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Q:1 (12 points) Write out the first four nonzero terms in the Fourier-Legendre expansion of

0, -1<z<0
f(x)_{x, 0<z<1’

1
Sol: The first 5 Legendre polynomials are Py (z) =1, P () =z, P, (z) = 3 (322 —1),P;(x) =

1 1
— (5a® — 3x), Py (v) = S (35z* — 3022 + 3)

2
1
2n+1
The Fourier-Legendre expansion of f (z) is f (x Z A, P, (x),where A, = 5 / f(z) P, (z)dz
“1
1 1 ; 1 ; 1 .
1 1 1
Ay = §/f(x)Pg(x)dx: §/xdx: T A= §/f(x)P1(x)dx: §/x2dx— 5
~1 0 -1 0
1 1 1 1
5 5 , 5 7 7 ,
AQIE f(a:)Pg(x)dx—Z x (3z —1)dx:E,A3:— f(:zc)]%,(yz:)ala:—Z—l x (bz® — 3z
1 0 -1 0
0
1 1
Ay = ?/f(:c)P () dw = 2/36(35564—30362—1-3)6156— _3
172 ! 16 )
-1 0
1 1 5) 3
fl@) =P (@) + 5P (2) + o Pa (@) — o Pae).
Q:2 (15 points) Find the nontrivial solution of the wave equation

’u 1 9%u
—=—— 0O<axz<l1l t>0
0r?2 a2 ot?’ v ’

subject to the boundary and initial conditions

w(0,t) = 0, u(l,t)=0, t>0

T . ou B
u(z,0) = 58111(37‘(‘:13), EtZO—O, 0<z<l.
Sol: Let u (z,t) = X () T'(t), th O X" (x) T (t) d@ X (z)T" (¢)
ol: Let u(z,t) = X (x , then = = and - =
Pu 1 0% " 1 . X"x) T"(t)
—— =X (x)T(t)—;X(x)T (t) = X () T 1) = -

oz a o
= X" (z) + XX (x) =0 and T” (t) + a®*\T (t) = 0



Let A =a% a > 0. Then X" (z) + AX (z) =0 = X (z) = ¢; cos(ax) + ¢y sin (ax)
uw(0,t) =0 = =0and u(1,t) =0 = csin(a) =0 = a=nnm and cg #0
X, () = e sin (nmx) .

Now T" (t)4+a*X\T (t) = 0 = T (t) = c3 cos (anwt)+cy sin (anwt) and T" (t) = —czan sin (anwt)+
can cos (anmt)

ou

— =0=T7T0)=0=c¢,=0
ot|,_, (0) “

u(x,t) = Z Ay, sin (nmx) cos (annt)

n=1
u(z,0) = gsin (3mx) = — sm (3mx) ZA sin (nmx)

1

2
= A, = I/gsm (3mx)sin (nwx) = 0 for n # 3 because {sin (nmz)} ~ are orthogonal

0
functions.
1
1
Forn=3A4,=~ / sin (37z) sin (37z) = o
0
u(x,t) = gsin (3mx) cos (3art) .

Q:3 (15 points) Solve the boundary value proble

? 82u+18u Ou < <c, t>0
a’ | — = r<c
or2  ror o2’ ’

subject to the boundary conditions

u(e,t) = 0,t>0

0
U(T,O) = Oa_u =1, 0O<r<ec
ot 0
solution is bounded at » = 0.
2 2
Sol: Let u(r,t) = R(r)T(t), then % = R'(r)T(t), g—ﬁ = R'(r)T(t), and % -

R (r)T" (1)

Pu 10u 1 0% ., 1 1

_— = — T 2 T —— T/I

T L0 L0 R T W) R ()T () = RO )

/! 1 /

R (r)+;R ) \ o L \R 0 and T (£)4-a2AT (6) — 0

= k=X 5 R0 R () 4AR () = 0and T ()3T (1) =0
1
R"(r) + ;R’ (r) +AR(r) =0 = r?R"(r) + rR'(r) + M? = 0 is a Bessel equation with
v=0.




For A = o2, the general solution of this equation is R (r) = c1Jy (ar) + Yo (ar)
Since Yy (ar) — —oo as r — 07, therefore we choose ¢; = 0

u(c,t) =0 = c1Jp (ac) = 0. For nontrivial solution ¢y # 0 and Jy (ae) =0

Let x; = ac are non negative solutions of Jy (ac) = 0.
2

Then )\; = o? = — are the eigenvalues. A = 0 is not an eigenvalues.
c

Now T” (t) + a*>a®T (t) = 0 = T (t) = c3 cos (aat) + ¢4 sin (at)

u(r,0)=0=T(0)=0=c3=0.

8
The general solution is u (r, t) Z A; sin (aait) Jo (o) and — Z ac; A; cos (aait) Jo (aur)

=1

@ :1:>1:ZCLOQA1‘J0(OQ7”),
ot |, —
here A 2 ] Jo (ar) d 2 7tJ()dt using o =t
re ;= ————— a;r)dr = =
where ac;2J? (a;c) ro ac;c2J? (ayc) o 0 8
0 0
= 2 7 d [tJy (t)] dt  usin 4 [z" T, (z)] = 2" Jp—1 (z) for n =1
a2 J? (ic)a? ) dt ! & o " oot B
2 2
= 5 L (O]l = 7 iy (aic)]

ac;2J? (ae) o ac;2J? (ae) o

2
acJy (ae) o2

; ach (orc) 5 sin (aa;t) Jo (air)

Q:4 (8 points) Solution of the problem

0’u  20u 1 0%u cotfou

— - = 0
8r2+r8r+r2892+ T 79 =0, 0<r<e O0<bl<m

is given by
Z Apr" P, (cos ).

Find value(s) of A,, if u (c,0) = cosf. (Hint: P; (cosf) = cos ).

Sol: u(c,0) = cosf = cosf = Z A" P, (cosb),

n=0



m+1 2n +1
where A, " = n2+ /cos 0P, (cos®)sinfdd = n + / (cosf) P, (cosf)sinfdf = 0
0 0

for n # 1 since P, () are orthogonal

™

Forn =1, Alc—g/Pl (cos®) P (COSH)SdeH—g/COSQGSinedG—lel—E

X 0 0
u(r,0) = —rcosé.
c
Q:5 (5 points) If for © = cosf, Py (cosf) =1, Pi(cosf) = cosf. Show that

1
Py (cosb) = 1 (3cos20+1).

1
Sol: P, (z) = 5 (322 —1)

1 1 /.1 20 1 20 1
= P (cost) = 5(3(30529_1) =35 (3ﬂ—1> =3 <§+ 3 cos —1> = 1(300829—0—1).

2 2 2

Q:6 (15 points) Use Laplace transform to solve the problem
a2u+' inwt Ou O<z<l, t>0
— +sinmrsinwt = — x
Oz ot?’ ’

subject to the boundary and initial conditions

u(0,t) = 0, wu(l,t)=0, t>0

0
w(@0) = 0, 24 =0, 0<a<l.
ZL P
. u . d%u
Sol: Taking Laplace transform of — + sin 7z sinwt = we get
0x? o
d*U
% + simmcs2 e s?U (z,s) — su (z,0) — u; (x,0)
U,
el U= 81117Tx82 T

The complementary function is U, (z, s) = ¢; cosh (sx) + ¢o sinh (sz)
u(0,t)=0=U(0,5) =0=0¢;, =0

u(l,t)=0=U(1l,5) =0 = cysinh(s) =0=c, =0

2

U,
Let U, = Acosmz + Bsinnz, then T = —m2Acosmx — w2 Bsinx

d2U W
—— 52U = sin T = —m2Acosmx — m?Bsinmx — s2Acosmx — s2Bsinwr =
dx s2 +w



