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Q:1 (10 points) Find length of the curve traced by r⃗(t) = e2t cos(3t) i+e2t sin(3t)j+e2tk on the

interval 0 ≤ t ≤ 2π. Also find a unit tangent vector to the curve at t = π.

Sol: r⃗ ′(t) = (2e2t cos(3t)− 3e2t sin(3t)) i+ (2e2t sin(3t) + 3e2t cos(3t)) j+ 2e2t k

∥r⃗ ′(t)∥2 = 4e4t cos2(3t)− 6e4t cos(3t) sin(3t) + 9e4t sin2(3t) + 4e4t sin2(3t) + 6e4t sin(3t) cos(3t)

+9e4t cos2(3t) + 4e4t = 17e4t

Arc Length S =
2π∫
0

∥r⃗ ′(t)∥dt =
2π∫
0

√
17 e2tdt =

√
17
2
(e4π − 1)

r⃗ ′(π) = (−2e2π) i+ (−3e2π) j+ 2e2π k

Unit vector is
(−2e2π) i+ (−3e2π) j+ 2e2π k√

17e2π
=

−2 i− 3 j+ 2 k√
17

Q:2 (12 points) Let f(x, y) = 2xy − x2y.

(a) Find the directional derivative of f(x, y) at (3, 2) in the direction of a tangent vector to

the graph of x2 + 2y2 = 6 at (2, 1).

(b) Find the direction and value of maximum directional derivative of f(x, y) at (3, 2).

Sol:(a) ∇f(x, y) = (2y − 2xy)i+ (2x− x2)j

∇f(3, 2) = −8i− 3j

Now 2x+ 4yy′ = 0 ⇒ y′ = −2x

4y
= − x

2y
⇒ y′ = −1 at (2, 1)

Then the tangent line to x2 + 2y2 = 6 at (2, 1) is y − 1 = −1(x− 2) ⇒ x− 2

1
=

y − 1

−1

A unit vector in the direction of this tangent line is û = ± i−j√
2

So Dûf(3, 2) = ±−5√
2

(b) Direction of maximum directional derivative is −8i− 3j and value of maximum

directional derivative is
√
73.
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Q:3 (10 points) Let r⃗ = xi+ yj+ zk and a⃗ = a1i+ a2j+ a3k is a constant vector. Show that

(a) ∇× [(r⃗ · r⃗) a⃗] = 2(r⃗ × a⃗)

(b) ∇ · [(r⃗ · r⃗) a⃗] = 2(r⃗ · a⃗)

Sol:(a) (r⃗ · r⃗) a⃗ = (x2 + y2 + z2)(a1i+ a2j+ a3k)

∇× [(r⃗ · r⃗) a⃗] =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

(x2 + y2 + z2)a1 (x2 + y2 + z2)a2 (x2 + y2 + z2)a3

∣∣∣∣∣∣
= (2ya3 − 2za2)i+ (2za1 − 2xa3)j+ (2xa2 − 2ya1)k = 2(r⃗ × a⃗)

(b) ∇ · [(r⃗ · r⃗) a⃗] = 2xa1 + 2ya2 + 2za3 = 2(xa1 + ya2 + za3) = 2(r⃗ · a⃗)

Q:4 (12 points) Find work done by the force F⃗ = (2xy − e3y)i+ (x2 − 3xe3y)j along the curve

y = x4 for 0 ≤ x ≤ 1.

Sol: Since
∂P

∂y
= 2x− 3e3y =

∂Q

∂x
, therefore

−→
F is conservative and we can choose any path

from (0, 0) to (1, 1)

Let y = x be the new path from (0, 0) to (1, 1).

Then W=
∫
C

F⃗ · dr⃗ =
∫
C

(2xy − e3y)dx+ (x2 − 3xe3y)dy =
1∫
0

(2x2 − e3x)dx+ (x2 − 3xe3x)dx

=
1∫
0

(3x2 − (1 + 3x)e3x)dx = 1− e3.
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Q:5 (12 points) Use Green’s theorem to evaluate the line integral∮
C

(2x2 − 2y3)dx+ (2x3 + 3y2)dy,

C = C1

∪
C2, where C1 is a positively oriented circle x2 + y2 = 9 and C2 is a negatively

oriented circle x2 + y2 = 4.

Sol:
∮
C

(2x2 − 2y3)dx+ (2x3 + 3y2)dy =
∫∫
R

(6x2 + 6y2)dA =
2π∫
0

3∫
2

6r3drdθ = 3π(r4)|32 = 195π.

Q:6 (14 points) Evaluate the surface integral
∫∫
S

(2xz + 3yz) dS, where S is the portion of

the plane 3x+ 2y + 4z = 12 in the first octant. Use projection of S onto yz-plane.

Sol: x = 4− 2
3
y − 4

3
z and dS =

√
1 + 4

9
+ 16

9
dA =

√
29
3
dA

∫∫
S

(2xz + 3yz) dS =
∫∫
R

(2xz + 3yz)
√
29
3

dA =
√
29
3

∫∫
R

(2z(4− 2
3
y − 4

3
z) + 3yz) dA

=
√
29
3

3∫
0

6−2z∫
0

(8z+ 5
3
yz− 8

3
z2) dydz =

√
29
3

3∫
0

(8z(6−2z)+ 5
6
z(6−2z)2− 8

3
z2(6−2z)dz

=
√
29
3

3∫
0

(78z − 52z2 + 26
3
z3)dz = 117

√
29

6
.
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Q:7 (15 points) Use Stokes’ theorem to evaluate the integral
∫∫
S

curl(F⃗ ) · n̂ dS, where

F⃗ =
xz

4
i+ 4xyj+ 3xyzk and S is the portion of the paraboloid z = x2 + 4y2

for 0 ≤ z ≤ 16.

Sol:
∫∫
S

curl(F⃗ ) · n̂ dS =
∮
C

F⃗ · dr⃗

The curve C is x2 + 4y2 = 16 whose parametric equations are

x = 4 cos(t), y = 2 sin(t), 0 ≤ t ≤ 2π

So
∮
C

F⃗ · dr⃗ =
2π∫
0

[(−64 cos(t) sin(t)) + 64 sin(t) cos2(t)] dt = 0.

Q:8 (15 points) Use divergence theorem to evaluate
∫∫
S

(F⃗ .n̂) dS where F⃗ = 6xzi+5y2j−3z2k

and D the region bounded by z = y, z = 4− y, z = 2− 1
2
x2, x = 0 and z = 0.

Sol: div(F⃗ ) = 6z + 10y − 6z = 10y

∫∫
S

(F⃗ .n̂) dS =
∫∫∫
D

div(F⃗ )dV =
2∫
0

2− 1
2
x2∫

0

4−z∫
z

(10y)dydzdx

=
2∫
0

2− 1
2
x2∫

0

(5(4− z)2 − 5z2)dzdx = 5
2∫
0

2− 1
2
x2∫

0

(16− 8z)dzdx

= 5
2∫
0

(16− 4x2)dx = 128.


