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King Fahd University of Petroleum & Minerals
Department of Mathematics & Statistics

Math 301 Major Exam 2
The Summer Semester of 2009-2010 (093)

Q:1 (a) (5 points) Use Laplace transform to solve the initial value problem

y00 � 2y0 + 5y = 0; y(0) = 1; y0(0) = 3:

(b) (5 points) Find Laplace transform of f (t) =

8<: 0 if 0 � t < �

2
sin t if t � �

2

:

Sol.(a) Lfy00 � 2y0 + 5yg = 0 ) s2Y (s)� sy(0)� y0(0)� 2sY (s) + 2y (0) + 5Y (s) = 0

(s2 � 2s+ 5)Y (s) = s+ 3� 2 = s+ 1

Y (s) =
s+ 1

s2 � 2s+ 5 =
s+ 1

(s� 1)2 + 22
=

s� 1
(s� 1)2 + 22

+
2

(s� 1)2 + 22

y (t) = et cos (2t) + 2et sin (2t)

(b) f (t) = sin (t)u
�
t� �

2

�
= cos

�
t� �

2

�
u
�
t� �

2

�

Lff (t)g = L
n
cos
�
t� �

2

�
u
�
t� �

2

�o
=

s

s2 + 1
e�

�
2
s:

Q:2 (a) (5 points) Find Laplace transform Lfte�3t cos2 tg :

(b) (5 points) Find Laplace transform L�1
�

1

s2 (s� 2)

�
:

(c) (6 points) Use Laplace transform to solve the initial value problem

y00 + y = � (t� 2�) + � (t� 3�) ; y(0) = 1; y0(0) = 0:

Sol. (a) Lfte�3t cos2 tg = L
�
te�3t

�
1 + cos 2t

2

��
=
1

2
Lfte�3tg+ Lfte�3t cos 2tg

=
1

2

1

(s+ 3)2
� d
ds

�
s+ 3

(s+ 3)2 + 4

�
=
1

2

1

(s+ 3)2
�
 
(s+ 3)2 + 4� (s+ 3) (2s+ 6)�

(s+ 3)2 + 4
�2

!

=
1

2

1

(s+ 3)2
+

s2 + 6s+ 5�
(s+ 3)2 + 4

�2
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(b) L�1
�

1

s2 (s� 2)

�
=
1

4
e2t � 1

2
t� 1

4

L�1
�

1

s2 (s� 2)

�
= L�1

�
�1
4s
+
�1
2s2

+
1

4 (s� 2)

�
= �1

4
� 1
2
t+

1

4
e2t:

(c) Lfy00 + yg = Lf� (t� 2�) + � (t� 3�)g

s2Y (s)� sy(0)� y0(0) + Y (s) = e�2�s + e�3�s

(s2 + 1)Y (s) = s+ e�2�s + e�3�s

Y (s) =
s

s2 + 1
+

1

s2 + 1
(e�2�s + e�3�s)

y (t) = cos t+ sin (t� 2�)u (t� 2�) + sin (t� 3�)u (t� 3�)

Q:3 (10 points) Show that the set of functions
n
1; cos

�
n�
p

�
x
o
is an orthogonal set on [0; p]

for n = 1; 2; 3; � � � . Also �nd norm of each function. (Justify your answer with reason).

Sol. Let �0 = 1 and �n = cos
�
n�
p
x
�

(�0; �n) =

pZ
0

cos
�
n�
p

�
x dx =

p

n�
sin
�
n�
p

�
x
���p
0
=
p

n�
(sin (n�)� sin (0)) = 0

(�n; �m) =

pZ
0

cos
�
n�
p
x
�
cos
�
m�
p
x
�
dx =

1

2

pZ
0

h
cos
�
(n+m)�

p
x
�
+ cos

�
(n�m)�

p
x
�i
dx

=
1

2

�
p

(n+m)�
sin
�
(n+m)�

p
x
�
+

p

(n�m)� sin
�
(n�m)�

p
x
������p

0

= 0

k�0k
2 = (�0; �0) =

pZ
0

dx = p: So k�0k =
p
p:

k�nk2 = (�n; �n) =
pZ
0

cos2
�
n�
p
x
�
dx =

1

2

pZ
0

�
1 + cos

�
2n�
p
x
��
dx

=
1

2

�
x+

p

2n�
sin
�
2n�
p
x
�����p

0
=
p

2

So k�nk =
r
p

2
:
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Q:4 (12 points) Find Fourier series expansion of f (x) =
�
1 if � 1 < x < 0
x if 0 � x < 1 :

Sol. f (x) =
a0
2
+

1X
n=1

[an cos (n�x) + bn sin (n�x)]

a0 =
1

1

1Z
�1

f (x) dx =

0Z
�1

1dx+

1Z
0

xdx = 1 +
1

2
=
3

2
:

an =
1

1

1Z
�1

f (x) cos (n�x) dx =

0Z
�1

cos (n�x) dx+

1Z
0

x cos (n�x) dx

= 0 +

�
x sin (n�x)

n�

�����1
0

�
1Z
0

sin (n�x)

n�
dx = 0 +

1

n2�2
(cos (n�x))j10 =

(�1)n � 1
n2�2

:

bn =
1

1

1Z
�1

f (x) sin (n�x) dx =

0Z
�1

sin (n�x) dx+

1Z
0

x sin (n�x) dx

=
� cos (n�x)

n�

����0
�1
+

�
�x cos (n�x)

n�

�����1
0

+

1Z
0

cos (n�x)

n�
dx

=
�1
n�

+
(�1)n

n�
� (�1)

n

n�
+ 0 =

�1
n�
:

f (x) =
3

4
+

1X
n=1

�
(�1)n � 1
n2�2

cos (n�x)� 1

n�
sin (n�x)

�
Q:5 (a) (10 points) Find eigenvalues and eigenfunctions of the boundary value problem

x2y00 + xy0 + �y = 0; y(1) = 0; y(5) = 0:

(b) (3 points) Write the given di¤erential equation into self-adjoint form.

(c) (2 points) Write the orthogonality condition.

Sol. The auxiliary equation is m (m� 1) +m+ � = 0 ) m2 + � = 0

Case I: � = 0; then m = 0; 0 and y = c1 + c2 ln (x)

y (1) = 0 ) c1 = 0 and y (5) = 0 ) c2 ln (5) = 0 ) c2 = 0: Trivial solution.

Case II: � = ��2; � > 0; then m = �� and y = c1 cosh (�x) + c2 sinh (�x)

y (1) = 0 ) c1 = 0 and y (5) = 0 ) c2 sinh (5�) = 0 ) c2 = 0:
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Trivial solution because sinh (5�) > 0 for � > 0:

Case III: � = �2; � > 0; then m = ��i and y = c1 cos (�x) + c2 sin (�x)

y (1) = 0 ) c1 = 0 and y (5) = 0 ) c2 sin (5�) = 0

For nontrivial solution c2 6= 0 and sin (5�) = 0 ) �n =
n�

5
; n = 1; 2; 3; :::

yn = sin
�n�
5
x
�
are the eigenfunctions corresponding to eigenvalues �n =

n2�2

25
; n = 1; 2; :::

Q:6 (12 points) Solve the Heat equation using separation constant � = �2; � > 0

@2u

@x2
=
@u

@t

subject to the conditions u (0; t) = 0; u (L; t) = 0; u (x; 0) =

8><>:
1 if 0 < x <

L

2

0 if
L

2
< x < L

:

Sol. Let u (x; t) = X (x)T (t); then
@2u

@x2
= X 00 (x)T (t) and

@u

@t
= X(x)T 0 (t) :

@2u

@x2
=
@u

@t
) X 00 (x)T (t) = X (x)T 0 (t)) X 00 (x)

X(x)
=
T 0 (t)

T (t)
= ��

X 00 (x) + �X (x) = 0 and T 0 (t) + �T (t) = 0:

For � = �2; the solutions are X (x) = c1 cos (�x) + c2 sin (�x) and T (t) = c3e��t

u (0; t) = 0) X (0) = 0) c1 = 0 and u (L; t) = 0) X (L) = 0) c2 sin (�L) = 0

For non trivial solution c2 6= 0; so sin (�L) = 0) �n =
n�

L
for n = 1; 2; 3; :::

So un(x; t) = c2c3 sin
�
n�
L
x
�
e�

n2�2

L2
t; n = 1; 2; 3; :::

By super position principle u (x; t) =
1X
n=0

An sin
�
n�
L
x
�
e�

n2�2

L2
t

Now u (x; 0) = f (x) ) f (x) =
1X
n=0

An sin
�
n�
L
x
�
; where An =

2

L

LZ
0

f (x) sin
�
n�
L
x
�
dx

An =
2

L

LZ
0

f (x) sin
�
n�
L
x
�
dx = An =

2

L

L
2Z
0

sin
�
n�
L
x
�
dx = � 2

L

L

n�

�
cos
�
n�
L
x
����L2

0

= � 2

n�

�
cos
�
n�
2
� 1
��

u (x; t) =

1X
n=0

� 2

n�

�
cos
�
n�
2
� 1
��
sin
�
n�
L
x
�
e�

n2�2

L2
t


