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1. (a) Show that if Vis an n-dimensional vector space, then any linearly
independent subset S of V'is a part of a basis for V.
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/()Let S be a linearly independent subset of a vector space V.

Let /8 be a vector in ¥ such that § & span(S). Show that S w{f}is linearly
independent.
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2. LetT:R*— R* given by

T{x,y,z2)=(2x +y,x +y —z)

Let § and B be the standard bases for R and R ? respectively, and let
§'={(2,0,0),(0,-10),(0,0. =2)t and B" = {(1,1),(1.-1)} be some ordered bases for

R and R® respectively.

(a) Show that T'is a linear transformation.
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(d) What is the rank of 72
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~ () Find the transition matrix P from B’ to B.
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; (g) Find [T ], ; the matrix of T relative to the ordered bases S, B.
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_(h) Find [T ], . the matrix of T relative to the ordered bases St B,
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3., @ Define what is meant by a linear functional on a vector space Vand give
an example for such function.
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(c) Let {a,,a,,...@,} be a basis for a vector space V, and let {f,.f,.....f, }be its

dual basis. Show that any vector & €V can be written as a = Zf (a)e; .
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4. Prove of disprove each one of the following statements:

{(a) If T1s a linear operator on a finite dimensional vector space Vand 5, B'are ordered
Bases for V, then det([T" |, ) =det([T ];.)

MA:[T}B JC:[T-}B/.

"‘L"' /qdo\.ﬂ/[ i Sty ;
= 3 a%-fr‘% pantonic (O > C = (Pﬂfﬂp

A (C) = L (PAP) = (P st AL F)
- (! 0 1 1) AL p) =)l

= LA
[t ;ﬂ/(m) 2407))

7 (b) There is exactly one linear lmn*ifnnnalmn T :R*— R? such that
T(1,5=(,0) and T (5,1)=(0,1).
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(c) Consider P[X], the vector space of all polynomials over the field of real numbers.
Let T : P[X]— P[X] be a mapping defined by T (p(x ))= Jp{.f jdt. Then T'is a

linear operator which is neither one-to-one nor onto.
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- Let ¥ and W be finite dimensional vector spaces over the field F.

 Show that dim L(/ ¥ ) =(dim? }(dim# )
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6.(a) Let T :R* —R* be a linear transformation and let {e,.e,.c,. e, } be an

ordered basis for R*, where
a, =(1,0,1,0), @, =(0,1,-1,2), &, =(0,2,2,1),x, =(1,0,0,1) .

Let @ =(3,-5,-5,0) be a vector in R *such that T (&) = (4, 7).

If T(m}=[l,2}, T({l';]:l:ﬁ,ﬂ], T(ex,)=(2,0), find T(&'g}.
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(b) Let T be a linear operator on an #-dimensional vector space ¥ such that the range
" and null space of T are identical. Show that » is even.
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