Math 201 Solution of Midterm Exam 2 for section 04 & 06

Q.1: Identify the quadratic surface 422 + 6y — 922 — 8z + 24y + 182z = 17. Write what are (names only) its
horizontal and vertical traces. (10 pts)

Sol: 422 — 8z + 632 + 24y — 922 + 182 = 17
4 (22 —22) +6 (y? +4y) — 9 (22 —22) =17
422 —22+1)+6 (2 +4y+4) —9(22 —2241) =17+4+24 -9
4z -1 +6(y+2)°-9(z—1)°=36
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The surface is hyperboild of one sheet.
Horizontal traces correspond to z = k (constant) are ellipses.
Vertical traces correspond to z = k or y = k are hyperbolas.

Q.2: Two surfaces are tangent to each other at a point if they have the same tangent plane at that point.
Show that the two surfaces 322 + 2y + 22 = 9 and 2 + 3% + 2% — 8z — 6y — 8z + 24 = 0 are tangent to each
other at (1,1,2). (10 pts)

Sol: Let F (z,y,2) = 32? + 2y + 22 — 9, and G (x,9,2) = 22 + y*> + 2% — 8 — 6y — 8z + 24

Then VF = (6z,4y,22) and VG = (22 — 8,2y — 6,2z — 8).

At (1,1,2), VF(1,1,2) = (6,4,4) and VG (1,1,2) = (=6, —4, —4).

Tangent plane to the surface 322 4+ 2y% + 22 =9 at (1,1,2) is6(z —1) +4(y—1) +4(2—2) =0 =
6 + 4y + 4z = 18.

Tangent plane to the surface 22 + 3% + 22 — 82 — 6y — 8z +24 =0 at (1,1,2) is -6 (z — 1) —4(y— 1) —
4(z—2)=0 = 6z +4y +4z =18.

Since the two tangent planes are same, the two surfaces are tangent to eachother.

Q.3: Let f (z,y) =logyy (z +2y — 1)

Sol: (a) Write and sketch the domain of f
Dy ={(z,y)|y > —32+ 3}
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(b) Evaluate f(1,50) and f (\/T, ;) . (4 pts)
f(1,50) = logyq (14100 — 1) = logy, (10%) =2
f (m, ;) = logyg (x/ﬁ+ 2 (;) - 1) = log,, (1()5) = %

(c) Write the range of f. (2 pts)
(=00, 00) .



Q.4: (a) Write the cartesian equation for the surface whose spherical equation is p = sin ¢ cos§. (4 pts)

Sol: (a) Multiply both sides by p we get, p? = psingcosd =22 +y? +22 =2 =22 -2 +1y>+22=0
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(b) Write the spherical equation for the surface whose cartesian equation is 2% — y? — 222 = 4. (3 pts)
Using « = psin¢cosf, y = psingsinb, z = pcos ¢,

we get p? sin® ¢ cos® 0 — p? sin? ¢sin® 6 — 2p% cos? ¢ =4 = p*sin’® ¢ (0052 6 — sin® 0) —2p%cos?p =4
= p? (sin® ¢ cos 20 — 2 cos? ¢) = 4.
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(c) Find the limit using polar coordinates ~ lim  cos™! L (3 pts)
(2.y)—(0,0) z? 4y
3 _ 2 3 39— 3 50 si 2 0
Using ¢ = rcosf and y = rsinf, we get S N s r_cosvsm v

2+ 2 2
Alsor — 0 as (z,y) — (0,0).
5y 3 (cos? 0 — cosfsin 0
lim cos™! (Jfﬂfilj) = lim cos™! (T (cos cos 0sin”0) = lim cos™" (r) = cos™" (0) =

s
(,y)—(0,0) 2 +y2 r—0 72 r—0 2’

Q.5: Explain why f (z,y) = 3sinz+4 cosy is differentiable at the point P (0, g) . Also find the linearization
L(z,y) of f(z,y) at the point P. (10 pts)

z) = —4. Both these derivatives

Sol: f, =3cosz and f, = —4siny. AtP(O7 g), fm( ,7) =3 and fy( >

are continuous which implies f is differentiable.
Linearization of f at P (0, g) is:

L(w,y)=f(07g)+fx (0%) (z—0)+ f, (o,g) (;,—%) — 32 — 4y + 2m.

Q.6: Find the partial derivatives fy4, fyy, foy for the function f (z,y) = tan(3z +2y). (10 pts)

Sol: f, = 3sec? (32 +2y), foe = 3.2.3sec (3z + 2y) sec (3x + 2y) tan (3z + 2y) = 18sec? (3x + 2y) tan (3x + 2y)
fy = 2sec? 3z +2y), fro = 2.2.2sec (3z + 2y) sec (3z + 2y) tan (3z + 2y) = 8sec? (3z + 2y) tan (3z + 2y)
fo = 3sec® 3z +2y), foy = 3.2.2sec (3z + 2y) sec (3z + 2y) tan (3z + 2y) = 12sec? (3z + 2y) tan (3z + 2y)

Q.7: Use chain rule to find g and % if z=tan"' (2%y%), 2 =In (s%), y =sec(s+t). (10 pts)

0z 0z 0z %@ B 2xy> 3732 322y
ds 0z 0s Oy ds 1+xiys 3t 1+ 4y6
0z _0z0x  0z0y _ 2z 1 292
iy

Sol: sec (s +t)tan (s +¢t)

3z
O Ox ot Oyt 1+aySsit l+a

ssec(s+t)tan(s+1).

Q.8: The length [, width w and height h of a box are changing with time. If [ is increasing at a rate of
3 m/s, w is decreasing at a rate of 2 m/s, and h is increasing at a rate of 1 m/s. Find the rate of change of
the volume of the box when [ = 10, w = 8, and h = 5. (10 pts)

Sol: %:3, Cil—w:f2 and%:l.ForV:lwh weneedtoﬁnd%Whenlzl(),w:& and h = 5.
av. ovdl OVdw 0V dh dl dw dh
ol dt + = 9w + - h% + lhE + lw T = (8)(5) (3) + (10) (5) (—2) + (10) (8) (1) =
100 m3/s.



Q.9: Find the directional derivative of the function f (z,y,z) =

at the point (1,2,3) in the

20+ 3y — 2
direction v = (1,2,3). (10 pts)
1 2 3
Sol: |v 1+4+9=+v14d and u = < >
ol =v VI ViT Vi
I B D U
(2x+3yfz)27 v (22:c+3y7 )2’ s (2x+3y72)2'
At (1,2,3), f» (1,22,3) 25(; fy(1,2,33) 2’{_),!502(1,2,3)1: %
Duf(1,2,3) = T - - :
T3 = o mi vt osvid ~ Vi v
s s 9%y O%u s 9y 0%
Q.10: If u = f (z,y), where z = e® cost and y = e® sint. Show that pe 2+W:e 2 [852 atQ] (10
pts)
. Fira @_s o @_ S o _ @_s,' _ @_s I
Sol: First note that as—e cost = x, T e’sint = —y, 83_6 sint =y, 815_6 cost = x.
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