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Q:1(14 points) Use Laplace transform to solve the initial value problem

y′′ − y′ = cos(t), y(0) = 0, y′(0) = −1.

Sol:Taking Laplace transform, we get

s2Y (s)− sy(0)− y′(0)− sY (s) + y(0) =
s

s2 + 1

(s2 − s)Y (s) =
s

s2 + 1
− 1

Y (s) =
−s2 + s− 1

(s2 + 1)(s2 − s)
=

−s2 + s− 1

(s2 + 1)s(s− 1)
=

A

s
+

B

s− 1
+

Cs+D

s2 + 1

=⇒ Y (s) =
1

s
+

−1
2

s− 1
+

−1
2
s+ −1

2

s2 + 1

=⇒ y(t) = 1− 1
2
et − 1

2
cos(t)− 1

2
sin(t)

Q:2 (a) (6 points) Find Laplace transform L{t cos(2t)} .

(b) (6 points) Find Laplace transform L{et sin(2t) cos(2t)}.

(c) (8 points) Find inverse Laplace transform L−1

{
1

(s2 + 9)2

}
.

Sol: (a) L{t cos(2t)} = − d

ds

(
s

s2 + 4

)
= −s2 + 4− 2s2

(s2 + 4)2
=

s2 − 4

(s2 + 4)2

(b) L{et sin(2t) cos(2t)} =
1

2
L{et sin(4t)} =

1

2

4

(s− 1)2 + 16
=

2

(s− 1)2 + 16

(c) L−1

{
1

(s2 + 9)2

}
= L−1

{
1

(s2 + 9)

1

(s2 + 9)

}
=

1

9
L−1

{
3

(s2 + 9)

3

(s2 + 9)

}

= 1
9
sin(3t) ⋆ sin(3t) = 1

9

∫ t

0
sin(3t− 3τ) sin(3τ)dτ

= 1
18

∫ t

0
cos(3t− 6τ)− cos(3t)dτ =

1

18

[
sin(3t− 6τ)

−6
− τ cos(3t)

]t
0

=
1

18

[
sin(3t)

6
− t cos(3t) +

sin(3t)

6

]
=

1

18

[
sin(3t)

3
− t cos(3t)

]
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Q:3 (a) (8 points) Use Laplace transform to solve the Volterra integral equation

f(t) = 3t2 −
∫ t

0

f(τ)et−τdτ.

(b) (8 points) Use Laplace transform to solve the initial value problem

y′′ + 4y′ + 5y = δ (t− 2π) , y(0) = 0, y′(0) = 0.

Sol: (a) Taking Laplace transform, we get

F (s) =
6

s3
− 1

s− 1
F (s) =⇒

(
1 +

1

s− 1

)
F (s) =

6

s3
=⇒

(
s

s− 1

)
F (s) =

6

s3

=⇒ F (s) =
6(s− 1)

s4
=

6

s3
− 6

s4
=⇒ f(t) = 3t2 − t3

(b) Taking Laplace transform, we get

s2Y (s)− sy(0)− y′(0) + 4sY (s)− 4y(0) + 5Y (s) = e−2πs

(s2 + 4s+ 5)Y (s) = e−2πs =⇒ Y (s) =
e−πs

s2 + 4s+ 5
=

e−πs

(s+ 2)2 + 1

=⇒ y(t) = e−2(t−2π) sin(t− 2π)u(t− 2π) = e−2t+4π sin(t)u(t− 2π)

Q:4 (14 points) Show that the set of functions { cos(2n+ 1)x} is an orthogonal set on
[
0,

π

2

]
for n = 0, 1, 2, 3, · · · . Also find norm of each function. (Justify your answer with reason).

Sol:Let ϕn(x) = cos(2n+ 1)x. Then for n ̸= m

(ϕn, ϕm) =
∫ π

2

0
cos(2n+ 1)x. cos(2m+ 1)xdx

=
1

2

∫ π
2

0
[cos(2n+ 2m+ 2)x+ cos(2n− 2m)x] dx

=
1

2

[
1

(2n+ 2m+ 2)
sin(2n+ 2m+ 2)x+

1

(2n− 2m)
sin(2n− 2m)x

]π
2

0

= 0.

∥ϕn∥2 =
∫ π

2

0
cos2(2n+1)xdx = 1

2

∫ π
2

0
(1+ cos(4n+2)xdx = 1

2

[
x+ 1

4n+2
sin((4n+ 2)x

]π
2

0
=

π

4

So ∥ϕn∥ =

√
π

2
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Q:5 (14 points) Find Fourier series expansion of

f (x) =

{
0 if − 3 < x < 0
3− x if 0 ≤ x < 3

.

Sol:a0 =
1
3

∫ 3

0
(3− x)dx = 1

3

[
3x− x

2

]3
0
= 3

2

an = 1
3

∫ 3

0
(3− x) cos(nπ

3
)xdx = 1

3

[
3
nπ
(3− x) sin(nπ

3
)x
]3
0
+ 1

3

∫ 3

0
3
nπ

sin(nπ
3
)xdx

= −3
n2π2

[
cos(nπ

3
)x
]3
0
=

3(1− (−1)n)

n2π2

bn = 1
3

∫ 3

0
(3− x) sin(nπ

3
)xdx = 1

3

[−3
nπ
(3− x) cos(nπ

3
)x
]3
0
− 1

3

∫ 3

0
3
nπ

cos(nπ
3
)xdx

= 1
3

[
0 + 9

nπ

]
− 0 = 3

nπ

f(x) =
3

4
+
∑∞

n=1

[
3(1− (−1)n)

n2π2
cos(nπ

3
)x+

3

nπ
sin(nπ

3
)x

]

Q:6 (10 points) Find half range cosine expansion of

f(x) = x+ 1, 0 < x < π.

Sol:a0 =
2
π

∫ π

0
(x+ 1)dx = 2

π

[
x2

2
+ x

]π
0
= 2

π

[
π2

2
+ π

]
= π + 2

an = 2
π

∫ π

0
(x+ 1) cos(nπ

π
)xdx = 2

π

[
1
n
(x+ 1) sin(nx)

]π
0
− 2

π

∫ π

0
1
n
sin(nx)dx

= 2
n2π

[cos(nx)]π0 =
2((−1)n − 1)

n2π

f(x) =
π + 2

2
+
∑∞

n=1

[
2((−1)n − 1)

n2π
cos(nx)

]


