King Fahd University of Petroleum & Minerals
Department of Mathematics & Statistics
Math 301 Final Exam
The First Semester of 2010-2011 (101)
Time Allowed: 150 Minutes

e Mobiles and calculators are not allowed in this exam.

e Write all steps clear.

Q:1 (a) (5 points) Find Laplace transform £{f(¢)} where

0 if 0<t<1
f(t):{ 2 it t>1

—2s
(b) (5 points) Find inverse Laplace transform £~! {ﬁ} .
s2(s —
Sol: (a) We can write f(t) as f(t) = t?U(t — 1) and

2 2 1
L{f®)} = L{rPUt — D} = e L{(t+1)*} = e L{7 + 2+ 1} = (; +3+ g)
) . 1 A B C -1 -1 1
(b) Partial fractions of —32(5 ) St St + = + —

e 2 -1 -1 1
‘Cfl — ‘Cfl —2s | __ — _ -
) L G G R
=(-1—-(t—-2)+e"HUlt-2)
ri+yj+ zk
2?2+ y? + 22
spheres 2 +y%+2% = 9 and 2°4y°+2* = 4. Use divergence theorem to evaluate [/, (ﬁ . ﬁ) ds.

Q:2 (12 points) Let F (x,y,2) = and D is the region bounded by the concentric

xi n yi . zi
l’2+y2+22 $2+y2—|—22 l’2+y2+22

Sol: F (z,y,2) =

divF x2+y2+22—2x2+x2+y2+22—2y2+x2+y2+z2—222 1 1
v — — e —
(22 + y? + 22)2 (22 + 2 + 22)2 (22 + 2 + 22)2 2y 422 P2

[y (ﬁ : n) dS = [[[, divFdV = [ [ [} Jp*sin(¢) dp dg d6 = [[7d6 [)sin(¢)de [, dp

=27(1+1)(3—2) =4r.
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Q:3 ( 16 points) Use separation of variables method to find the nontrivial solution of the heat
equation

’u  Ou
—_— = 1. ¢
S =g 0<r<l t>0

subject to the boundary and initial conditions

uw(0,t) = 0, u(l,t)=0, t>0
u(z,0) = 10, 0<z< 1.

Sol: Let u(z,t) = X(x)T(t), then

0? ) X"
8—12‘ - a—? — X'T=XT' = =2 =-XA = X'+ \X =0and T'+ AT =0
s

u(0,t) = 0, = X(0)=0andu(l,t)=0 = X(1)=0

For A = % X” + AX = 0 has solution X (z) = ¢; cos(az) + ¢ sin(az).
Using X (0) = 0 we get ¢; = 0 and using X (1) = 0 we get ¢y sin(a) = 0. For nontrivial
solution ¢y # 0 and sin(a) =0 = a =nm, n=1,2,3,.... The solution is

X(x) = cosin(nmz), n=1,2,3,....

For A = o? = n?7%, T" 4+ o*T = 0 has solution T(t) = cse™™ ™",

The general solution is u(x,t) = Y00, A, sin(nzz)e ™",
u(z,0) =10 = 10 = >, A, sin(nmz) which is a half range Fourier sine series.
A, =2 [110sin(nrz)de = “2((-1)" —1) = 2(1 - (~1)")

So u(x,t) =72 2(1— (-1)") Sin(nﬂ'x)e*”%zt

=1 nmr

Q:4 (20 points) Use separation of variables method to find the nontrivial solution of the wave
equation

Pu  10u  0*u

— 4+ -———=—==,0<r<2,t>0
or? * ror  Ot?’ e

subject to the boundary conditions

w(2,t) = 0, t>0
ou

u(r,0) = 1, e

=0, O0<r<2
t=0

solution is bounded at » = 0.
0’y 10u _ 0%u

1
SOI: Let U(T, t) = R(T)T(t), then W + ;E = ﬁ — R//T + ;R/T = RT//
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R'+LiR 7
Dividing by RT, we get TT =7 = A= rRI+R+XMR=0and T"4+ X' =0

The equation 7R"” + R’ + ArR = 0 is a parametric Bessel equation with parameter A\ = a?.
Its general solution is given as R(r) = ¢;Jo(ar) + Yo(ar)

Since Yy(ar) — —oo as r — 07, therefore we choose ca = 0 to keep the solution bounded.

The boundary condition u(2,t) =0 = R(2) =0 and R(2) =0 = ¢ Jy(2a) = 0. For
nontrivial solution we let ¢; # 0 and therefore Jy(2a) = 0.

Let x,, = 2a, be the positive roots of Jy(2a) =0, n =1,2,3,.... Then R,(r) = c1Jo(ayr)
are the solution for n =1,2,3,....

For A\, = o2, the solutions of 7" + AT = 0 are T,(t) = c3 cos(ayt) + ¢4 sin(a,t)
The general solution of the original problem is

u(r,t) =32 [An cos(ayt) + By sin(ant)] Jo(ou,r)

and ug(r,t) = > ) [~ Anay, cos(ant) + Broy, sin(ant)] Jo(ay,r)

u(r,0) =0 = B, =0and u(r,0) =1 = 1=>7 A,Jo(x,2), which is a Fourier-
Bessel series, where

2

B 1 1 o4, d 1
473 (2a,)

Chn)] = ———dt

A, e
2J%(2ar,) 02 ) dt anJi(2a0,)

f02 rJo(ap,r)dr

So u(r t) = 325, ~25(nt)

i 2a,) )
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Q:5 (20 points) Find the steady-state temperature u(r,#) in a sphere of radius 2 by solving

the problem
0*u  20u 1 0%u cotfou

a “ror e T % o0
subject to the boundary condition
u(2,0) = 14cos(f), 0<6<m.

Sol: Let u(r,0) = R(r)©(0), then

=0, 0<r<2 0<0<m,

Pu  20u  10%u cotfou cot(@)

m—i-rar—i-ﬁﬁ—i- 2 80_0 R//@-i- R/@—|— @”R-i- —20'=0

PR’ 4+ 2rR —0" — cot(0)e/

= =\
R G

Dividing by RO, we get

The equation ©” + cot(0)0 + A0 =0 = sin(#)0” + cos(0)O’ + Asin(0)O = 0.

2
Letting « = cos(f), 0 < 6 < 7, we get (1—x)g—(?—2 g—@—i-)\@—().
T T

This is a Legendre equation with A=n(n+1),n=0,1,2,....
Its solutions are given by O(6) = P,(cos(6)).

The other equation r*R” + 2rR’ — AR = 0 is a Cauch-Euler equation. For A = n(n + 1),
the auxiliary equation is m(m — 1) +2m —n(n+1) =0 = m =n,—(n + 1). The solutions

R(r) = cir™ + cor™ ) = ¢pp? 4 —— (n+1) — 00 as r — 0, therefore we choose ¢y = 0.

The general solution is u(r,0) = > .=y A,r™ P, (cos()).

u(2,0) = 1+ cos(f) = 1+cos(0) = > ooy An2"P,(cos(d)), a Fourier-Legendre series,
where

2n+1 '
An = Tontl Jo (1 + cos(8)) Po(cos(6)) sin(6)db

o Pa(cos(0)) sin(0)dd + ——=— [, cos(0) P, (cos(6)) sin(6)d6

on+1 gn+1
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The first integral is equal to zero for all n # 0 and the second integral is zero for all n # 1.

Ag = %foﬂ Py(cos(0)) sin(0)do = %foﬂ sin(0)df = 1

3 ™ . 3 s . 1
Al = 1 Jy cos(0)Pi(cos(f)) sin(0)db = 1 Jy cos*(6)sin(6)dd = 3
1 1
u(r,0) = 1Py(cos(f)) + érpl(cos(e)) =1+ 3" cos(6)
Q:6 (15 points) Use Laplace transform to solve the problem
OPu  O*u
— == L, t
92 52 O<zxz<L,t>0
subject to the boundary and initial conditions
w(0,t) = 0, wu(L,t)=0, t>0
0
u(x,0) = QSin(%), a—:: . =0, 0<z<L.
Sol: Laplace transform of the given equation is
d2U 2 2 s (TT
proiak U — su(x,0) — uy(r,0) = s°U — 2ssin(7F)
d*U
pri s*U = —2ssin(T2)
— U.(z,s) = ¢ cosh(sz) + ¢z sinh(sz).
1" 7TQ 7'('2
For Uy, let U, = Asin(%") + B cos(%), then U, = _Aﬁ sin(%F) — Bﬁ cos(7F)
2 2
— AL— sin(%F) — Bﬁ cos(%E) — As®sin(%E) — Bs® cos(TE) = —2ssin(TE)
2s . .
— A= = and B =0. So U(z,s) = ¢y cosh(sz) + ¢y sinh(sz) + - sin(%F)
TR ST IR

u(0,t) =0 = U(0,s) =0 and u(L,t) =0 = U(L,s) =0

U(0,s) =0 = ¢ =0and U(L,s) =0 = cysinh(sL) = 0. Since sinh(sL) = 0 only for
sL = 0. Since sL # 0, therefore ¢, = 0.
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2
Ur,s) = ——— sin(%2) = u(x,t) = 2cos(Zt) sin(Zx)
s+ T3

Q:7 (15 points) Use appropriate Fourier transform to solve the problem

0? 0
8—1;:8—::7 I>07t>0
X

subject to the conditions

u(0,t) = 5,t>0

u(z,0) = 0, x>0.
Sol: Fourier transform of given equation is
daUu au
—a?U(a, t 0,t) = — = — +a?U =Ha.
QU 1) +au(0,1) = - = -+ = 5a
5
UC:cle_"‘Qt. Let U, = A, then U;:Oand0+042A:504 = A=
o
a2, D
So Ula,t) = cre™®t + —
Q@
5 5
wz,0)=0 = U(,0) =0 = 0=¢1+— = ¢ = ——
o «

Ula,t) = [1 — 6_0‘2’5] = u(z,t) =2 [72 [1 — e“’ﬂ sin(ar)do

0

Q|
N



