Solution Math 202  Quiz 5 (B)
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Q.1: Show that x = 0 is a regular singular point of the differential equation 4xy” + §y’ +y=0.

Find the two indicial roots of the singularity. If they donot differ by an integer, then find two
linearly independent series solutions about = = 0 and form the general solution.
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Sol:  Given equation can be written as y" + —y' + —y = 0.
8z 4z

1
—, Q () = — = x =0 is a singular point.

So P(z) = o

1 1
Since both zP(x) = S and 22Q(z) = L& are analytic at = = 0.

Therefore x = 0 is a regular singular point.

1 1 1
xP(w):§ :>a0:§anda:2Q($):Zx = by = 0.

The indicial equation is r (r — 1) + agr + by = 0

1 7 7
:>r2—r+§r:0 :>7“2—§r20 :>r:O,§ are the indicial roots.

Nowlety = > c,a™ theny = Y (n+7) e,z tandy” = > (n+7r) (n+r —1) a2
n=0 n=0 n=0

Substituting in given equation, we get

(e.0) (o] 1 (e.)
ddn+r)(n+r—1)cua™ 4+ 3 (n+7) e,z 14 ) @™ =0
n=0 n=0 n=0

o0 1 o
> (n+r) {(4n +4r —4) + 3 ™4 Y et =0
n=0 n=0

o0 1 o0
x” {Z (n+1) (4n+4r —4+ 2) cpx™ Tt + chaz”} =0
n=0 n=0

7 > 1 >
x” {T(47“ — §)cox*1 +Y (n+r) (4n +4r —4+ 2) Y cnx”} =0
n=1 n=0

Substitute £ = n — 1 in the first series and £ = n in the second series,

7 > 1 >
z" {r(47“ - 5)cogz;—l +> (k+1+r) <4k +4+4r —4+ 2) Chp1Z™ 4+ ckxk} =0
k=0 k=0

7 > 1
x” {r(47’ - 5)00x_1 +3 {(k +1+7r) (4k + 4r + 2) Cr1 + ck} xk} =0
k=0



Comparing the coefficients of powers of x we get

Ck

7 7
7"(47“—5):0 :>7":0,§ and cgpq = —

QCk
(k+1)8k+1)

For r =0, cpi1 = —
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k=0 :>01:TCOZ—2CO
k=1 = 2 2
= Co = ————C1 = —(C
k=2 = 2 4
BT 3t 3917
7
Forr—g,ckﬂ—— 7ck — iy =
E+1+ =) (db+-+=
) <+ +8>< +2+2)
k=0 = C —ECO
k=1 = 2 2
= C C1 = C
T T 23(2) T 15237
k=2 = 2 4
= C3= —mr7Cy =~ C
» T 31(3)7 T 3.15.23.31 0
C’(l 2r + —2? 4 3+ )+D ;<1
= — 4z —r" — T T
Y 9" T 3017

T
(k+1+7) <4k+4r+2)

QCk
8k + 15) (k + 1)

2 4
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— —T+ r°— x
15 15.23 3.15.23.31
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Q.2: Find eigenvalues and eigenvectors of the matrix A =

Sol:  The eigenvalues are given by |[A — AI| =0 =
C-N(2=-N=4)+52-1)=02-)) (N=4r+5)=0
=>A=2, 241, 2—1.

For A =2, solve (A —2[) K =0

0 -1 010 A
5 0 417010 :>y:Oanda::—gz
0 1 010

—4
SoKi=1| 0 ] is the eigenvector corresponding to A = 2

5

For A\ = 2 + 4, solve the system (A — (2+i) 1)K =0

— —1 0 |0 — —1 0 |0
5 —1 4 10 —5Ri+Ry=| 0 4 4 |0 | =2x=14yandz=—iy
0 1 —2]0 0 1 —2 |0
—1] -1
So Ko =| ¢ |. Similarly for A\=2 -1, Ky=| —i
1




