r=1)—c r]=0= 212

-3r=0=r=0, r=3/2

Step4 Recurrence Relation
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0 0 0
x" 22 cn(n+r)(n—|—r—1)xn_1 — Z cn(n—i-r)x’/l_1 +2 Z cpx' =0
n=1 n=1 n=0

giving

00 00 00
x"2 Z ck+1(k+r+1)(k+r)xk - z ck+1(k+r+l)xk +2 Z ckxk =0
k=0 k=0 k=0

giving

-2c
k 0,1,2,...

c = k=0,
= Dk +2r—1)

StepS Substitute 7 =3/2 above to get Recurrence Relation as
—2cy —2¢;-1

orCyy =7—~— withk+1=m=12,---
(2k+5)(2k+2) (2m+3)m

Ck+1~=

In question like this we can begin also by reducing the last term in (a) to
summation over k-1 instead of changing summation from k-1 to k.

¢ Working out Constants

— 2o _"%. k=1=cp =_—01=C—Oetc

"R S 470

k=0=¢

Step6 Substitute 7 =0 above to get Recurrence Relation as:
—2c};

o

(k+1)(2k—1)

¢ Working out Constants

k=0=c] =_200

=2¢cy; k=1=cp =—c] =—2cyetc

Step7 General Solution
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y=cgp +2cox—2cox2 +---+x3/2(co _f0 02 +-4)

5770
= C(1+2x—2x2 +---)+x3/2E(l—%x+7i0x2 —)
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