King Fahd University of Petroleum & Minerals
Department of Mathematics & Statistics
SOLUTION Math 301 Major Exam 2
The Third Semester of 2012-2013 (123)
Time Allowed: 120 Minutes

Name: ID#:

Instructor: Sec #: Serial #:

e Mobiles and calculators are not allowed in this exam.

e Write all steps clear.

Question # Marks Maximum Marks
1 14
2 14
3 14
4 18
5 12
6 12
7 16
Total 100
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Q:1 (7+7 points) Find the following Laplace transforms:

(a) L{te !sin?3t},

(b) ﬁ_l{%}-

—t . 4 _
Sol: (a) L{te tsin’3t} = L {te (1 > cos 6t)} —r {t€2  te (2:05 Gt}

1 +1d s+1 1 1 s2+25—35
O 2(s4+1)2 0 2ds | (s+1)24+36)  2(s+1)2 2 | (s2+ 25+ 37)2

(b) £~ {L} =L} {%} ~ L n V2(t —2)e” Y (t — 2)

s2+2s+3 s+1)2+2 V2
Q:2 (14 points) Solve the integro-differential equation:

ft)=2t— Oft(eQT —e ) f(t —7)dr
Sol: F(s)—3—< i ! >F(S)

52 s—2 s+2
4 2 s 2 2(s? — 4)
F(S)(1+$2_4):? = F(S)(SQ—Z_L):? ﬁF(S): 34
2 4
= Flsl=——— = ) = 2t — =43
()= %—o = JWy=2-

Q:3 (14 points) Solve the initial value problem using Laplace transform y” —y' — 2y = 6(t — )
with y(0) =1, ¢/(0) = 1.

Sol: 5°Y (s) — sy(0) — /(0) — sY(s) + y(0) = 2Y(s) = ™™

s

(s°—s=2)Y(s)=e™+s = Y(s)= G-2)6+1)  (5-2)(+1)
—TTSs 1 1 2 1
Y(s)=e (3(5—2)_3(s+1))+3(5’_2)+3(5+1)

1 1 2 1
y(t) = 562@_”)2/{(15 ) ge_(t_“)bl(t —m)+ gezt + §e_t
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0, —-1<z<0
z, 0<z<l1

(a) Sketch the graph of the function f.

Q:4 (3+3+12 points) Let f(z) = {

(b) Sketch the graph of the Fourier series of f on separate coordinate axes.

(c) Find the Fourier series of f.

1 1
Sol: ay = f f@)de =[x dx ==
0 2
; ‘ Lsi —1)" -1
= ff z)cosnmr dev = [z cosnmr dr = L SWnTe |é_fsmn7r:v dr = ( )2 5
0 nmw o nm n2m
1 1 _ 1 (1)
= [ f(z)sinnmz de = [x sinnre do = T coshmy |(1)+fcosn7m dr = (=1)
el 0 nm 0 nm nm
1 fe'e) _]_ n __ 1 _1 n+1
f(x) = Z + Z (% cosnmx + Lsinmm)
o n2m nmw
Q:5 (12 points) Let f(x) = z, U<z<2
b 0, 2<x<3’
Find the Fourier sine series of f.
3 2 3z cos Xz 2 3cos Xz
Sol:bnzgff( sm—xdx-%bfm81n—xdx—3T3|g+§bfn—7r3dx
2nm s 2nT
_ 4cos = 29smT
nm 3 n2r?
0 4cos 2™ Gsin 2T
_ 3 3 s N
e e ez

Q:6 (6+6 points) Consider the differential equation y"” — 2y" = Ay, x € (0,1)
with the boundary conditions y(0) = 0 and y(1) = 0.

(a) Write the differential equation in self-adjoint form.

(b) Is this a regular Sturm-Liouville problem? If yes, write the weight function and associated
inner product (orthogonality condition).

Sol: (a) The integrating factor is [F = e/ —24 = ¢=27

d d
672xy/l o 26723: / — e~ Cl?y =0 = @ (efoy/) o )\efoy =0 = % (672xy/) + 'uefoy =0

(b) This is a regular Sturm-Liouville problem with weight function p(z) = e™2*

1
The orthogonality condition is [ e **y,(z)y,(x) dz =0 for n #m
0
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Q:7 (16 points ) Find the first two terms of the eigenfunction expansion of f(z) = sin(7z) in
eigenfunctions of the Sturm-Liouville problem
Y+ My =0, x € (0,1) with y/(0) = 0,3/(1) = 0.
Sol: For A = 0 the nontrivial solution is yo = ¢ = 1 (constant solution)
For A = —a?, o > 0, the solution is trivial.
For A = a2, o > 0, the solution is y = ¢; cos ax + ¢ sin ax
and ¢y = —cjasin ax + cpav cos ax
The condition y'(0) = 0 implies ¢; = 0 and y'(1) = 0 implies a = n7

The nontrivial solutions are y,(x) = cosnmx

The eigenfunction expansion of f(z) = sin(wz) is

sin(mr) = coyo(®) + crtn () + caya (@) + cays(x) +--- = gﬁo CnYn (1)

flsin(m:)yn(x) dx

0
where ¢, =

J v (x) do
0
1 1 1
Ofsin(mz:) dx 5 {sin(ﬂx) cosx dx %Ofsin 2nx dx
bfl dz E)fcos? wzr dx ofw dx

1

1
[ sin(mx) cos2rx de 5 [sin3wx —sinwa do Lcos3me 1 cosma il
Cco = 0 __0 _ 2 3x + 2 g« 10
2= "3 = 7 = 1
[ cos?2mx dx [ e dn g 2
0 0
5 1 1) 4
3m o 3

sinmy = — — — cos27wx + - - -
T 37



