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Q:1 (7+7 points) Find the following Laplace transforms:

(a) L{te−t sin2 3t},

(b) L−1

{
e−2s

s2 + 2s+ 3)

}
.

Sol: (a) L{te−t sin2 3t} = L
{
te−t(1− cos 6t)

2

}
= L

{
te−t

2
− te−t cos 6t

2

}

=
1

2(s+ 1)2
+

1

2

d

ds

{
s+ 1

(s+ 1)2 + 36

}
=

1

2(s+ 1)2
− 1

2

{
s2 + 2s− 35

(s2 + 2s+ 37)2

}

(b) L−1

{
e−2s

s2 + 2s+ 3

}
= L−1

{
e−2s

(s+ 1)2 + 2

}
=

1√
2
sin

√
2(t− 2)e−(t−2)U(t− 2)

Q:2 (14 points) Solve the integro-differential equation:

f(t) = 2t−
t∫
0

(e2τ − e−2τ )f(t− τ)dτ

Sol: F (s) =
2

s2
−
(

1

s− 2
− 1

s+ 2

)
F (s)

F (s)

(
1 +

4

s2 − 4

)
=

2

s2
⇒ F (s)

(
s2

s2 − 4

)
=

2

s2
⇒ F (s) =

2(s2 − 4)

s4

⇒ F (s) =
2

s2
− 8

s4
⇒ f(t) = 2t− 4

3
t3

Q:3 (14 points) Solve the initial value problem using Laplace transform y′′− y′− 2y = δ(t−π)

with y(0) = 1, y′(0) = 1.

Sol: s2Y (s)− sy(0)− y′(0)− sY (s) + y(0)− 2Y (s) = e−πs

(s2 − s− 2)Y (s) = e−πs + s ⇒ Y (s) =
e−πs

(s− 2)(s+ 1)
+

s

(s− 2)(s+ 1)

Y (s) = e−πs

(
1

3(s− 2)
− 1

3(s+ 1)

)
+

2

3(s− 2)
+

1

3(s+ 1)

y(t) =
1

3
e2(t−π)U(t− π)− 1

3
e−(t−π)U(t− π) +

2

3
e2t +

1

3
e−t
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Q:4 (3+3+12 points) Let f(x) =

{
0, −1 < x < 0
x, 0 ≤ x < 1

.

(a) Sketch the graph of the function f .

(b) Sketch the graph of the Fourier series of f on separate coordinate axes.

(c) Find the Fourier series of f .

Sol: a0 =
1∫

−1

f(x)dx =
1∫
0

x dx =
1

2

an =
1∫

−1

f(x) cosnπx dx =
1∫
0

x cosnπx dx =
x sinnπx

nπ
|10 −

1∫
0

sinnπx

nπ
dx =

(−1)n − 1

n2π2

bn =
1∫

−1

f(x) sinnπx dx =
1∫
0

x sinnπx dx =
−x cosnπx

nπ
|10 +

1∫
0

cosnπx

nπ
dx =

−(−1)n

nπ

f(x) =
1

4
+

∞∑
n=1

(
(−1)n − 1

n2π2
cosnπx+

(−1)n+1

nπ
sinnπx

)
Q:5 (12 points) Let f(x) =

{
x, 0 < x < 2
0, 2 ≤ x < 3

.

Find the Fourier sine series of f .

Sol: bn = 2
3

3∫
0

f(x) sin nπ
3
x dx = 2

3

2∫
0

x sin nπ
3
x dx = 2

3

−3x cos nπ
3
x

nπ
|20 + 2

3

2∫
0

3 cos nπ
3
x

nπ
dx

= −
4 cos 2nπ

3

nπ
+

2

3

9 sin 2nπ
3

n2π2

f(x) =
∞∑
n=1

(
−
4 cos 2nπ

3

nπ
+

6 sin 2nπ
3

n2π2

)
sin nπ

3
x

Q:6 (6+6 points) Consider the differential equation y′′ − 2y′ = λy, x ∈ (0, 1)

with the boundary conditions y(0) = 0 and y(1) = 0.

(a) Write the differential equation in self-adjoint form.

(b) Is this a regular Sturm–Liouville problem? If yes, write the weight function and associated

inner product (orthogonality condition).

Sol: (a) The integrating factor is IF = e
∫
−2dx = e−2x

e−2xy′′ − 2e−2xy′ − λe−2xy = 0 ⇒ d

dx
(e−2xy′)− λe−2xy = 0 ⇒ d

dx
(e−2xy′) + µe−2xy = 0

(b) This is a regular Sturm–Liouville problem with weight function p(x) = e−2x

The orthogonality condition is
1∫
0

e−2xyn(x)ym(x) dx = 0 for n ̸= m
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Q:7 (16 points ) Find the first two terms of the eigenfunction expansion of f(x) = sin(πx) in

eigenfunctions of the Sturm-Liouville problem

y′′ + λy = 0, x ∈ (0, 1) with y′(0) = 0, y′(1) = 0.

Sol: For λ = 0 the nontrivial solution is y0 = c = 1 (constant solution)

For λ = −α2, α > 0, the solution is trivial.

For λ = α2, α > 0, the solution is y = c1 cosαx+ c2 sinαx

and y′ = −c1α sinαx+ c2α cosαx

The condition y′(0) = 0 implies c2 = 0 and y′(1) = 0 implies α = nπ

The nontrivial solutions are yn(x) = cosnπx

The eigenfunction expansion of f(x) = sin(πx) is

sin(πx) = c0y0(x) + c1y1(x) + c2y2(x) + c3y3(x) + · · · =
∞∑
n=0

cnyn(x)

where cn =

1∫
0

sin(πx)yn(x) dx

1∫
0

y2n(x) dx

c0 =

1∫
0

sin(πx) dx

1∫
0

1 dx

=
2

π
, c1 =

1∫
0

sin(πx) cos πx dx

1∫
0

cos2 πx dx

=

1
2

1∫
0

sin 2πx dx

1∫
0

1+cos 2πx
2

dx

= 0

c2 =

1∫
0

sin(πx) cos 2πx dx

1∫
0

cos2 2πx dx

=

1
2

1∫
0

sin 3πx− sinπx dx

1∫
0

1+cos 4πx
2

dx

=
−1

2
cos 3πx

3π
+ 1

2
cosπx

π
|10

1
2

= 2(
1

3π
− 1

π
) = − 4

3π

sin πx =
2

π
− 4

3π
cos 2πx+ · · ·


