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Q:1 (a) (5 points) Use Laplace transform to solve the initial value problem

y' =2y +5y =0, y(0) =1, y(0) =3.

0 ifo<t<—
(b) (5 points) Find Laplace transform of f (¢) = r 2
sint if t> 5

Sol.(a) L{y" — 2y + 5y} =0 = s?Y (s) — sy(0) — 3/(0) — 2sY(s) + 2y (0) + 5Y (s) =0

(2 —25+5)Y(s)=s+3—-2=s5+1
s+1 s+1 s—1 2

Y (s) = = = —+
(5) s2—254+5 (s—12+22 (s—124+22 (s—17 422

y (t) = e’ cos (2t) + 2¢" sin (2t)

() 1 (0) =sin(t)u (¢ =) = cos (1= 2 )u(t-7)

/J{f(t)}zﬁ{cos (t—g)u(t—g)} S ——T

Q:2 (a) (5 points) Find Laplace transform £ {te 3! cos®t} .
: : _ 1
(b) (5 points) Find Laplace transform £~ {m} .

(c) (6 points) Use Laplace transform to solve the initial value problem

' +y=06(t—2m)+6(t—3m), y(0) =1, y(0)=0.

Sol. (a) L{te 3 cos®t} = L {te_?’t <HCTOS%) } = %L’ {te™3'} + L {te 3 cos 2t}

11 _i( s+3 ):1 1 _((s+3)2+4—(5+3)(25+6))
2(s+3)2 ds\(s+3)°+4) 2(s+3) ((s+3)% +4)°

11 N s24+6s+5
2(s+3)"  ((s+3)*+4)



. 1 I B 1 11, 1,
e e ] R
() L{y" +y}=LA{0(t—2m)+0(t —3m)}
s2Y (s) — sy(0) —y/(0) + Y (5) = 727 4 737

(82+1)Y(S):S+672ﬂ3+673ﬂs

S 1
Y<s)252+1+32—|—1

y(t) = cost +sin (t —2m) u (t — 2m) +sin (t — 37) u (t — 3m)

(6—27rs + 6—37rs)

Q:3 (10 points) Show that the set of functions {1, cos (%ﬂ) x} is an orthogonal set on [0, p]

forn=1,2,3,---. Also find norm of each function. (Justify your answer with reason).

Sol. Let ¢, =1 and ¢,, = cos (%’r:ﬁ)

(¢o; &) = 7608 (%”) x dr = n% sin (%) x :)) = 7”% (sin (nm) —sin (0)) = 0
0

0
p

H(bn||2 = (¢, &) = /C082 (%x) dr = %7 <1 + cos (Q"T”:L">> dx

0 0

. ]‘ p . 2nm
~3 (” g o (TI))

So [lén]l = @




Q:4 (12 points) Find Fourier series expansion of f () { Lol =1<e<0 :

it 0<z<1

o

Sol. f(x) = @ + Z ay, cos (nmx) + by, sin (nmx)]

1

1 3

/f / x+/mm —1—2 5
0

0 1
/f cos (nmx) dx /cos (nmx) dx+/xcos (nmx) dx
-1 0
| (1)
xsin (nwx sin (nmx) 1 1 -1)" -1
:0+ ( ) / O+W (COS(TL’YTI))|Ozw.
0

0 1

/f sin (nmx) doe = /sm (nmx) dx+/xsin (nmx) dx

0

1

—cos (nmz) | —zcos (nmz)\ | cos (nmx)
nm . nm 0 nm
0
—1 -1)" 1" —1
O N
nm nm nm nm

n2m? nm

= [(-1)" -1 1
f(x)= Z + Z {L cos (nmx) — — sin (mrx)}
Q:5 (a) (10 points) Find eigenvalues and eigenfunctions of the boundary value problem

2y +xy + X y =0, y(1) =0, y(5) = 0.

(b) (3 points) Write the given differential equation into self-adjoint form.
(¢) (2 points) Write the orthogonality condition.
Sol. The auxiliary equation is m(m —1)+m+A=0 = m?*+ A =0
Case . A\ =0, then m = 0,0 and y = ¢; + coIn ()
y(1)=0 =c;=0andy(5) =0 = c2In(5) =0 = ¢ = 0. Trivial solution.
Case Il: A = —a?, a > 0, then m = +a and y = ¢; cosh (ax) + ¢, sinh (ax)

y(1)=0 =1 =0and y(5) =0 = cysinh (5a) =0 = ¢ =0.



Trivial solution because sinh (5a) > 0 for o > 0.

Case III: A = a?, a > 0, then m = +ai and y = ¢; cos (ax) + co sin (o)
y(1)=0 = ¢y =0and y(5) =0 = cysin(ba) =0
For nontrivial solution ¢y # 0 and sin (o) =0 = «,, = n?w? n=123,..

n?m?

25

. (nT . : . .
Yn = Sin (?x> are the eigenfunctions corresponding to eigenvalues \,, =

Q:6 (12 points) Solve the Heat equation using separation constant A = a?, « > 0

Pu_on
or2 Ot

L
1 if 0<o< <
subject to the conditions w (0,t) =0, u(L,t) =0, u(x,0) = I 2,
0 it —<xz<L
2
0*u " ou ,
Sol. Let u(x,t) = X (z) T(t), then ke X" (x)T (t) and 5 X(x)T" (t).

Pu  Ou " _ ! X" (x) T'(t)
g o X @TH)=X@)T ()= X T

X" () + AX (z) = 0 and T' () + AT () = 0.

=)

For A\ = o2, the solutions are X (x) = ¢; cos (ax) + ¢y sin (ax) and T (t) = cze
u(0,t)=0=X0)=0=c,=0and u(L,t)=0= X (L) =0= cysin(al) =0

For non trivial solution ¢; # 0, so sin (aL) =0 = «, = % forn=1,23,..

2 2
So uy,(x,t) = cacs sin (”T”m) e IF tn=1,2,3,..

By super position principle u (x,t) ZA sm ”ﬂ ——zt

Now u (z,0) = f (z) ZA sin ( , where A, / f (z)sin x
. L
o= [ f)sin (3a) de = %/ dr =22 (cos (222)) |
0 0
== (s (1))
u(z,t) :i—% (cos (% — 1)) sin (%Fz) e*nzggt

,n=12 ..



