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Q:1 (a) (7 points) Find the directional derivative of f (z,vy,2) = zy* — 42y + 22 at (1,—1,2)
in the direction of 3i 4 6j + 2k.

(b) (5 points) Write the direction of maximum directional derivative and value of maximum
directional derivative.

Sol. (a> vf = <g—£7 %’%> — <y2 _ 8$y,2xy—4x2,22>
7=(3.6,2), |a] =OT36F4=7, i= <%g;>
Dﬂf (17_172> = Vf(l,—l,Z) U = ?(1 _|_8) + ? (_2 _4) ? (4) _ _?'

(b) Vf(1,-1,2) = (9, —6,4) is the direction of maximum directional derivative and value

of maximum directional derivative is ||V f (1, —1,2)|| = v/81 + 36 + 16 = v/133.
Q:2 Let F (z,y,2) = zye® i+ yze® j+ xze¥ k.
(a) (5 points) Find V - F.
(b) (5 points) Find V x F.

(¢) (4 points) Find V - (V x F).

= Oxye*  Oyze® OrzeY y . ;

Sol. (a) V- F = pe o 5, — ¢ + ze® 4 ye®.
i j k
- 0 0 0

rye* yze® xzeY

s OxzeY B dyze” L Oxye? B OxzeY Lk dyze® B Oxye*
N dy 0z I\ 782 Ox ox y

=1i(xze¥ —ye®) + j (zye* — ze¥) + k (yze® — ze?)

=0.

0 (rze¥ — ye”) N 0 (rye* — zeY) N 0 (yze® — xe?)

(c) V- <V X ﬁ) - ox dy 0z



(3,6)
Q:3 (10 points) Determine whether the integral / (3y*z? + 5) dx + (22%y — 4) dy is indepen-

(1,2)
dent of path. If so, use a convenient path between the points and evaluate the integral.

P
Sol. Let P (z,y) = 3y*x? + 5, Q (x,y) = 223y — 4. Then aa—Q = 622y = %— So the integral is
x y

independent of path.

Consider the stariaght line path between two points (1,2) and (3,6) which is y = 2x.
(3.6) 3
/ (By%x? +5)dr + (223y — 4) dy = / (122* + 5) dx + (4z* — 4) 2dx

1

(1,2)
3

= / (20z* — 3) dz = 962.

1

Q:4 (12 points) Use Green’s Theorem to evaluate the integral ]{ (3z + 2y?%) dx + (322 — 2y) dy,
c
where C' is the boundary of the region determined by the graphs of y = 22 and y = 1.
11
16
Sol. f(i%x + 2y?) dz + (32 — 2y) dy = // (6x —4y) dA = //(61’ — 4dy) dydx = 5
C R —1 22

Q:5 (12 points) Find the surface area of the portions of the sphere x2 + y* + 22 = 16 that are
within the cylinder 22 + % = 4y.

Sol. »= 6?2 Lo v 0 Y
TR T A VR T
02\ * 9z\° 22 y? 4
’ \/ +(8:€) +<8y) \/+16—x2—y2+16—x2—y2 /16 — 22 — 2

Area of upper side is

o [ () oo g

m 4sin6
1
= / / 4(16 —r?) 2 rdrdf = [ (16 — 4v/8cos26 + 8) df = 167 — 32
0 0

Total Area =24, (S) =32 (7 —2).



Q:6 (15 points) Let F (z,y,2) = z i+ x j+ y k. Use Stokes’ theorem to evaluate the integral
F - dr, where C is the counter clockwise boundary of the surface that is bounded by the

c
plane 2z 4+ y + 2z = 6 and the coordinate planes in the first octant.

Sol. V x F = —itjtk

i

9

ox
z

8 Q| v
< Qo

fF-d —//<Vxﬁ>-ﬁd5—//§ 14 (92 2+ 0z dA where » = 3— 2 — &
"= B 3 ox 8y B 27
C R

S

/ ——dA = — (area of triangle bounded by lines z = 0,y = 0 and 2z + y = 6)
R

5 (6x3\ 45
N 2 27

Q:7 (15 points) Let F (z,y,2) = 2® i+ 43 j+ 2* k and D is the region bounded by the sphere
22 4+ y* + 22 = 9. Use divergence theorem to evaluate // (F-n)ds.

\)

//(F-n)ds=///v-ﬁdvz///3(x2+y2+z2)dv

T 27

3
291
:3/ /p p? sin ¢pdpdfdg = %ﬂ'
0

0 0



Q:8 (a) (5 points) Find Laplace Transform for f(t) = cos (kt).

(b) (5 points) Find Laplace Transform for g(t) = cos? (¢).

o0

inkt |~ in kt
Sol. (a) L{coskt} = /coskte‘“dt: Sull{ e s —/SH;C (—s) e stdt
0 LG
_ 8| —cos k:t _st 7 Coskt st
k
0

s 1 52
=7 (0 + E) — ﬁﬁ{cos kt}

s* + k? s s
= (T) L{coskt} = = =L{coskt} = e

1 cos2t 1 1 1 s
2y _p( 2 _ _
(b) L{cos*t} —£(2 +—3 > L {2} + ﬁ{cos2t} % T oam s



