Series Solution about regular singular points

Part (1) Difference of the Roots of Indicial Equation is Not an Integer

Use the Method of Frobenius to solve
2X°Y"+xy' —(1+x)y =0

Step 1: Write the Equation in the Form:
y'+P(X)y’ +Q(x)y =0

Hence, x=0 is a regular singular point for the given DE.
= we can find at least one series solution of the form

y(x;r) = kZ_;CnX”” . Therefore,

Step 2
y _ ZCanH — _(1+ X)y _ _chxnw _chxn+r+1
n=0 n=0 n=0
o0 0 n+r
’ n+r-1 ' n+r
y'=> (n+r)c,x = Xy'=D (n+r)c,X
0 n=0

y'=Y (n+r)(n+r-1cx"? = 2x*y"=> 2(n+r)(n+r-1)c x™"
n=0

n=0

Step 3: Change of Power is Required only in one Series, i.e. (*): [k=
n+1]

Step 4: Substitution into the DE gives:
D 2(k+r)(k+r=Dc X"+ (k+r)e X" = e X" =) ¢, X" =
k=0 k=0 k=0 k=1

Step 5: Separate the terms for k = 0 in the 1° 3 Summations. Then
Combine All:

[2r(r—1)+r—1]c, + i{[Z(k +r)k+r-)+(k+r)-1c, - ck_l}xk+r =

Note: 2r(r— 1) + r— 1 = 0 is the Indicial Equation & ¢, #0



Step 6: Recurrence Relation:

(k+r-1)(2k+2r+1)c, —c,_, =0

(**)

Case 1: r=1in (**)

1

c.=——¢C,,, k=12,3...
“ k(k+3) “*

k=1: ¢, =(1/1.5)c,

k=2:¢,=(1/2.7)c, = (1/[2!5.7])c,
k=3:c,=(1/3.9)c, = (1/[3!5.7.9])c,
k=4: ¢, =(1/4.12)c, = (1/[415.7.9.11])c,
:Therefore, the Frobenius Series Solution is:
y(X) = X{C, + C,X+C,X* +C,X° +C,X* +--}

2 3 4

X X X X
=CX[1+—+ + + +
5 2157 31579 41579.11

First Solution is given by:

x2 X8 x* x°
Y, (X) = X+—+

+ + o
5 2157 31579 4157911

Case 2:r= -%2 in (*%)

1

c=———¢C, ., k=12,3...
“ k(k-3) **

k=1: ¢ =—¢,

k=2:c,=(/2.1)c, =(-1/[2),
k=3: ¢, =(1/3.3)c, = (-1/[3'1.3])c,
k=4: c, = (1/45)c, = (-1/[411.3.5])c,

Therefore, the Frobenius Series Solution is:
y(x) =X

-1/2

x2 X x*

—+ - +
2! 311.3 4135

=X VA [L—x~

Second LI Solution is given by:

x2 X3 x*

X :X71/2 1_X__+ — +
V00 =X X s T

2 3 4
{c, +CX+C, X" +C. X" +C, X" +--}

General Solution:

Y(X) — alyl(x) +4a, yz(x)



Part (2) Difference of the Roots of Indicial Equation is a Positive Integer
Case (i) Two Frobenius Solutions

Use the Method of Frobenius to get 2 LI Solutions of
Xy"+(x—-6)y'—=3y=0
aboutthe RS P x, = 0.

Step 1: Write the Equation in the Form:
X°y" + xA(X)y' +B(X)y =0
Here, A(x) =x-6; B(x)=-3x both are Analytic at x, = 0.

Step 2: Write the Indicial Equation:
r(r-1)+ A(0)r+B(0)=0
r(r-)+(-6)r+(0)=0=>r’-7r=0=r(r-7)=0

Step 3: Roots of Indicial Equation: i) r=0, ii)r=7
[Real & Distinct Roots but Differ by an Integer.]
= The Equation has at least one Frobenius Solutions

Ce\ n+r
Step 4: Solution is of the form y(x;r) = Z(;Cnx . Therefore,

[M]s

y=2.6

n+r n+r
C. X :>—3y=—23cnx

Il
o

n

[Ms

y'=>» (n+r)c, X" = (x-6)y'= Z(n+r)c X" =>"6(n+r)c,x"
n=0

n

8 &

=Y (n+r)(n+r=1c,x""? = xy"=> (n+r)(n+r-1c,x""*

n=0 n=0
Step 5: Change of Power is Required in two Series, i.e. (*): [k = n-1]

Step 6: Substitution into the DE gives:



k=1

i [(k+r+2)(k+r)—6(k+r+1)]c X"+ i[(k +r)=3lc X" =0

Step 7: Separate the terms for k = -1 in the 1% Summation. The

Combine All:

r(r—7)c,x " + Z{[(k +r+2)(k+r-6)c,,, +(k+r+1)c Ix“" =0
k=0

[Note: r(r — 7) = 0 is the Indicial Equation & ¢y # 0]r=0,7

Step 8: Recurrence Relation: k=0,1,2,

[(K+r+1)(k+r—-6)]c_,+(k+r+1c, =0 (**%)

Case 1:
For the Smaller Root r = 0 in (**)

(k+1(k-6)c,,, +(k-3)c, =0,
k=0,12,3..

Important Note: k — 6 = 0 when
k = 6, we can not divide by the term to
write Cy.q In terms of ¢, until k > 6.

k=0: -6c, +(-3)c,=0=c, =-(1/2)c,
k=1: -5¢c, +(-2)c, =0=c¢, = (1/10)c,
k=2:-4c,+(-1c,=0=c, =—(1/120)c,
k=3:-3c,+(0)c;=0=¢, =0
k=4:-2c,+()c,=0=c,=0
k=5:-1c,+(2)c,=0=c¢c, =0

k=6: (0)c, +(3)c, =0=(0)c, =0
= C, can be assigned any value.

For k > 7, we have the recurrence relation :
—(k-3
G =¥Ck
(k +1)(k —6)
k=7:c,=(-4/8.1)c,
k=8: ¢, =(-5/9.2)c, = (4.5/[2!8.9])c,
k=9: ¢, =(-6/10.3)c, = (—4.5.6/[3!8.9.10])c,

(1) Choose ¢, =0 and ¢, =0. Then 1st. Sol. is:

(2) Choose ¢, =0 and ¢, =0. Then 2nd. Sol. is:

y,(X) ={c, + X +C,X* +C.x} + ¢, X +--}

Note:
1. In the problems of above type, first use
the smaller root of the Indicial Eq.
Sometimes it provides both LI Frobenius
solutions.
2. If 2" solution is not found as indicated
in the above note, the apply the Method

of Reduction of Order using Y2 =U()¥:
and find u(x) as indicated in the Method
above.




Part (3) Identical Roots of the Indicial Equation
(1 Frobenius Solution, 2" by Reduction of Order)

Use the Method of Frobenius to get 2 LI Solutions of
AXPY" —4x°y' + (1+2x)y =0
about the RSP x, =0.
Step 1: Write the Equation in the Form:

X°y" + XA(X)y' + B(x)y =0
Here, A(x)=-x;  B(x)=(1+2x)/4 both are Analytic at x, = 0.

Step 2: Write the Indicial Equation:
r(r-1)+ A(O)r+B(0)=0

r(r=1)+Or+1/4)=0=>r"-r+1/4)=0=(r—-(1/2))*=0
Step 3: Roots of Indicial Equation: i) r = 1/2, ii) r = 1/2

[Real & Identical Roots.]
= The Equation has at least one Frobenius Solution

. _ n+r
Step 4: Solution is of the form y(x;r) = chx . Therefore,

n=0
y=> c.x" = (L+2x)y =Y ¢, X"+ 2c x"H*
n=0 n=0 n=0
y'=Y (n+r)c,x" = —4x’y' == 4(n+r)c,x"™
n=0 n=0

y =Y (n+)(n+r-1c x""? = 4x’y" = > 4(n+r)(n+r-1)c x""

n=0 n=0

Step 5 Change of Power is Required in two Series, i.e. (*): [k=n+1]

Step 6: Substitution into the DE gives:



D[4k +r)(k+r-1)+1c x“" = > [4(k +r-1)-2]c,_ X" =0
k=0 k=1

Step 7: Separate the terms for k = 0 in the 1% Summation. Then
Combine All:

[4r(r —1) +1]c,x" + i{[4(k +r)(k+r-1)+1c, —[4(k+r-1)—2]c,_Ix*" =
k=1
[Note: 4r >-4r +1 = 0 is the Indicial Equation & ¢y = 0]

Step 8: Recurrence Relation: n=0,1,2,......

[4k+r)(k+r-D)+1]c, —[4(k+r-1)—2]c,_, =0

(**)
Case 1: r=1/2in (**) Second Solution will be of the Form
G(Xx —[tPx)/x]dx
C :EC k=123 yzzyl_[Lz)dx whereG(x)zeI
k K2 k-1 y &9 A
Here: P(x) =-xand [y,]* = X
k=1:¢=0=c =0,k=12,--
e—I[P(x)/x]dx o 1y
Therefore, the Frobenius Series Solution is: = |——dx= J—dx = I—Z—dx
[y1]2 X X7 N!

y(x) = X" e x+ e X+, X7 + X + ¢, X +--}
0 anl

:CX1/2 :j

First Solution is given by: vy, (x) = x"?

l 0 n-1
o dx:j;dx+.[nz_1:xn! dx

:Inx+i X’

n nin

Important Note: We can not find the
Second Frobenius Solution for the DE. R
For Second Solution we shall have to =Y, =Y { Inx + }
use the Method of Reduction of Order.

General Solution:

y(X) = alyl(X) +4a, yz(x)
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