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Q:1 (a) (3 points) Show that y = ¢je” + coe™* is a two paremeter family of solutions of

y —y=0.

Sol. y=cie® + e ™, Yy =cre” —cpe” ™, and y’ = c1e” + cpe” "

Y — 1y =cie” + e — et — e =0
(b) (3 points) Find a member of this family that satisfy: y(1) =0 and ¢/’ (1) = e.
Sol. y(1)=0 = cle+ce =0 (1)

yY(1)=e = cle—ce ' =e (2)

1
(1) +(2) = 2cie=ce :>01:5

2
(1) = (2) =20 =—-6 == —%

1 62 et — €—x+2
T - __

YT TR T

Q:2 (10 points) Solve the differential equation

dy 2zy+y—2r—1
dr 3wy —y+3z—1

@:(Qx%—l)(y—l) :y+1dy:2x+1dx
de  (Bz—-1)(y+1) y—1 3r—1

2 2 5
1+ —dy= (2 3 d
(+y—1)y (3+39«"—1>x

2 5
y+21n|y—1]:§x+§ln|3x—1|+01

Sol.

©|ut

2
:—x—y—i—C'l

In(y — 1) —In (3z — 1) 3

In <<(y——1)2> zga:'—y—l—Cl

2
((y - ]-))5 — 6%:}:—;{—0—01 — Ce%:p—y
3r —1)9
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Q:3 (10 points) Solve the IVP

d
(+)Z+@+2y =227, y(0)=1

dy +x+2 _ 2we™" (%)
dx x+1y_x+1
T+ 2 1
P = =1

(z) z+1 +:1:+1

Sol.

and [F = o/ (Hair)ds — cotin@+1) — (x+1)e”

Multiplying both sides of (x) by I F we get di (x+1)e"y) =2z
x

(r+1)ety=a?+C

(2 +1)e®

0) =1 = C =1 and the solution is y =
y (0) and the solution is y P

Q:4 Given the following differential equation
8xy? dx + (12x2y +40y% — 2) dy = 0.
(a) (2 points) Determine if the differential equation is EXACT or not.
Sol. M (z,y) = 8xy?, N (z,y) = 122%y + 40y — 2
M, = 16zy, and N, = 24zy.
Since M, # N,, therefore the give DE is not EXACT.

(b) (4 points) Express the given differential equation as an exact equation by multiplying
with an appropriate Integrating Factor.

Sol. N, — M, _ 24ay — 162y 8wy 1
M 8xy? 8xy? vy
ply) = el i = v =y
Multiplying by p (z,y), we get the exact equation
8xy® dr + (12m2y2 + 401° — 2y) dy = 0.

(¢) (4 points) Solve the exact differential equation obtained in (b).

of _
or

0
Now a—f =122%y% + ¢’ (y) = N (z,y) = 122%y* + 403> — 2y
Yy

Sol. M (z,y) = 8zy® and by integrating we get f (x,y) = 42%y® + g (y)

= ¢ (y) =40y —2y = g(y) =10y* —y*+C

The one parameter family of solutions is 422y + 10y* — y?> + C = 0.
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Q:5 (a) (5 points) Find a suitable substitution that transforms the differential equation
. ) 1
(smx —y COSZL‘) dx + Edy =0.

into a LINEAR differential equation. Find the new linear equation but do not
solve it.

d
Sol. Given equation can be written as d_y + (sinz) y = cosx 3* which is a Bernoulli’e
x

equation.with n = 3.

@_dyd_u_ 1 sdu

de  dudr 2" QE'

Let u=y'3 =y 2ory=u2 and

1 _3 du + ( . ) _1 ( ) —
—=UuU 2-—" SiInr)u 2 = (COST)U
2 dx

3
2

du

. (2sinz)u = —2cosz which is a LINEAR equation.
T

(b) (5 points) Find a suitable substitution that transforms the differential equation
(21;2 + Sxy) dz + 5y°dy = 0

into a SEPARABLE differential equation. Find the new separable equation but do not
solve it.

Sol. M (z,y) = 22* + 3xy and N (z,y) = 5y* are homogeneous functions of degree 2 and
therefore the given equation is also homogeneous.

Put y = uz and dy = udx + xdu is the given equation

(222 + 32%u) dx + 5x?*u? (zdu + udx) = 0

(2 + 3u) dz + 5u? (zdu + udx) = 0

(5u® + 3u + 2) dx + 5uzdu = 0

1 5u?
Edm = —mdu which is a separable equation.
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Q6 (10 points) A small metal bar initially at 75°F is placed in a freezer. The freezer is kept
at the constant temperature 35°F". After one minute the temperature of the metal bar is 55°F.
Find the exact time needed for the temperature of the metal bar to reach 45°F after it is placed
in the freezer.

Sol.

T(0) =75, T,, =35, T(1) =55 and we need to find T'(?) = 45

T
Y-
g =TTk = 5

In(T —T,,) =kt + C

dT' = kdt

T —T,, =t = Celt = T =T, + Cet = 35 + Ce*t

T0)=75 =75 =35+C = C =40 and T = 35 + 40€"

20 1 1\!
T(1)=55 = 55=35+40¢" = ¢b == = = and M = (_)

40 2
1t
T:35+40<§>
t t
T(?) =4 45 = 40 [ = ) ==
(7) =45 =45 =35+ 0(2) :>(2) 1

1n<1>
1 1 In4
tln(—)zln(—) =t= 1 = =log, 4 = 2.

2 4

Q:7 (10 points) Verify that y; () = 2sinx + 3 cosz and y, (x) = sinz — cos x are solutions of
y" +y = 0. Also detremine if {y; (x),y2 (z)} form a fundamental set of solutions on [0, 27] .

Sol.

y1 (z) = 2sinz + 3cosx
y) (r) =2cosx — 3sinx and yf (x) = —2sinx — 3cosz = —y; () = y{ +y1 = 0.
Y2 (r) = sinx — cosx

yy () = cosx + sinz and yj () = —sinz + cosx = —ys (z) = y4 +y2 = 0.

2sinx +3cosx sSinx — cosx

W y1,92) = 2cosz — 3sinx cosz +sinx

= (2sinx 4 3cosz) (cosx + sinx) — (sinz — cosx) (2cos x — 3sinx)
= 5cos?x + 5sin®z =5 # 0 for all z.

Hence {y; (z),ys ()} form a fundamental set of solutions.



